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Abstract

We study a dynamic model in which the interaction between debt ac-
cumulation and asset prices magnifies credit booms and busts. We show
that these feedback effects create an externality since borrowers do not
internalize their contribution to aggregate volatility and therefore take on
excessive leverage. As a result the economy suffers from excessive volatil-
ity, i.e. large booms and busts in both credit flows and asset prices. We
propose a Pigouvian tax on borrowing that induces agents to internal-
ize their externalities. In a sample calibration, the optimal magnitude of
this tax is around 2 to 3 percent. Our paper also develops a new nu-
merical method of solving models with occasionally binding endogenous
constraints.
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1 Introduction

The interaction between debt accumulation and asset prices contributes to mag-
nify the impact of booms and busts. Increases in borrowing and in collateral
prices feed each other during booms. In busts, the feedback turns negative,
with credit constraints leading to fire sales of assets and further tightening of
credit. It has been suggested that prudential policies could be used to mitigate
the build-up in systemic vulnerability during the boom. However, there are few
formal welfare analyses of the optimal policies to deal with booms and busts in
credit and asset prices.

This paper makes a step toward filling this gap with a dynamic optimizing
model of collateralized borrowing. We consider a group of individuals (the



insiders) who enjoy a comparative advantage in holding an asset and who can
use this asset as collateral on their borrowing from outsiders. The borrowing
capacity of insiders is therefore increasing in the price of the asset. The price of
the asset, in turn, is driven by the insiders’ consumption and borrowing capacity.
This introduces a mutual feedback loop between asset prices and credit flows:
small financial shocks to insiders can lead to large simultaneous booms and
busts in asset prices and credit flows.

The model attempts to capture, in a stylized way, a number of economic
settings in which the systemic interaction between credit and asset prices may be
important. The insiders could be interpreted as: a) a group of entrepreneurs who
have more expertise than outsiders to operate a productive asset; b) households
putting a premium on owning their homes; c¢) a group of investors who enjoy
an informational advantage in dealing with a certain class of financial assets; or
d) the residents of a small open economy borrowing from foreign lenders. One
advantage of studying these situations with a common framework is to bring
out the commonality of the problems and of the required policy responses—
although, in the real world, those policies pertain to different areas such as
financial regulation, individual and corporate taxation, or capital controls.

One of our main results is that the asset-debt loop entails systemic external-
ities that lead the borrowers to undervalue the benefits of conserving liquidity
as a precaution against busts. A borrower who has one more dollar of liquid net
worth when the economy experiences a bust not only relaxes his private borrow-
ing constraint, but also relaxes the borrowing constraints of all other insiders.
Not internalizing this spillover effect, the insider takes on too much debt during
good times. In a benchmark calibration of our model, we find that it would be
optimal to impose a 2 to 3 percent tax on borrowing by leveraged insiders to
prevent them from taking on socially excessive debt.

Our model is related to the positive study of financial accelerator effects
in closed and open economy macroeconomics. In closed-economy DSGE mod-
els, Carlstrom and Fuerst (1997) and Bernanke, Gertler and Gilchrist (1999)
show that financial frictions amplify the response of an economy to fundamen-
tal shocks. However, models in this literature are traditionally solved by lin-
earization, making them more appropriate to analyze regular business cycle
fluctuations than systemic crises. In the open economy literature, Mendoza
(2005) and Mendoza and Smith (2006), among others, have studied the non-
linear dynamics arising from financial accelerator effects during sudden stops in
emerging market economies. These papers provide a positive analysis of how
financial frictions can amplify shocks to the economy, but do not characterize
welfare-maximizing policies. The central focus of our paper is to fill this gap.

This paper is also related to analyses of the ongoing world-wide credit crisis
that emphasize the amplifying mechanisms involving asset price deflation and
deleveraging in the financial sector (e.g., Adrian and Shin, 2009; Brunnermeier,
2009). Some earlier contributions have clarified the externalities involved in
credit booms and busts and drawn some implications for policy in the context
of stylized two- or three-period models (Korinek, 2009, 2010). By contrast, this



paper gives a more realistic and quantitative flavor to the analysis, by consider-
ing an infinite-horizon model. This is particularly relevant for determining the
optimal magnitude of regulatory measures in practice.

Recent papers have looked at the same kind of externalities as we do here in
the context of a small open economy. Benigno et al (2009) and Bianchi (2009)
also characterize welfare-maximizing policies in dynamic optimization models
with collateralized debt for policy analysis. Their papers focus on the role of
exchange rate depreciations in emerging market crises—the externality involves
the real exchange rate rather than the price of a domestic asset. By contrast,
our model does not have an exchange rate and attempts to capture the essence
of the problem in a generic setting involving asset price deflation.

Finally, our paper develops a numerical solution method for DSGE models
with occasionally binding endogenous constraints that extends the endogenous
gridpoints method of Carroll (2006) to an environment with endogenous con-
straints. This endogenous gridpoints bifurcation method allows us to solve such
models in a very efficient way and may enable researchers to analyze more com-
plex models than what has been computationally feasible in the existing DSGE
literature with endogenous constraints, ultimately producing policy guidance on
richer and more realistic models of the economy.

2 The model

We consider a group of identical atomistic individuals in infinite discrete time
t=0,1,2,.... The individuals are indexed by ¢ € [0, 1]. The utility of individual
¢ at time t is given by,
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where u(-) is strictly concave and satisfies the Inada conditions. We will gener-
ally assume that utility has constant relative risk aversion
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These individuals (the insiders) receive two kinds of income, the payoff of
an asset that can serve as collateral, and an endowment income. Insider i
maximizes his utility under the budget constraint

d; 111
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where d; ; the individual’s debt, which we assume default-free; e; is an endow-
ment income; y; is the payoff of an asset that can be pledged as collateral; §; ;
is the insider’s holdings of the asset and p; its price. The debt is sold to out-
side investors (outsiders for short) who supply an indefinite supply of loans at



interest rate 1 = R — 1. We assume that e; and y; follow a stationary Markov
process (to be specified later).!

The collateral asset can be exchanged between insiders in a perfectly com-
petitive market. However, the asset cannot be sold to outsiders: 6; must be
equal to 1 in equilibrium. We do not allow insiders to sell the asset to outsiders
and rent it back because insiders derive important benefits from the control
rights that ownership provides. This restriction can be relaxed to some extent
(we will generalize it by assuming 1 > 6; > 6 for some 6 > 0), but we need a
restriction of this form for insiders to issue collateralized debt.

Furthermore, we assume that the only financial instrument which can be
traded between insiders and outsiders is uncontingent short-term debt. This
assumption can be justified e.g. on the basis that shocks to the insider sector are
not perfectly observable to outsiders and cannot be used to condition payments,
or that short-term debt provides insiders with adequate incentives. This feature
corresponds to common practice across a wide range of financial relationships.?

The value of the collateral asset determines how much debt insiders are able
to roll over. We assume that outside lenders do not allow them roll over more
than a fraction ¢ of the value of the collateral asset
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A micro-justification for this constraint— along the lines of Kiyotaki and
Moore (1997) — would be that an indebted insider can walk away from the debt
he just issued, in which case lenders can seize a fraction ¢ of his asset and sell it in
the market. Equation (3) is then the incentive compatibility condition ensuring
that debtors do not walk away from their debt. Subject to this constraint, debt
issued in period ¢ is repaid with certainty in period ¢ + 1. 3

It will be sometimes more convenient to write the model in terms of the
insiders’ net wealth w; = —d;, so that the collateral constraint becomes

Wi t+1
—_— 0; > 0.
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3 Laissez-faire equilibrium

We characterize the laissez-faire equilibrium in several steps. First, we derive the
equilibrium conditions for a symmetric equilibrium (in which all insiders behave

1We could introduce growth into the model. If the detrended payoff is Markov stationary
and utility is CRRA, the model with growth, once detrended, is isomorphic to the model
presented here.

2More generally, the findings of Korinek (2010) suggest that our results on excessive ex-
posure to binding constraints would continue to hold when insiders have access to costly
state-contingent financial contracts.

3We could introduce default risk, possibly linked to the next-period price of the asset. In
addition, constraint (3) could involve the end-of-period holding of asset (6¢4+1 instead of ;).
Appendix A.4 derives the equilibrium conditions in this case. More generally, the right-hand
side could involve a constant term or be a nonlinear increasing function of p;. The only
important assumption, to obtain the debt-asset deflation mechanism at the core of the model,
is that the credit constraint depend on the asset price.



in the same way). We then present some considerations on equilibrium multi-
plicity and the possibility of self-fulfilling asset price and debt busts. Section
3.3 presents our numerical resolution method. Section 3.4 presents the results
of a numerical simulation with booms and busts in the asset price and in credit
flows. We assume hereafter that the non-pledgeable endowment is constant,
et = €.

3.1 Equilibrium conditions

We derive in the appendix the first-order conditions for the optimization prob-
lem of an insider i. We then use the fact that in a symmetric equilibrium, all
individuals are identical and hold one unit of collateral asset (Vi,t 6;; = 1).
Variables without the subscript i refer to the representative insider (or to ag-
gregate levels, since the mass of insiders is normalized to 1). This gives the
following two conditions

u'(cy) = M+ BRE; [W'(¢i41)], (4)
D= 5Et [U'(Ct+1)(yt+1u4/-(2t;1) + ¢/\t+1pt+1]7 (5)

where ); is the costate variable for the borrowing constraint. The first equation
is the Euler condition and the second one is the pricing equation for the collat-
eral asset. The asset-pricing equation has a term in Ey\;y; in the numerator,
reflecting the asset’s expected utility as collateral in the next period.

The equilibrium is characterized by a set of functions mapping the state
of the economy into the endogenous variables. The state at period ¢ can be
characterized by two variables: the current return on the asset, y;, and the
beginning-of-period net wealth excluding the value of the collateral asset,

my = €+ Y + wy.

We do not include the asset in the definition of net wealth because its price,
pt, is an endogenous variable. The collateral constraint (3) can be written, in
aggregate form,

¢t <my + ¢py. (6)

The equilibrium, thus, is characterized by three non-negative functions,
e(m,y), p(m,y) and A\(m,y) such that

e(m,y) = min {m + op(m.y), [BRE (c(m’,y) )]}, (1)
Mm,y) = [e(m,y)”" — BRE (c(mﬂy’)_v)]+ , (8)
p(m, y) — BE [u’(c(m’7 y/))<y/ + Zg:;;gl)y)); (b)‘(mlv yl>p(m/7 y/)] , (9)



where next-period values are denoted with primes and where [-]* denotes max {-,0}.
The transition equation for net wealth is

m' =e+y' + R(m - c(m,y)). (10)

The current asset return, y;, provides information in addition to net wealth, my,
only to the extent that it gives a signal about future returns. If y is i.i.d., the
policy functions depend solely on m.

3.2 Multiple equilibria

Many papers, in the dynamic optimization literature on consumption and sav-
ing, compute the equilibrium policy functions by iterating on the first-order
conditions, under the assumption that this method converges towards policy
functions that exist and are unique.* However, we cannot make such an as-
sumption here as our model generically gives rise to equilibrium multiplicity.
We give in this section a heuristic account of the mechanism underlying multi-
plicity and of the conditions that tend to ensure uniqueness.’

The multiplicity comes from the self-reinforcing loop that links consumption
to the price of the collateral. In the constrained regime, a fall in the price of the
collateral asset decreases the insiders’ level of consumption, which in turn tends
to depress the price of the asset. This loop, which is essential for our results
since it explains the financial magnification of real shocks, may also—if its effect
is strong enough—Ilead to self-fulfilling crashes in the price of the asset.

More formally, the loop linking consumption to the asset price is captured
by equations (5) and (6). Assuming that the policy functions ¢(m,y), p(m,y)
and A(m,y) apply in the following period, equation (5) implicitly define the
asset price as a function of the state and current consumption,

Plm,y,c) = BE [u'(c(m’,y")(y' + p(m’,y)) + oA (', 4 )p(m', ) Im, y, c] 7,
(11)
where m’ = e+ 9y’ + R(m — ¢). The credit constraint (6) can then be written

c< m+¢ﬁ(mayac)' (12)

The right-hand side of (12) is a priori increasing in ¢ because the credit con-
straint on each individual is relaxed by a higher level of aggregate consumption
that raises the price of the asset.® Multiplicity may arise if the left-hand side

1See Zeldes (1989) for an early example. Stokey et al (1989) present several fixed-point
theorems guaranteeing that the equilibrium exists, is unique, and can be obtained by iterat-
ing on the problem’s first-order conditions. However, the models considered in most of the
literature (including Zeldes’) do not satisfy the conditions under which those theorems are
applicable—see the discussion in Carroll (2009).

5We are not aware of papers giving general conditions under which the equilibrium is
unique in models of the type considered here (i.e., that extend the analysis of Carroll (2006)
to the case with endogenous credit constaints). A rigorous treatment of this question is an
interesting question for future research.

6This is captured by the factor ¢ on the r.h.s. of (11). However, because of the other
terms in m/, the sign of the variations of p with c is a priori ambiguous.



and the right-hand side of (12) intersect for several levels of consumption. In
this case, the consumption function is not uniquely defined at each step of the
iteration on the first-order conditions.

We further explore the multiplicity of equilibria in the remainder of this
section by considering a special case of the model that can be solved (almost
completely) in closed form: the case where y is constant and SR = 1. One ben-
efit of looking at this case is to suggest conditions under which the equilibrium
is unique, which will be useful in the numerical simulations. We summarize the
main results below (the details can be found in the appendix).

If y; is constant, the state at time ¢ is summarized by the level of net wealth
m;. We derive the equilibrium for ¢ = 1,2... starting from an initial level of
wealth my. It is easy to show (see the appendix) that the economy is in an
unconstrained steady state from period 2 onwards, i.e., the economy may be
constrained only in period 1. In the unconstrained steady state the price of the
asset is given by

unc y
- 13
p o (13)

where r = R — 1 is the interest rate. The economy is constrained in period 1 if
and only if the initial level of net wealth is lower than a threshold, and function
p(+,-) is given (in period 1) by

o __ ,unc : C1 K

p(ma, 1) = p™° - min [(e+y+r(mlcl)) 71} ; (14)
(y is no longer an argument since it is constant). The price of the asset is convex
and increasing in the level of aggregate consumption. If the left-hand side and
right-hand side of constraint (12) intersect each other in several points, as shown
in Figure 1, there are multiple equilibria. The unconstrained equilibrium (point
A) coexists with a constrained equilibrium featuring lower levels of consumption
and of the asset price (point C').” The multiplicity comes from the fact that the
slope of the r.h.s. of (12) is larger than 1 over some range. Then a one-dollar fall
in aggregate consumption tightens the credit constraint by more than one dollar
for each individual, allowing a self-fulfilling downward spiral in consumption and
the price of the asset.

Conversely, as shown in the appendix, a necessary and sufficient condition for
the equilibrium to be unique is that the slope of the right-hand side of equation
(12) be smaller than 1 on the Lh.s. of the kink. This is true if and only if ¢ is
small enough,

1+e/y
P T

"The figure was constructed for » = 0.04, vy = 2, e = 0.9, y = 0.1 and ¢ = 0.3 and
m1 = 0.3. There is one more intersection (point B) between A and C. However, point B
corresponds to an unstable equilibrium in the sense that a one dollar change in aggregate
consumption changes the maximum level of consumption by more than one dollar for each
individual, so that the economy would tip toward points A or C' following a small perturbation
in consumption.

(15)
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Figure 1: Equilibrium multiplicity (y constant and SR = 1)

For the parameter values used to construct Figure 1, for example, equilibrium
uniqueness is ensured by taking ¢ < 0.189. A small ¢ contains the strength of
the externality below the level where it leads to multiple equilibria.

Although the multiplicity of equilibria is interesting, it is not essential for the
main insights of our analysis. We will thus ensure (for now) that the equilibrium
is unique by assuming sufficiently low values of ¢.®

3.3 Numerical resolution

We now go back to the general case with a stochastic y. In order to generate a
persistent motive for borrowing, we need to assume that insiders are impatient
relative to outsiders, i.e.,”

BR < 1.

We may make conjectures about the form of the solution by analogy with the
deterministic case studied in the previous section. In order to rule out multiple
equilibria, the attention will be restricted to equilibria in which the consumption
function m +— ¢(m, y) is a continuously increasing function of wealth for any y.
Let us denote by m(y) the level of wealth for which consumption is equal to
zZero,

c(m(y),y) = 0.

8We found that condition (15) was generally sufficient to ensure convergence in the sto-
chastic version of the model. For high levels of ¢ the numerical method presented in the
following section typically leads to a cycle in policy functions and does not converge.

9With trend growth at a growth factor G, we could allow SR > 1 as long as SRG'~7 < 1.



By analogy with the deterministic case, we would expect the insiders to be
credit-constrained in a wealth interval m € [m(y),m(y)], and to be uncon-
strained for m > m(y). The thresholds m(y) and m(y) are key endogenous
variables to determine in deriving the equilibrium.

It is not difficult to see that the lower threshold must be equal to zero,

Yy, m(y) = 0.

This results from the facts that ¢(m,y) < m + ¢p, and that p converges to zero
as ¢ goes to zero (by equation (5)). Since m = e+ y -+ w must always be positive
and the level of debt is set before the realization of y, we must have

w+e+miny > 0,

(assuming that miny is always a possible realization in the following period).
As for the higher threshold, m(y), it must be determined numerically.

The numerical resolution method that we develop here is an extension of the
endogenous grid points method of Carroll (2006) to the case where the credit
constraint is endogenous. The basic idea is to perform backwards time iteration
on the agent’s optimality conditions, i.e., to define a grid w9 for next period
wealth levels w’ and combine the next period policy functions with agent’s op-
timality conditions to obtain current period policy functions until the resulting
functions converge. The only difference with Carroll (2006) is that the minimum
level of wealth is itself a function of the state, which is obtained by iterating on
the asset pricing equation (9). The details of the numerical resolution method
can be found in the appendix.

3.4 Booms and busts

Booms and busts in credit can be modeled by assuming a simple two-state
Markov process for y. Assume that the return on the collateral can be high,
y = yg, or low, y = yr. The resulting debt and consumption dynamics are
shown in Figure [.] for the following calibration of the model:

B R v e y. ynm P ¢
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Table 1: Parameter values for stochastic simulation with SR < 1

If y is high ( y = ym), the price of collateral is also high, allowing the
insiders to bear high levels of debt. Debt converges to a level that keeps insiders
unconstrained (they maintain a precautionary margin of safety if the risk of a
bust is not too small).

By contrast, if y = yr,, the price of the asset is low and so is the level of debt
allowed by the collateral constraint. Because they are impatient (SR < 1), insid-
ers increase their level of debt until the collateral constraint binds. We observe



that conditional on the low state, the economy converges to a deterministic cy-
cle with oscillations between the constrained state and the unconstrained state
(endogenous cycle). This is because if the constraint is binding in one period,
saving is high, so that the constraint is not binding the following period.!”

State-switching thus generates booms and busts in credit and asset prices.
When y increases from yy, to yg, insiders can suddenly borrow more and increase
their leverage. If the boom is long enough, the level of debt exceeds the threshold
that makes the economy vulnerable to a credit crunch if y falls back to yr.
When y falls, there is a bust with a sharp contraction of credit and downward
overshooting in the price of the asset.

4 Social planner

4.1 The social planner solution

We assume that the social planner of the economy determines the amount of
insiders’ borrowing, but does not directly interfere in asset markets—that is,
the social planner takes as given that insiders trade the collateralizable asset at
a price that is determined by their private optimality condition (5). The social
optimum differs from the laissez-faire equilibrium because the social planner
internalizes that future asset prices and insiders’ borrowing capacity depend on
the aggregate level of debt accumulated by insiders. A possible motivation for
this setup is that decentralized agents are better than the planner at observing
the fundamental payoffs of financial assets, while only the social planner has
the capacity of internalizing the costs of debt deflation dynamics that may arise
from high levels of debt.

In period ¢, the social planner chooses the debt level of the representative
insider, d;y1, before the asset market opens at time ¢t. The asset market remains
perfectly competitive, i.e., individual market participants optimize on 6;,1 sub-
ject to (2), yielding the optimality condition (5). We look for time-consistent
equilibria in which the social planner optimizes on d;11 taking the future policy
functions ¢(m,y) and p(m,y) as given. (Although we do not change the nota-
tion, those policy functions are not the same as in the laissez-faire equilibrium.)

Through savings, the social planner determines the price of the asset, which
at time ¢ is given by

Pt = DMy, ye, My + diy1/R)

where function p(-, -, -) was defined by (11). The social planner internalizes that
he can affect the price of the asset through his decision on the current level
of aggregate debt. Increasing d;y; lowers the marginal utility of consumption,
which tends to increase the price of the asset.

107f ¢ is smaller, there are no oscillations. The conditions under which there is a cycle in
the deterministic model are derived in the appendix.
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Since insiders can still not borrow more than a fraction ¢ of the value of
their asset holdings, the social planner sets d’ subject to the constraint

d N

If ¢ is small enough to avoid multiple equilibria (as we have assumed), the right-
hand side increases less with d’ than the left-hand side, so that this inequality
determines an upper bound on aggregate debt. Then the social planner’s credit
constraint can be rewritten in reduced form,

U

< 6pm.). (17)

where p(m,y) is the level of p(m,y,m + d'/R) such that (16) is an equality.
The maximum price level p(m, y) is increasing in m because p (m,y, m + d'/R)
is increasing in m for any y and d’' (as can be readily seen from (11)). Note that
per the definition of function (-, -), we have p(m,y) = p(m,y) for all the states
(m,y) in which the social planner’s constraint is binding.

The social planner solves the same optimization problem as decentralized
agents, except that he takes ; = 1 as given in the aggregate budget constraint,
and that his credit constraint is given by (17). As shown in the appendix, the
social planner’s Euler equation is,

op
u'(ct) = >\t + ﬁREt (U/(Ct+1) + )\t+1¢)8pt+1) . (18)
Mit1

The derivative of the next-period asset price with respect to aggregate wealth,
OPy41/0myq1, is positive. Comparing (4) and (18), this implies that the social
planner raises saving above (lowers consumption and debt below) the laissez-
faire level. The saving wedge is proportional to the expected product of the
shadow cost of the credit constraint times the derivative of the debt ceiling
with respect to wealth. This reflects that the social planner internalizes the
endogeneity of next period’s asset price and credit constraint to this period’s
aggregate saving.

Decentralized agents are aware of the risk of credit crunch and maintain
a certain amount of precautionary saving (they issue less debt than if this risk
were absent), but they do not internalize the contribution of their precautionary
savings to reducing systemic risk. With the social planner, precautionary sav-
ings is augmented by a systemic component (i.e., the social planner implements
a policy of systemic precautionary saving).

4.1.1 Pigouvian taxation

The social planner’s Euler equation also provides guidance for how the socially
optimal equilibrium can be implemented via taxes on external borrowing. De-

centralized agents undervalue the social cost of debt by the term ¢ E} [)\t+1 g f; tt_:—11:|

11



on the right-hand side of the social planner’s Euler equation (18), which de-
pends on the state of the economy (my,y:). The planner’s equilibrium can be
implemented by a Pigouvian tax 7, = 7 (my,y:) on borrowing that introduces
a wedge in insiders’ Euler equation and that is rebated as a lump sum transfer
,I;g = Tt’wt+1/RZ

Wi+1

R

et =e+y+wy — 1+7)+T;

This modifies insiders’ Euler equation to
U/(Ct) = At + (1 + Tt) 6RE1L [U/ (Ct+1)]

The tax replicates the constrained social optimum as chosen by the constrained
planner if it is chosen such that

3pt+1
8mt+1

(1+7¢) By [t/ (ciq1)] = By |w (1) + A1 ¢

Opt41
A1 my oy

By [u/(e141)]

where all variables are evaluated at the social optimum.

The tax would be levied at time ¢ when the borrowing decision w11 for next
period is made; therefore such a measure avoids any commitment problems. A
Ramsey-equivalent approach would be to impose a tax whenever borrowing
constraints are binding and the externality materializes. However, this would
potentially face two important political economy constraints: First, it would
require that higher taxes are imposed in the midst of large downturns — precisely
when consumption among insiders falls sharply. Secondly, it would create a
commitment problem for the planner — the measure is only effective if insiders
in period t when borrowing choices are made believe that the tax will indeed be
imposed in period ¢ + 1.

In our simulations, we find that the optimal magnitude of this tax is on
average 2.41%.

or T (my,yt)

5 Extensions

5.1 Interest Rates and Financial Fragility
5.2 Debt moratorium and bailouts

5.3 FDI Liberalization

6 Conclusion

This paper has developed a simple model to study the optimal policy response
to booms and busts in credit and asset prices. We found that decentralized
agents do not internalize that their borrowing choices in boom times render the

12



economy more vulnerable to credit and asset price busts involving debt deflation
in bust times. Therefore their borrowing imposes an externality on the economy.

In our baseline calibration, a social planner would impose an ex-ante tax of
2.41% per dollar on insider borrowing so as to reduce the debt burden of insiders
and mitigate the decline in consumption in case of crisis.
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A Solution of Benchmark Model

A.1 Laissez-faire
Decentralized agents solve the Lagrangian

+oo
di s dz s
,Ct = Et Zﬁtis {U (es + ei,s(yi,s +ps) + ,TH - di,s - 9i7s+1ps> + /\i,s |:¢0i7sps - ﬁﬂil } )
s=t

Given CRRA utility, this implies the first-order conditions

FOC (di s4+1) : ¢y =BRE, [c; ] 1] + Niss,
FOC (0;54+1) PsC; s = BEs [C;;+1(ys+1 + Pot1) + ONi st 1Ds41] -

In a symmetric equilibrium with a representative agent, this gives (4) and

().

A.2 Deterministic case with SR =1

In a steady state, equation (5) implies that the price of the asset is given by
(13). The collateral constraint is satisfied if and only if w/R + ¢p"»¢ > 0, that
is if wealth is larger than a threshold

m>mze+y<1—1i¢ﬁ>.

If m; > m, the economy settles in the steady-state equilibrium in period 1. In
this equilibrium, consumption is constant and given by

c(mi) =e+y+ (1= Bwr = Ble+y) + (1 - F)m.

By contrast, if m; < m, the economy is constrained in period 1 and wy/R >
—¢@p"™°, which implies mo = e + y + we > T so that the economy is in the
unconstrained steady state from period 2 onwards. This implies c; = e +y +
r(my — ¢1) and A2 = 0, so that the period-1 price is given by (14), which can
also be written

~ . _ e+y+rmy v
my,c1) = p i min [r77 -1 ,1]. 19
Plma, e1) =2 { (€+y+7’(m1 —c1) ) } 1)

One can show that this is a strictly convex function of ¢; for ¢; < ¢*™¢(mq) (to
the left of the kink). Hence the slope is everywhere lower than the slope on the
Lh.s. of the kink, which is given by,

- (1 + 1) v (20)
cr=c1e (my) r) c™me(my)
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This slope is decreasing in my. To avoid multiplicity, it is necessary and sufficient
to have N

Jp

O0cy c1=cne (7m)

If this condition is satisfied, then the slope of the r.h.s. of (12) is lower than 1
for any my > m, so that the unconstrained equilibrium is unique. Conversely,
if this condition is not satisfied, then there is multiplicity for m, slightly below
m. Using (20), the condition can be rewritten as (15).

<1

A.3 Social planner

The social planner maximizes the utility of the representative insider subject to
the budget constraint (2) taking 6; = 1 as given, and to the credit constraint
(17). The Lagrangian of the social planner is

&
ov] it
AN
| IS
——

“+oo
. d, _
‘CtSP:Et;ﬂt {u<e+ys+ glds>+>\s |:¢p(e+ysdsays)

FOC dy 41

87 )
u'(ct) = A\ + BRE, {u’(cm) n ¢,\t+1p(mﬂrlyt+1)} .

am
Using the fact that p(-,-) = p(+,-) in the constrained states, we have

A\ 8§(mt+17yt+1)_)\ Op(Mmey1,Yi41)
A S - T

so that the Euler condition can be written like (18).

A.4 Alternative Specification of Constraint

If the collateral constraint in subsection 7?7 was written in terms of future asset
holdings

dst1

?R < ¢95+1psa

the second first-order condition would read as

ps(csipy - ¢>\é) = BE; [0;11(y3+1 +ps+1)] .

In this case, we would have

Es [Cs_—:l (Ys41 +ps+1)]
Cs_fy - ¢)\s

Ps =

Y

Aslong as ¢ < 1, there is again a positive feedback effect from ¢ to ps, giving rise
to debt deflation dynamics that are equivalent to our benchmark specification.
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B Numerical resolution method

In order to solve the system numerically using this method, we define a grid y?
containing the possible realizations of the output shock and a grid w9 for wealth.
In iteration step k, we start with a triplet of functions cx (m,y), pr (m,y) and
Ak (m,y) where ¢ (m,y) and pi, (m,y) are weakly increasing in m and A (m, y)
is weakly decreasing in m for a given y. For each w’ € w9 and y € y9 we solve
the system of optimality conditions from section 3.1 under the assumption that
the borrowing constraint is loose, noting that m’ = e + ¢ + w':

" (w'yy) = BRE{c(m',y) "y} 7,

une (.4 BE {ck(m'sy") ™" - [y + pr (M, y)] + o (', ") pr (M, y') |y}
P (v y) PV v ;
cwme(w', y) =
unc (w/’y) — O7
w/
m'llIlC (w/’ y) — Cunc (w/’ y) + —.

R

By the same token, we can solve for the constrained branch of the system
for each non-negative w’ € w9 s.t. w’ < 0 and y € yY under the assumption
that the borrowing constraint is binding in the current period as

/

con / _ —w
p (w 7y) - ¢R 9
_1
o () = [BEAe(mly) T [y i (0 90] £ OA (4 i () lyh ]
’ P (w',y)
jcon (w/7y) — ceon (’UJ/, y)—’Y o ,BRE [Ck(m/, y/)—7|y} ,
/
con 1 _ con(, ./ E
m ('U.),y) - c (w’y)—’_R

We determine for each level of y € y¢ the next period wealth threshold w (y)
s.t. the borrowing constraint in the unconstrained system being just marginally
binding, i.e., such that

R — ¢pllnc (w/7 y) .
This is the lowest possible wealth level that the economy can support for a given
level of y. By construction of this threshold, ¢"™¢ (w (y) ,y) = ¢ (W (y),y) for
consumption as well as for the other policy variables. This threshold debt level
corresponds to a beginning-of-period liquid net wealth m (y) = m** (w (y) ,y) =
m®™ (W (y),y). The lowest possible level of m is m(y) = m®" (0,y). We can
construct for each y the step k + 1 policy function cgy1 (m,y) for the interval
m(y) < m < m (y) by interpolating on the pairs {(c"(
where 0 < w’ < w (y), and then for the interval m > m (y) by interpolating on
the pairs {(c""“(w’,y), m" (W', )}, eys w ews w <m(y) or W' <W(y). The re-
sulting consumption function cgy1 (m,y) is again monotonically increasing in
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m. We proceed in the same manner for the policy functions pg41 (m,y) and
Ak+1 (m,y), which are, respectively, monotonically increasing and decreasing in
m for a given y. The iteration process is continued until the distance between
two successive functions cg(m,y) and cxy1(m,y) (or other policy functions) is
sufficiently small.
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