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Sapienza University of Rome

September 12, 2015

Abstract

Unconventional open-market operations can have consequences for inflation and

output because of income losses on the central-bank balance sheet. A proposition of

neutrality holds under some special monetary and fiscal policy regimes in which the

treasury is ready to cover the central bank’s losses through appropriate transfers levied

as taxes on the private sector. In absence of treasury’s support, large and recurrent

central bank losses can undermine its long-run solvency and should be resolved through

a prolonged increase in inflation. Small and infrequent losses can be absorbed by future

retained earnings without any further consequences on prices. A central bank averse

to declining net worth commits to a more inflationary stance and delayed exit strategy

from a liquidity trap. In absence of taxpayers’ support, it is also desirable to increase

inflation to the end of reducing the duration of central bank’s losses.
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1 Introduction

The recent financial crisis has shown an unprecedented intervention of central banks around

the world in an attempt to mitigate the adverse effects on the economy through the purchases

of long-term risky securities. The Bank of England, the Bank of Japan, the European Central

Bank, the Federal Reserve System and the Swedish Central Bank have all enlarged at various

stages, and with different speed and composition, their asset holdings to include long-term

private securities and government debt of different maturities and credit worthiness.

All these policies have raised worries about the possible stress that the central bank’s

balance sheet could suffer in terms of income losses and declining net worth.1 In this paper, we

take a general-equilibrium perspective on the concerns that could follow the implementation

of unconventional monetary policies. The main focus is to understand under which conditions

equilibrium prices and output vary because of income losses on central-bank balance sheets.

To this end, we have to challenge an important proposition, discussed first by Wallace

(1981), which states the neutrality of standard open-market operations for the equilibrium

prices and quantities and can be extended to any unconventional composition of the central

bank’s assets. Even in this more general form, the intuition behind it is simple. If the central

bank bears some risk that was before in the hands of the private sector, the equilibrium

allocation of prices and quantities does not change simply because the possible realization

of that risk is ultimately borne by the private sector, through appropriate lump-sum taxes,

which are collected by the treasury and transferred back to the central bank to cover income

losses.

This neutrality result goes straight to the heart of a long-lasting debate on how central

banks should control the value of money in connection with the assets that they hold in their

balance sheet. Indeed, under unconventional asset holdings, it is not gold, nor reserves, nor

“real bills” that help to back the value of money.2 Taxpayers do. Relying on this support,

the central bank can control the value of money by just setting the policy rate or money

supply regardless of what it holds in its asset portfolio.3

A result we emphasize in this work is that the validity of the proposition of neutrality

relies on particular specifications of the transfer policies.4 Two channels are at work identified

1A recent literature has evaluated these risks for the U.S. economy based on some projection analysis and
conclude that they can be in general of minor importance (see Carpenter et al., 2015, Christensen et al.,
2015, Greenlaw et al., 2013).

2Before unconventional monetary policy took place, what seemed to be the prevailing view shares common
traits with the “real bills” doctrine (Smith, 1809), according to which central banks should issue money backed
by short-term securities free of risk. In a system of this kind, it is understood that the central bank can
control the value of money by setting the interest rate on the safe assets held in its portfolio.

3Sargent (2011) discusses Wallace’s irrelevance result in light of the “real bills” doctrine.
4Sargent and Smith (1987, p.91), who provide a neutrality result in a model where money is dominated
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by the possibility that symmetric and appropriate state-contingent transfers can occur 1)

between the treasury and the central bank, 2) between the private sector and the treasury.

To question the proposition of neutrality some risk should stay in the hands of the central

bank.

First, we break channel 1) by assuming that there is no treasury’s support, meaning

that the treasury does not transfer resources to the central bank in case of losses leading to a

decline in the central bank’s net worth. Interestingly enough, results of neutrality still emerge

in this case relying on the possibility that the central bank can absorb losses by covering them

with retained future profits at the expenses of lower remittances to the treasury. At the end,

for neutrality to hold, any loss and associated lower remittance should be entirely paid by

higher taxes levied on the private sector.

However, for the validity of this result, key is that losses are limited in size and time. In

particular, a limited size is necessary because otherwise large losses can irrevocably impair the

central bank’s profitability leaving no possibility to back current deficit with future retained

earnings. On the other hand, the limited duration ensures that there is a return to normal

conditions in which the central bank’s income is not overburden by further losses and leaves

room to recover previous ones without changing the monetary policy stance.

On the contrary, if losses are large and frequent without treasury’s support the proposition

of neutrality does not hold and equilibrium prices and output change together with the

monetary policy stance.5 Indeed, in the case of large losses, the value of money should

change – i.e. inflation rises – up to the point in which private agents are forced to hold more

currency, so that the seigniorage earnings of the central bank can increase and profitability

be restored.

We then challenge the proposition of neutrality by breaking channel 2) and assuming

that the treasury is unable or unwilling to tax the private sector to cover losses made by the

central bank. In this case, the risk remains in the hands of the central bank and, when it

materializes, has direct fiscal consequences with spillovers on equilibrium prices and output

through a mechanism similar to that of the fiscal theory of the price level.6 Whoever in the

in return, also argue that “irrelevance requires that fiscal policy be held constant in a precise sense”. In our
work we give a thorough understanding on what “held constant” means. See also the discussion of Sargent
(2011).

5However even if losses are limited in size and time, a central bank feeling political pressure or a possible
loss of independence may sometimes decide to change interest-rate policies in order to avoid territories of
negative profits altogether or at least shorten their occurrence. In early 2002, the market questioned the
willingness of the Bank of Japan to pursue quantitative easing policies on the ground of the possible losses
that could result after an eventual rise in interest rates (see Stella, 2005, for an insightful discussion).

6Stella (2005) discusses the case of the Central Bank of Chile in the early 2000s as an outlier for the general
rule that central-bank financial weakness impacts the monetary policy. He labels the Chile case as one of
“benevolent fiscal dominance”. This would correspond to a regime of passive fiscal policy in our analysis.
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private sector unloaded the risky securities to the central bank experiences a positive blip in

financial wealth. Demand will surge and so will inflation. The value of money will fall.

We apply this theoretical framework to economies in which the long-term assets held by

the central bank are subject to either credit risk or interest-rate risk, in the latter case as a

consequence of exit strategies from a liquidity trap. Three results arise from our numerical

examples: 1) in the absence of treasury’s support large losses, mainly due to credit events,

should be resolved by a prolonged increase in inflation in order to restore the long-run prof-

itability of the central bank; 2) a central bank which is averse to income losses and declining

net worth commits to a more inflationary monetary policy stance and delayed exit strategies

from a liquidity trap; 3) if fiscal policy is unable or unwilling to tax the private sector to cover

central bank’s losses, it is also desirable to shorten their duration through higher inflation.

Quantitative easing can be inflationary not because the central bank “prints money” or

increases the size of its balance sheet, but because a higher inflation is either the desirable

response to sizeable income losses in order to regain central bank’s profitability or the outcome

of a policy geared toward avoiding losses altogether.

Our work aims at providing a comprehensive understanding of the monetary and fiscal

policy regimes supporting or not the neutrality of unconventional open-market operations by

using a framework in which balance sheets of central bank and treasury are kept separate

and by paying particular attention to the current institutional settings characterizing transfer

mechanisms between central bank and treasury in advanced economies.7

Our analysis is inspired by the seminal works of Sims (2000, 2005) who has first em-

phasized in theoretical models the importance for policy analysis of separating the budget

constraint of the treasury from that of the central bank.8 Sims (2000, 2005) and Del Negro

and Sims (2015) have already provided some non-neutrality results under certain specifica-

tions of monetary/fiscal policy regimes. We instead develop a more general framework. In

particular Del Negro and Sims (2015) have discussed the importance of treasury’s support for

the control of inflation and studied the feasibility of certain monetary policy rules for the U.S.

economy given its current and prospect balance-sheet composition.9 Reis (2013, 2015) and

7Eggertsson and Woodford (2003) have already provided a generalization of Wallace’s neutrality result
to encompass unconventional open-market operations maintaining however a consolidated budget constraint
between treasury and central bank.

8Drawing from the experience of several central banks, Stella (1997, 2005) has also provided evidence for
the relationship between central-bank financial strength and monetary policy. See also the recent work of
Adler et al. (2012).

9Berriel and Bhattarai (2009) analyze a particular case of non-neutrality in which the transfers between the
central bank and the treasury are assumed always constant over time and the central bank holds only short-
term securities. Zhu (2004) also distinguishes between the budget constraint of the central bank and that of
the treasury but he focuses on how the properties of equilibrium determinacy change when the interest-rate
rule followed by the central bank reacts also to variations in its net worth with respect to a target. Jeanne
and Svensson (2007) discuss the importance of balance-sheet considerations as a credible device to exit from
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Hall and Reis (2015) have instead investigated the consequences of income losses for central

bank’s solvency by analyzing several realistic transfer regimes between treasury and central

bank. However, their partial equilibrium analysis allows only to speculate on the equilibrium

implications, for prices and other variables, which are instead naturally uncovered by our

general equilibrium analysis. Similarly for Bassetto and Messer (2013) who mainly focus on

the fiscal consequences of alternative compositions of central-bank assets emphasizing in an

interesting way the different accounting procedures and remittance policies between treasury

and central bank.10

Our work is also related to a more extensive literature which has studied the monetary

policy consequences of alternative assumptions on fiscal policy (see among others Sargent and

Wallace, 1981, Sargent, 1982, Leeper, 1991, Sims, 1994, 2013, and Woodford, 1994, 2001) but

which, on the contrary, has disregarded the distinction between central bank and treasury

balance sheets. This separation is key in our analysis.

The plan of this work is the following. Section 2 presents an overview of the main results

and the intuition behind them. Section 3 provides the details of the model. Section 4 discusses

alternative assumptions on monetary and fiscal policy regimes and studies the consequences

of alternative compositions of the central bank’s balance sheet for monetary policy. Section 5

evaluates through some simple numerical examples how the equilibrium allocation can change

under the different regimes underlined in Section 4. Section 6 discusses the robustness of the

results and concludes.

2 Overview of main results and intuition

In this section we discuss our main results – and the related intuition – through a stylized

model of price and output determination. Consider a money demand equation of the form

Mt

Pt
≥ L(Yt, it, zt) (1)

where Mt is the money held by households which in equilibrium is equal to the money supplied

by the central bank, Pt is the price level, it is the risk-free nominal interest rate and Yt is

real output, while zt is a vector of exogenous disturbances. The function L(·) has standard

properties and in particular a satiation point when the nominal interest rate reaches zero.

a liquidity trap; however, their focus is on the balance-sheet losses possibly arising because of the effect of
exchange-rate movements on the value of reserves.

10There is a substantial literature which has analyzed the different central-bank accounting procedures and
remittance policies as, among others, Stella (1997, 2005) and Archer and Moser-Boehm (2013).
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Consider also an aggregate demand function of the form

Yt = EtΓ(Yt+1, it,Πt+1, zt) (2)

where Et is the conditional expectation operator, Πt = Pt/Pt−1 is the gross inflation rate and

the function Γ(·) has the standard properties of relating current output negatively to the real

interest rate and positively to future output. An aggregate supply equation completes the

model economy

Πt = EtΥ(Yt,Πt+1, zt) (3)

for some general function Υ(·) relating in a positive way current inflation with output and

future inflation.

It is important to note that there is nothing special about the above model which is

going to drive the results except that the equations can be implied by optimizing behavior of

rational-expectations agents in a dynamic general equilibrium model.11 The set of equations

(1)-(3) involves four endogenous variables: inflation, output, nominal interest rate and money

supply. This leaves the possibility to specify one policy instrument, between nominal interest

rate and money, possibly as function of the other variables or exogenous states. Later we

name this specification conventional monetary policy. A “candidate” equilibrium is a set of

stochastic processes {Yt,Πt, it,Mt} satisfying equations (1)-(3) consistently with the specifi-

cation of conventional monetary policy and subject to the zero-lower bound on the nominal

interest rate. Standard no-arbitrage conditions can be added to price long-term bonds or

state-contingent securities given the allocation {Yt,Πt, it,Mt}. We denote with Qt and rt, re-

spectively, the time-t price and return of a long-term bond and with R̃t,T the state-contingent

time-t price of one unit of nominal income at time T .

We can now move to understand our Proposition of Neutrality using this simple model.

Consider the “candidate” equilibrium
{
Yt,Πt, it,Mt, Qt, rt, R̃t,T

}
for a given conventional

monetary policy and let the central bank change the maturity structure of its assets or even

the size of the overall balance sheet. These alternative policies, that later we label balance-

sheet policies, are said to be neutral if
{
Yt,Πt, it,Mt, Qt, rt, R̃t,T

}
is still an equilibrium. How

could it not be? Nothing has changed in the above equilibrium conditions nor in the policy

rule to imply a change in the equilibrium allocation. However, this is not enough to check

neutrality, something else could have instead changed that should be considered as relevant

for the determination of the equilibrium. In our analysis, we show that the intertemporal

11Indeed, the model presented in the next section has slightly different functional forms than the ones of
equations (1)-(3).
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budget constraint of the central bank can be an equilibrium restriction to take into account:

Xt−1

Pt
+
Mt−1

Pt
−
BC
t−1

Pt
− (1 + rt)

Qt−1D
C
t−1

Pt
= Et

∞∑
T=t

R̃t,T

[
iT

1 + iT

MT

PT
− TCT
PT

]
, (4)

where Xt denotes the central bank’s reserves, BC
t and DC

t are the central bank’s holdings of

short-term and long-term securities, respectively, and TCt are transfers between the central

bank and the treasury. Solvency of the central bank requires the outstanding real market

value of its net liabilities to be equal to the present discounted value of the seignorage revenues

net of the transfers made to treasury. Therefore
{
Yt,Πt, it,Mt, Qt, rt, R̃t,T

}
is an equilibrium

if it is also consistent with (4) given some balance-sheet policy. A fortiori the Proposition of

Neutrality requires consistency for any balance-sheet policy.

We show in our analysis that one of the key features for the validity of the Proposition of

Neutrality is the specification of the transfer policy between the central bank and the treasury.

To simply see this point, consider a constant real transfer policy of the form TCt /Pt = T̄C for

some T̄C . It is only by coincidence that a “candidate” allocation
{
Yt,Πt, it,Mt, Qt, rt, R̃t,T

}
can satisfy the above intertemporal budget constraint at each time t and in each contingency

and for some composition of the central-bank balance sheet. It should be clear that it can

never satisfy (4) for all possible compositions. We have therefore a theory of price (and

quantity) determination which operates also through the solvency condition of the central

bank.

We provide an example of a transfer rule that can instead make any allocation – satisfy-

ing equations (1)-(3) for a conventional monetary policy – consistent with the central-bank

intertemporal budget constraint regardless of the specification of the balance-sheet policy:

TCt
Pt

= T̄C +
ΨC
t

Pt
+ ψt

Nt−1

Pt
, (5)

where 1− Πt < ψt ≤ 1 at each t. The above rule belongs to a class of “passive remittances’

policies”, according to a definition that later we give in the text. In (5), ΨC
t are central-

bank profits while Nt is its net worth. The key feature of (5) is the one-to-one relationship

between the central bank’s profits and the remittances to the treasury. In particular, negative

profits imply lower, or even negative, remittances. This observation suggests that there can

be direct fiscal consequences of the central bank’s losses. Therefore, to verify the validity

of the Proposition of Neutrality, we need also to check the consistency of the “candidate”
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equilibrium
{
Yt,Πt, it,Mt, Qt, rt, R̃t,T

}
with the solvency condition of the treasury:

BG
t−1

Pt
+ (1 + rt)

Qt−1D
G
t−1

Pt
= Et

∞∑
T=t

R̃t,T

[
AT
PT

+
TCT
PT

]
,

in which BG
t and DG

t are the treasury’s short-term and long-term debt, respectively, and

At is the primary surplus. The real market value of the outstanding treasury’s obligations

should be equal to the expected present discounted value of primary surpluses and central-

bank remittances. Lower remittances should be offset by a higher primary surplus otherwise

some endogenous variable, like prices, should adjust in the above equation. Passive fiscal

policies ensure that the above intertemporal budget constraint is satisfied for any allocation{
Yt,Πt, it,Mt, Qt, rt, R̃t,T

}
consistent with equations (1)-(3) given a conventional monetary

policy and for any composition of the liabilities of the treasury. A rule in this class is:

At
Pt

= ā− TCt
Pt

+ φ

[
(1 + rt)Qt−1D

G
t−1 +BG

t−1

Pt

]
(6)

for some ā and φ, with 0 < φ < 1.

Our first result, discussed in Section 4.1, shows that the Proposition of Neutrality holds

under a combination of passive fiscal policy and passive remittances’ policy. The intuition

is simple. Suppose that the central bank bears risk that was before in the hands of the

private sector by purchasing long-term bonds. In the case this risk materializes in losses,

rule (5) ensures that they are backed by transfers from the treasury while (6) ensures that

the treasury covers them through an increase in the primary surplus and therefore in the

lump-sum taxes levied on the private sector. The risk at the end remains in the hands of

the private sector. There is no reason for equilibrium output and prices to change following

a different composition of the central-bank balance sheet.

Rule (5) is certainly special in order for the Proposition of Neutrality to hold, but it is

even more special if we look at common central bank practices. One interesting example

that gets close is that of a full treasury’s backing regime, where transfers from central bank

to treasury are always equal to profits, TCt = ΨC
t .12 It is indeed a common practice for

central banks to transfer all remittances to the treasury, in particular if profits are positive.

However, a full treasury’s backing regime involves a symmetric relationship since it requires

12Our definition of “full treasury’s backing regime” should not be confused with the full-fiscal-backing
terminology used in the literature on the fiscal theory of the price level where fiscal backing means a fiscal
policy that supports the equilibrium prices chosen by monetary policy, as in our definition of passive fiscal
policy. Here, instead, “treasury’s backing” or “treasury’s support” is meant to capture the possibility that
the treasury directly transfers resources to the central bank to avoid a fall in net worth.
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the treasury to transfer resources to the central bank in the case of negative profits.13

Our second result, discussed at the end of Section 4.1, shows that a full treasury’s backing

regime together with a passive fiscal policy still ensures that the Proposition of Neutral-

ity holds, although a full treasury’s backing regime does not belong to the class of passive

remittances’ policy.

We then move to understand the consequences of absence of treasury’s support, i.e. TCt ≥
0, which implies a fall in the central bank’s net worth in the case of income losses. We analyze

a regime in which the central bank can pay remittances that are less than their profits in

order to recover from periods of declining net worth. This is in line with the experience of

the U.S. Federal Reserve which, in the case of negative profits, can issue a “deferred asset”

that can be paid back by future positive profits. Only once the deferred asset is paid in full,

remittances are rebated back to the treasury.

Our third result, presented in Section 4.2.1, refers to a combination of deferred-asset

regime and passive fiscal policy showing that the Proposition of Neutrality does not hold

unless central bank’s losses are limited in time and size. In time because otherwise the central

bank does not have enough room to back previous losses with future profits and therefore

is forced to change its conventional monetary policy in order to ensure that the solvency

condition (5) is always satisfied. The size dimension is also relevant because otherwise central

bank’s profitability can be permanently impaired leaving no possibility to back current losses

with future profits. In this respect, our analysis shows that this profitability is related to the

overall level of non-interest bearing liabilities of the central bank, Nt +Mt. Accordingly, the

overall amount of such liabilities should remain positive in the long run, implicitly imposing

a (possibly negative) lower bound on the level that net worth can reach. If losses are sizeable

to the extent that net worth falls below this lower bound, the central bank should restore

profitability by changing its monetary policy stance to increase the price level in a way that

agents hold more money balances for their transaction.

This last result supports the view often expressed in the policy debate that quantitative-

easing policies can be inflationary. Note, however, that this is not much because they directly

expand the central-bank balance sheet, but rather because the possible losses on long-term

bonds, if sizeable, can only be absorbed if the central bank raises at some point in time prices

and therefore the money balances held by the private sector, to the end of restoring its own

profitability.

13An example is that of the Bank of England which in January 2009 established a wholly-owned subsidiary
called Bank of England Asset Purchase Facility Fund Limited with the responsibility of buying private and
public long-term securities through funds of the same Bank of England raised through increases in reserves
(see Bank of England, 2013). The created company is fully indemnified by the Treasury since any financial
losses as a result of the asset purchases are borne by the Treasury and any gains are owed to the Treasury.

8



An interesting case, analyzed in Section 4.2.2, considers a central bank not backed by

the treasury but completely averse to income losses. In this respect, our fourth conclusion

reiterates again a non-neutrality result. More interestingly, a numerical example discussed

in Section 5 shows that, to avoid any income loss, the central bank should commit to a more

inflationary monetary policy stance and eventually a delayed exit strategy from a liquidity

trap.

Finally, we investigate the implications of assuming an active fiscal policy. In this case,

any central bank’s loss due to purchases of long-term securities is not passed to the private

sector implying an increase in private wealth which raises aggregate demand and lowers

the value money, as in the fiscal theory of the price level. In this direction, our fifth result

confirms in this case the non-neutrality of unconventional open-market operations. Moreover,

a numerical exercise in Section 5 shows that under a deferred asset regime, and active fiscal

policy, the central bank endogenously reduces the duration of income losses through higher

inflation to the end of backing the overall liabilities of the whole government.

In our analysis, we also evaluate the welfare consequences of unconventional monetary

policies. Results can be intuited using the simple model of this section. Consider now an

allocation
{
Yt,Πt, it,Mt, Qt, rt, R̃t,T

}
consistent with (1)-(3) and maximizing a well-defined

welfare criterion. Later we call it benchmark optimal policy. This is clearly the best equilib-

rium since it is not constrained by the solvency conditions of treasury and central bank but

can be consistent with them if supported by appropriate transfer policies coherent with the

Proposition of Neutrality. Under these policies, unconventional monetary policy is clearly

not welfare improving. For other transfer policies, the feasible optimal policy can deviate

from the benchmark optimal policy and be constrained by either one or both the solvency

conditions (5) and (6). Starting from a second-best allocation, it may happen that uncon-

ventional monetary policy can improve welfare, but never enough to exceed the level implied

by the benchmark optimal policy.

All these non-neutrality results point towards saying that unconventional monetary policy

can be an additional dimension along which to specify the overall monetary policy stance. In

the case in which the economy is stuck in a sub-optimal allocation, quantitative-easing policies

can signal a more inflationary monetary policy stance for the two main reasons outlined in

the discussion above and supported by the numerical examples of Section 5: inflation is either

the desirable response to central bank’s losses in order to restore central-bank profitability or

the means to prevent any loss altogether. Clearly, the first case would put the central bank

in unchartered waters with the risk of leaving the currency completely unbacked, an issue

that we do not discuss in this work.
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3 Model

We present our analysis in an infinite-horizon monetary economy in which three main sectors

interact in exchanging goods and assets: the private sector comprising households and firms,

the treasury and the central bank. A key feature of our analysis, as mentioned in the

introduction, is the separation between the balance sheets of treasury and central bank.

There are three frictions in the model which are, however, not essential for the main results.

The first is a financial friction for which money has a liquidity premium over other assets

since it is the only security used in exchange of goods. This friction is not important at all

for our results. It is only useful to capture features of current economies in which money

has a relevant role for transactions and for financing central-bank assets.14 Our main results

are robust to alternative monetary models with different transaction frictions, or models in

which money has only a pecuniary value or even cashless economies. The second and third

frictions affect the goods market, since firms operate under monopolistic competition and

prices are subject to a staggered adjustment mechanism. These two additional features are

only relevant for our numerical examples when we compare the implications of our analysis

with those of a more recent literature that has studied monetary policy constrained by the zero

bound on nominal interest rates. Finally, our model economy is perturbed by two stochastic

disturbances: a credit shock and a preference shock, to capture credit and interest-rate risk,

respectively. These are the two most relevant risks in thinking about the consequences of

recent asset purchases by central banks in advanced economies.

Consider a closed-economy model with a continuum of measure one of households all

sharing the following utility:

Et0

∞∑
t=t0

βt−t0ξt

[
C1−ρ
t

1− ρ
−
∫ 1

0

(Lt(j))
1+η

1 + η
dj

]
(7)

where Et denotes the standard conditional expectation operator, β is the intertemporal dis-

count factor with 0 < β < 1, ξ is a stochastic disturbance, which affects the intertemporal

preferences of households and is assumed to follow a Markov process, with transition density

πξ(ξt+1|ξt) and initial distribution fξ. We assume that (πξ, fξ) is such that ξ ∈ [ξmin, ξmax].15

C is a consumption bundle of the form

C ≡
[∫ 1

0

C(j)
θ−1
θ dj

] θ
θ−1

;

14See Lucas (1984) for further discussion of the usefulness of this class of models for monetary theory and
more recently Sargent (2014).

15We restrict our analysis to exogenous stochastic processes with finite state space.
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C(j) is the consumption of a generic good j produced in the economy and θ, with θ > 1,

is the intratemporal elasticity of substitution between goods while ρ, with ρ > 0, is the

risk-aversion coefficient; L(j) is hours worked of variety j which is only used by firm j to

produce good j while η is the inverse of the Frisch elasticity of labor supply, with η > 0.

Each household supplies all the varieties of labor used in the production.

The timing of markets’ opening follows that of Lucas and Stokey (1987). In a generic

period t, the asset market opens first, followed by the goods market. There is a financial

friction since only money can be used to purchase goods and only in the goods market. In

the asset market, households can adjust their portfolio according to

Mt +
Bt +Xt

1 + it
+QtZt ≤ Bt−1 +Xt−1 + (1− κt)Dt−1+∫ 1

0

Wt−1(j)Lt−1(j)dj + Tt + Φt−1 + (Mt−1 − Pt−1Ct−1). (8)

Households invest their financial wealth in money, Mt – a non-interest bearing asset

issued by the central bank which provides liquidity services – in treasury bills, Bt, or central

bank’s reserves, Xt, which both carry the same risk-free nominal return given by it. Finally

households can lend or borrow using long-term securities, Zt, at a price Qt.
16 To shorten the

writing of (8), we are including only those securities, among the ones traded, that households

can exchange externally with the treasury and central bank. In addition, in each period,

households can trade with each other in a set of state-contingent nominal securities spanning

all states of nature which they face in the next period. It is assumed that the payoffs of these

securities are enough to “complete” the financial markets.17

In the case of long-term lending or borrowing, the stochastic disturbance κt on the right-

hand side of (8) captures the possibility that long-term assets or liabilities can be partially

seized by exogenous default; in particular κt follows a Markov process with transition density

πκ(κt+1|κt) and initial distribution fκ. We assume that (πκ, fκ) is such that κ ∈ [0, 1).

Moreover, the security available has decaying coupons: by lending Qt units of currency at

time t, geometrically decaying coupons are delivered equal to 1, δ, δ2, δ3... in the following

periods and in the case of no default.18 Given this structure, the stock of long-term securiteis

16While Mt, Xt, Bt ≥ 0, households can borrow or lend freely in the long-term fixed-rate security. To
simplify the analysis the long-term security is issued either by the households or by the treasury.

17But not to undo the financial friction.
18See among others Woodford (2001).
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held at time t is Dt = Zt + δ(1−κt)Dt−1. Hence the budget constraint (8) can be written as

Mt +
Bt +Xt

1 + it
+QtDt ≤ Bt−1 +Xt−1 + (1− κt)(1 + δQt)Dt−1+∫ 1

0

Wt−1(j)Lt−1(j)dj + Tt + Φt−1 + (Mt−1 − Pt−1Ct−1). (9)

In the budget constraints (8) and (9), W (j) denotes wage specific to labor of quality j. Wage

income for each variety of labor j, Wt−1(j)Lt−1(j), and firms’ profits, Φt−1, of period t − 1

are deposited in the financial account at the beginning of period t; Tt are lump-sum transfers

net of taxes received from the treasury. Unspent money in the previous-period goods market

is deposited in the financial account.

When asset market closes, goods market opens and households can use money to purchase

goods according to

Mt ≥ PtCt, (10)

where Pt is the consumption-based price index associated with the consumption bundle Ct.

The households’ problem is subject to initial conditions Bt0−1, Xt0−1, Dt0−1,Mt0−1 and a

borrowing limit of the form19

lim
T→∞

Et [Rt,TWT ] ≥ 0, (11)

looking forward from each time t where Rt,T is the nominal stochastic discount factor that

is used to evaluate nominal wealth WT in a generic contingency at time T with respect to

nominal wealth at time t, with T > t. It is also required for the existence of a well-defined

intertemporal budget constraint that

Et

{
∞∑
T=t

Rt,T+1

[
PTCT +

iT
1 + iT

MT

]}
<∞ (12)

looking forward from any date t, since there is no limit to the ability of households to borrow

against future income.20

Households choose consumption, hours worked and asset allocations to maximize utility

(7) under the constraints (9), (10), (11) and (12), given the initial conditions. The optimal

choice with respect to consumption, assuming an interior solution, requires that

ξtC
−ρ
t = (ϕt + βEtλt+1)Pt, (13)

19There are also initial conditions on
∫ 1

0
Wt0−1(j)Lt0−1(j)dj,Φt0−1 and Pt0−1Ct0−1 but we assume that

they sum to zero as in equilibrium.
20It is important to note that the expression in the curly bracket of (12) is never negative since consumption,

money holdings, prices and interest rates are all non-negative.
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where λt and ϕt are the respective non-negative Lagrange multipliers associated with the

constraints (9) and (10). The first-order condition with respect to money holdings

λt − ϕt = βEtλt+1, (14)

implies in (13) that the marginal utility of nominal wealth is simply given by λt = ξtC
−ρ
t /Pt,

which is positive.

The optimality conditions with respect to the holdings of short-term treasury bills or

central bank’s reserves price the nominal interest rate according to

1

(1 + it)
= EtRt,t+1, (15)

where the equilibrium nominal stochastic discount factor is Rt,t+1 = βλt+1/λt, as implied by

the optimality conditions – not reported here – with respect to the state-contingent securities.

Combining (13)–(15) it follows

ϕt =
it

1 + it
λt (16)

from which it ≥ 0, since ϕt ≥ 0 and λt > 0. The complementary slackness condition on the

constraint (10) can be written as

ϕt(Mt − PtCt) = 0.

The first-order condition with respect to lending or borrowing using long-term fixed-rate

securities requires

Qt = Et[Rt,t+1(1− κt+1)(1 + δQt+1)]. (17)

Finally the first-order condition with respect to labor can be written as

ξt(Lt(j))
η = βWt(j)Etλt+1,

for each variety j. Combining the latter with (14) and (16), we can write the marginal rate

of substitution between labor and consumption, for each variety j, as

(Lt(j))
η

C−ρt
=

1

1 + it

Wt(j)

Pt
, (18)

which is shifted by movements in the nominal interest rate, reflecting the financial friction.

Wage income, indeed, can be used to purchase goods only with one-period delay.

To conclude the characterization of the household’s problem, a transversality condition
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applies and therefore (11) holds with equality, given the equilibrium nominal stochastic dis-

count factor Rt,T = βT−tλT/λt.

3.1 Firms

We assume that there is a continuum of firms of measure one, each producing one of the goods

in the economy. The production function is linear in labor Y (j) = L(j). Given preferences,

each firm faces a demand of the form Y (i) = (P (i)/P )−θY where in equilibrium aggregate

output is equal to consumption

Yt = Ct. (19)

Firms are subject to price rigidities as in the Calvo model. A fraction of measure (1− α) of

firms with 0 < α < 1 is allowed to change its price. The remaining fraction α of firms indexes

their previously-adjusted prices to the inflation target Π̄. Adjusting firms choose prices to

maximize the presented discounted value of profits under the circumstances that the prices

chosen, appropriately indexed to the inflation target, will remain in place until period T with

probability αT−t:

Et

∞∑
T=t

(αβ)T−tλT
[
Π̄T−tPt(j)YT (j)− (1− %)WT (j)YT (j)

]
,

where % is a constant subsidy on firms’ labor costs. The optimality condition implies

P ∗t (j)

Pt
= µ

Et

{∑∞
T=t(αβ)T−tλT

(
PT
Pt

1
Π̄T−t

)θ
WT (j)YT

}
Et

{∑∞
T=t(αβ)T−tλTPtΠ̄T−t

(
PT
Pt

1
Π̄T−t

)θ
YT

} (20)

in which we have used the demand function Y (i) = (P (i)/P )−θY and have defined µ ≡
θ(1− %)/(θ − 1). We can also replace in the previous equation λt = C−ρt ξt/Pt and Wt(j)/Pt

from (18) together with the demand function, Y (i) = (P (i)/P )−θY, to obtain

(
P ∗t
Pt

)1+θη

= µ

Et

{∑∞
T=t(αβ)T−t

(
PT
Pt

1
Π̄T−t

)θ(1+η)

(1 + iT )Y 1+η
T ξT

}
Et

{∑∞
T=t(αβ)T−t

(
PT
Pt

1
Π̄T−t

)θ−1

Y 1−ρ
T ξT

}
where P ∗t is the common price chosen by the firms that can adjust it at time t.
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Calvo’s model further implies the following law of motion of the general price index

P 1−θ
t = (1− α)P ∗1−θt + αP 1−θ

t−1 Π̄1−θ, (21)

through which we can write the aggregate supply equation as

(
1− αΠθ−1

t Π̄1−θ

1− α

) 1+θη
1−θ

= µ

Et

{∑∞
T=t(αβ)T−t

(
PT
Pt

1
Π̄T−t

)θ(1+η)

(1 + iT )Y 1+η
T ξT

}
Et

{∑∞
T=t(αβ)T−t

(
PT
Pt

1
Π̄T−t

)θ−1

Y 1−ρ
T ξT

} . (22)

3.2 Budget constraints of treasury and central bank

To complete the description of the model we specify the budget constraints of treasury and

central bank.

The treasury can finance its deficit through short-term and long-term debt, respectively

BG
t and DG

t at the prices 1/(1 + it) and Qt. It faces the following flow budget constraint

QtD
G
t +

BG
t

1 + it
= (1− κt)(1 + δQt)D

G
t−1 +BG

t−1 − At − TCt

given initial conditions DG
t0−1, BG

t0−1 where TCt represents the transfers between the treasury

and the central bank.21 The primary surplus At is defined as:

At ≡ −Tt − %
∫ 1

0

Wt(j)Lt(j).

Central-bank net worth – the difference between its assets and liabilities – is given by

Nt ≡ QtD
C
t +

BC
t

1 + it
−MC

t −
XC
t

1 + it
, (23)

since the central bank can hold assets in the form of short-term and long-term fixed-rate

securities, BC
t and DC

t respectively.

The portfolio of assets in (23) is financed by issuing non-interest bearing liabilities – the

sum of money MC
t and net worth itself Nt – and reserves, XC

t . Net worth evolves over time

depending on the profits that are not distributed to the treasury:

Nt = Nt−1 + ΨC
t − TCt (24)

21It is worth reminding that to simplify the analysis we have assumed that there is only one long-term
security which is issued either by the private sector or by the treasury. In particular, without losing generality,
we assume DG

t = 0 if Dt < 0 and Dt ≥ 0 if DG
t > 0.
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where ΨC
t are central bank’s profits, which depend on the composition of its balance sheet:22

ΨC
t =

it−1

1 + it−1

(BC
t−1 −XC

t−1) + [(1− κt)(1 + δQt)−Qt−1]DC
t−1. (25)

They can also be written as

ΨC
t = it−1(Nt−1 +Mt−1) + (rt − it−1)Qt−1D

C
t−1 (26)

having used the definition (1 + rt) ≡ (1 + δQt)(1−κt)/Qt−1.23 Central bank’s profits depend

on two components: the first captures the revenues obtained by issuing non-interest bearing

liabilities;24 the second component, instead, represents the excess gains or losses of holding

long-term securities with respect to a riskless portfolio. Since the realized excess return on

these securities can be negative, the latter component can be as well negative – the more so

the larger are the holdings of long-term securities – producing income losses for the central

bank. In our model, these losses can happen in two cases: i) when a credit event realizes; ii)

when short-term interest rates move unexpectedly.

Combining (23) and (24), we can write the central bank’s flow budget constraint:

QtD
C
t +

BC
t

1 + it
−MC

t −
XC
t

1 + it
= (1− κt)(1 + δQt)D

C
t−1 +BC

t−1 −XC
t−1 −MC

t−1 − TCt ,

given initial conditions DC
t0−1, B

C
t0−1, X

C
t0−1,M

C
t0−1.

In equilibrium, short-term debt issued by the government is held either by the private

sector or the central bank

BG
t = Bt +BC

t ,

while long-term debt held by the central bank is issued either by the private sector or the

treasury

DC
t = DG

t −Dt.

Equilibrium in the market of money and reserves implies

Mt = MC
t

22We abstract from the dividends that the central bank gives to the member banks. In the US, this amounts
to 6% of capital (see Carpenter et al., 2015).

23The definition is clearly only valid for positive asset prices.
24Later we discuss the critical role played by the non-negativeness of the overall non-interest bearing

liabilities for central bank’s solvency.
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and

Xt = XC
t

respectively.

Finally, state-contingent securities are traded in zero-net supply within the private sector.

3.3 Equilibrium

Here, we describe in a compact way the equations which characterize the equilibrium alloca-

tion.

The Euler equations for short-term and long-term securities, (15) and (17), imply that

1

1 + it
= Et

{
β
ξt+1Y

−ρ
t+1

ξtY
−ρ
t

1

Πt+1

}
, (27)

and

Qt = Et

{
β
ξt+1Y

−ρ
t+1

ξtY
−ρ
t

(1− κt+1)(1 + δQt+1)

Πt+1

}
, (28)

respectively, in which we have used the equilibrium value λt = ξtC
−ρ
t /Pt, the resource con-

straint (19) and we have defined the inflation rate Πt ≡ Pt/Pt−1.

The cash-in-advance constraint (10) together with the resource constraint (19) implies

Mt ≥ PtYt, (29)

while the complementary slackness condition is given by

it(Mt − PtYt) = 0. (30)

Aggregate-supply is described by

(
1− αΠθ−1

t Π̄1−θ

1− α

) 1+θη
1−θ

=
Ft
Kt

(31)

where Ft and Kt are defined recursively as:

Ft = µ(1 + it)ξtY
1+η
t + αβEt

{
Π
θ(1+η)
t Π̄−θ(1+η)Ft+1

}
(32)

Kt = ξtY
1−ρ
t + αβEt

{
Πθ−1
t Π̄1−θKt+1

}
. (33)

To the end of characterizing optimal policy in this model it is also convenient to add the
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variable ∆t, an index of relative-price dispersion which follows the law of motion

∆t = ∆

(
Πt

Π̄
,∆t−1

)
≡ α

(
Πt

Π̄

)θ(1+η)

∆t−1 + (1− α)

(
1− αΠθ−1

t Π̄1−θ

1− α

) θ(1+η)
θ−1

. (34)

The bound (12) can be written as

Et

{
∞∑
T=t

βT+1−tξT+1Y
−ρ
T+1

[
YT +

iT
1 + iT

MT

PT

]}
<∞, (35)

in which we have used also (29) while the transversality condition, with equality, completes

the demand side of the model

lim
T−→∞

Et

[
βT−t

ξTY
−ρ
T

PT

(
MT +

BT +XT

1 + iT
+QTDT

)]
= 0, (36)

which is derived from (11) where we have used Rt,T = βT−tλT/λt, λt = ξtC
−ρ
t /Pt and the

resource constraint (19) together with the fact that the state-contingent securities are traded

in zero-net supply within the private sector: the transversality condition therefore constrains

just the long-run behavior of the “outside” assets held by the households.

The treasury and central-bank budget constraints are given by

QtD
G
t +

BG
t

1 + it
= (1− κt)(1 + δQt)D

G
t−1 +BG

t−1 − At − TCt (37)

and

QtD
C
t +

BC
t

1 + it
−Mt −

Xt

1 + it
= (1− κt)(1 + δQt)D

C
t−1 +BC

t−1 −Xt−1 −Mt−1 − TCt (38)

respectively, where equilibrium in the asset markets implies that

BG
t = Bt +BC

t (39)

DG
t −Dt = DC

t . (40)

It is important to note that the transversality condition (36) does not imply two sepa-

rate transversality conditions for the treasury and the central bank, but only one aggregate

transversality condition on the net consolidated liabilities of both institutions which together

with the flow budget constraints (37) and (38) implies a consolidated intertemporal budget

constraint. We do not explicitly write this constraint since it is already implied by the set of

equations written above.

18



To complete the characterization of the rational expectations equilibrium we need to spec-

ify the monetary/fiscal policy regime. First we note that excluding the bounds (35) and (36)

and the complementary-slackness condition (30) there are eleven equilibrium conditions for

the seventeen unknown stochastic processes
{
Yt,Πt, it, Qt, Ft, Kt,Mt,∆t, Xt, Bt, B

C
t , B

G
t , Dt,

DC
t , D

G
t , At, T

C
t

}
given the definition Πt ≡ Pt/Pt−1, implying that the monetary/fiscal pol-

icy regime should specify six additional equations. In particular, the monetary/fiscal policy

regime specifies six of the sequences
{
it,Mt, Xt, B

C
t , B

G
t , D

C
t , D

G
t , At, T

C
t

}
, possibly as func-

tions of some other endogenous variables and/or of exogenous state variables.25

Definition 1 A model rational expectations equilibrium is a collection of stochastic pro-

cesses
{
Yt,Πt, it, Qt, Ft, Kt,Mt,∆t, Xt, Bt, B

C
t , B

G
t , Dt, D

C
t , D

G
t , At, T

C
t

}
, satisfying each of the

conditions in equations (27) to (40) at each time t ≥ t0 (and in each contingency at t) consis-

tently with the specification of a monetary/fiscal policy regime and given the definition Πt ≡
Pt/Pt−1, the non-negativity constraint on the nominal interest rate it ≥ 0, the stochastic pro-

cesses for the exogenous disturbances {ξt,κt} and initial conditions ∆t0−1,Mt0−1, Xt0−1, B
C
t0−1,

BG
t0−1, D

C
t0−1, D

G
t0−1.26

The above definition of rational expectations equilibrium may appear unconventional

given most of the analysis in the literature using similar class of models. Indeed, it is often

the case that one can determine the equilibrium output, inflation and interest rate by focusing

on a smaller set of equations and variables. Note, however, that this is not a general feature

of this class of models, but it actually depends on the specification of the monetary/fiscal

policy regime. To understand this observation, consider the equilibrium conditions (27) to

(35). Since (30) is a complementary-slackness condition and (35) is a bound, there are seven

equations in the eight unknown stochastic processes
{
Yt,Πt, it, Qt, Ft, Kt,Mt,∆t

}
, leaving

the possibility to specify one of the stochastic processes
{
it,Mt

}
. A special case is defined by

what we call conventional monetary policy, in which one of the stochastic processes
{
it,Mt

}
is specified as a function of the other endogenous variables Y,Π,Q,F,K,∆ and/or exogenous

state variables. A classical Taylor rule is included in this specification. Complementary to this

definition, we also specify a transfer policy in which both the stochastic processes
{
At, T

C
t

}
are specified as functions of the other endogenous variables and/or of exogenous states.

Therefore we are left with the specification of three of the sequences
{
Xt, B

C
t , B

G
t , D

C
t , D

G
t

}
to complete the characterization of the monetary/fiscal policy regime. In this work we limit

25As it will be clear later, some sequences cannot be specified independently from each other.
26In the definition, the time-t component of the endogenous stochastic process is meant to

be a function of the history of shocks, st ≡ (st, st−1, st−2, ..., st0) and the initial conditions
∆t0−1,Mt0−1, Xt0−1B

C
t0−1, B

G
t0−1, D

C
t0−1, D

G
t0−1. The state st is a vector including ξt and χt and other ex-

ogenous state variables, which can be specified by the monetary/fiscal policy regime. It can also include
sunspot disturbances.
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our attention to regimes in which three of the sequences
{
BC
t , B

G
t , D

C
t , D

G
t

}
are specified as

functions of the other endogenous variables and/or of exogenous state variables. It should be

noted that (37) implies that
{
BG
t , D

G
t

}
cannot be chosen independently given that a transfer

policy is specified.

Definition 2 A conventional monetary policy specifies one of the stochastic processes{
it,Mt

}
as function of the other endogenous variables Y,Π,Q,F,K,∆ and/or of exogenous

state variables. A transfer policy specifies both the stochastic processes
{
At, T

C
t

}
as func-

tions of the other endogenous variables and/or of exogenous state variables. A balance-sheet

policy specifies three of the stochastic processes
{
BC
t , B

G
t , D

C
t , D

G
t

}
as functions of the other

endogenous variables and/or of exogenous state variables, but not
{
BG
t , D

G
t

}
independently.

Given this premise we now introduce the notion of benchmark rational expectations equi-

librium.

Definition 3 A benchmark rational expectations equilibrium is a collection of stochas-

tic processes
{
Yt,Πt, it, Qt, Ft, Kt,Mt,∆t, Xt, Bt, B

C
t , B

G
t , Dt, D

C
t , D

G
t , At, T

C
t

}
together with

a conventional monetary policy, a transfer policy and a balance-sheet policy such

that i)
{
Yt,Πt, it, Qt, Ft, Kt,Mt,∆t

}
satisfy each of the conditions in equations (27) to (35)

at each time t ≥ t0 (and in each contingency at t) consistently with the specification of the

conventional monetary policy, given the definition Πt ≡ Pt/Pt−1, the non-negativity

constraint on the nominal interest rate it ≥ 0, the stochastic processes for the exogenous dis-

turbances {ξt,κt}, the initial condition ∆t0−1 and ii)
{
Xt, Bt, B

C
t , B

G
t , Dt, D

C
t , D

G
t , At, T

C
t

}
satisfy each of the conditions in equations (36) to (40) at each time t ≥ t0 (and in each contin-

gency at t) consistently with the specification of the transfer and balance-sheet policies,

given the same stochastic processes
{
Yt,Πt, it, Qt, Ft, Kt,Mt,∆t

}
of part i) and initial condi-

tions Mt0−1, Xt0−1, B
C
t0−1, B

G
t0−1, D

C
t0−1, D

G
t0−1.

The definition of benchmark equilibrium clarifies that any benchmark equilibrium is a

model equilibrium. However, the reverse is not true because the general class of mone-

tary/fiscal policy regimes consistent with Definition 1 is broader than the regimes that can

be spanned by the various possible specifications of conventional monetary policy, transfer

and balance-sheet policies of Definition 3.27 It is not the plan of this work to characterize all

possible monetary/fiscal policy regimes. However, the definition of benchmark equilibrium

27It should be noted that our definition of benchmark equilibrium can also allow for multiple collections of
stochastic processes

{
Yt,Πt, it, Qt, Ft,Kt,Mt,∆t

}
to satisfy each of the conditions in equations (27) to (35)

at each time t ≥ t0 (and in each contingency at t) consistently with the same specification of conventional
monetary policy. Uniqueness of equilibrium is neither an issue for our results nor something that we address
in this work.

20



is useful not only to understand how it is possible to determine output, inflation and other

variables by just focusing on a small set of equations, but also to study a Proposition of

Neutrality of alternative compositions of central-bank balance sheet. We now turn to this

analysis.

4 Proposition of Neutrality

We are interested in studying the relevance of the composition and size of the central bank’s

balance sheet for equilibrium. To this end, we should be careful not to mistakenly conclude

for a relationship between macroeconomic variables and unconventional policies when instead

something else in the specification of the monetary/fiscal policy regime has contextually

changed with the implementation of unconventional monetary policy, leading to the variation

in the macroeconomic variables observed in equilibrium. In this respect, the definition of

benchmark equilibrium is helpful to make the right comparison and build an appropriate

Proposition of Neutrality to study.

Consider indeed a benchmark rational expectations equilibrium and the associated con-

ventional monetary policy, transfer policy and balance-sheet policy. Maintain the same con-

ventional monetary policy and transfer policy. Let instead the specification of three stochastic

processes among
{
BC
t , B

G
t , D

C
t , D

G
t

}
vary. These alternative balance-sheet regimes are said

to be “neutral” with respect to the equilibrium allocation
{
Yt,Πt, it, Qt, Ft, Kt,Mt,∆t

}
if

the latter collection of processes is still a benchmark rational expectations equilibrium. This

means that consistently with the same transfer policy and the new balance-sheet regime there

is some
{
X̃t, B̃t, B̃

C
t , B̃

G
t , D̃t, D̃

C
t , D̃

G
t , Ãt, T̃

C
t

}
satisfying each of the conditions in equations

(36) to (40) at each time t ≥ t0 (and in each contingency at t) given the same stochas-

tic processes
{
Yt,Πt, it, Qt, Ft, Kt,Mt,∆t

}
, conventional monetary policy and initial condi-

tions.28 This Proposition of Neutrality should be valid for any benchmark equilibrium and any

appropriately-bounded specification of three of the stochastic processes
{
BC
t , B

G
t , D

C
t , D

G
t

}
consistent with the definition of balance-sheet policy .

Proposition 1 (Proposition of Neutrality of alternative balance-sheet policies) Given any

benchmark rational expectations equilibrium, the collection of stochastic processes
{
Yt,Πt,

it, Qt, Ft, Kt,Mt,∆t,
}

of each benchmark rational expectations equilibrium is consistent

28It is worth noting that in the new equilibrium the stochastic processes
{
Ãt, T̃

C
t

}
, which are functions of

the history and the initial conditions, can vary with respect to the original benchmark equilibrium, although
the specifications of the functional forms of

{
At, T

C
t

}
characterized by the transfer policy are not changed.

To clarify this point recall the examples provided by rules (5) and (6) in Section 2, which specify
{
At, T

C
t

}
as functions of other endogenous variables, and in particular of variables related to the balance-sheet policy.
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with another benchmark rational expectations equilibrium for the same conventional mon-

etary policy and transfer policy and for any appropriately bounded balance-sheet pol-

icy.

A key feature of the Proposition of Neutrality is that the specifications of the functional

forms of the transfer policy – referring to both the stochastic processes
{
At, T

C
t

}
as functions

of other endogenous or state variables – and of the conventional monetary policy – referring

to one of the stochastic processes
{
it,Mt

}
again as function of other endogenous or state vari-

ables – are kept constant across the comparison while what it is varied is the functional form

of three of the processes
{
BC
t , B

G
t , D

C
t , D

G
t

}
. Among the various alternatives, it is possible

to consider combinations in which

QtD̃
G
t +

B̃G
t

1 + it
= LGt

QtD̃
C
t +

B̃C
t

1 + it
= ACt

capturing the first equation the irrelevance of varying the maturity composition of treasury’s

debt while the second the irrelevance of varying the maturity composition of the central-

bank assets; LGt and ACt are respectively the equilibrium paths of the treasury’s liabilities and

central-bank assets consistent with the initial benchmark equilibrium. The above two restric-

tions allow, for example, to specify alternative functional forms for the processes
{
DC
t , D

G
t

}
.

Another possibility is to vary DC
t and BC

t in a way that not only the maturity composition of

the assets of the central bank changes but also the overall size implying a path ÃCt different

from the initial one ACt .29

We show that the Proposition of Neutrality holds in our model only conditional on some

specifications of the transfer policy. This is not surprising. Indeed Wallace (1981) proved his

irrelevance result of open-market operations in an overlapping-generation monetary model

by relying on a particular transfer policy, and Sargent and Smith (1987) and Eggertsson and

Woodford (2003) restated it in models with a non-pecuniary return of money, like ours.30

The road map of our analysis is as follows. First we analyze a class of transfer policies for

which the Proposition of Neutrality holds, then we move to discuss alternative specifications

of
{
At, T

C
t

}
, implying violations of the neutrality result, which are more of practical interest

since they correspond to current institutional arrangements, in particular between central

bank and treasury. In our analysis, we pay particular attention to the welfare consequences

29Having varied the specification of
{
BCt , D

C
t

}
, one is left with the possibility of specifying an alternative

functional form for only one of the two stochastic processes
{
BGt , D

G
t

}
.

30Unlike our model, all these works consider a consolidated balance sheet for treasury and central bank.
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of balance-sheet policies by analyzing whether the equilibrium maximizing the welfare of the

consumers (7) varies depending on alternative balance-sheet regimes and transfer policies.

The welfare criterion can be also rewritten as

Et0

∞∑
t=t0

βt−t0ξt

[
Y 1−ρ
t

1− ρ
− Y 1+η

t

1 + η
∆t

]
. (41)

The model optimal policy can be simply characterized by focusing first on a small set of

equations and then adding appropriate transfer and balance-sheet policies to support it as

an equilibrium.

Definition 4 The benchmark optimal policy is: i) a collection of stochastic processes

{Y ∗t ,Π∗t , i∗t , Q∗t , F ∗t , K∗t ,M∗
t ,∆

∗
t} that maximizes (41) and satisfies each of the conditions in

equations (27) to (35) at each time t ≥ t0 (and in each contingency at t), given the definition

Πt ≡ Pt/Pt−1, the non-negativity constraint on the nominal interest rate it ≥ 0, the stochas-

tic processes for the exogenous disturbances {ξt,κt}, given an initial condition ∆t0−1 and ii)

some collections of stochastic processes {X∗t , B∗t , B∗Ct , B∗Gt , D∗t , D
∗C
t , D∗Gt , A∗t , T

∗C
t } satisfying

each of the conditions in equations (36) to (40) at each time t ≥ t0 (and in each contingency

at t) given the stochastic processes {Y ∗t ,Π∗t , i∗t , Q∗t , F ∗t , K∗t ,M∗
t ,∆

∗
t} and initial conditions

Mt0−1, Xt0−1, B
C
t0−1, B

G
t0−1, D

C
t0−1, D

G
t0−1.31

In the above characterization of optimal policy the equilibrium conditions (28) and (29)

are not really constraints for the path of the other endogenous variables mentioned in part i) of

Definition 4 but just determine, respectively, the price of long-term bonds and money supply

– provided the latter satisfies the bound (35).32 This implies that the state κ influences only

the stochastic process {Q∗t} under the optimal benchmark policy. Unlike standard analysis

in the literature, the Euler equation (27) can be a restriction on the optimal path of inflation

and output because the financial friction matters directly into the aggregate-supply equation

through the nominal interest rate. The definition of benchmark optimal policy parallels that

of benchmark equilibrium and indeed its determination can be understood in a similar way.

First one can look at a small set of constraints and choose the optimal path {Y ∗t ,Π∗t , i∗t ,
Q∗t , F

∗
t , K

∗
t ,M

∗
t ,∆

∗
t}, then a monetary/fiscal policy regime can be found to “support” it as a

model equilibrium.

Proposition 2 The benchmark optimal policy is the best policy among model equilibria.

31We could also add %, the subsidy on firms’ labor cost, as instrument of policy but this will not change
the qualitative results of our analysis. In the numerical examples we are going to set it consistently with the
efficient steady state.

32When it = 0, condition (29) determines a lower bound on money supply.
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Proof. It follows by its definition that the benchmark optimal policy is a model equilibrium.

To prove that it is also the model ’s optimal policy, just consider that it allows to choose opti-

mally the welfare-relevant stochastic processes {Yt,∆t} by restricting attention to a smaller

set of constraints than those included in the definition of model equilibrium. Therefore, it

cannot be improved by another model equilibrium.

We can formulate a similar Proposition of Neutrality by asking whether the benchmark

optimal policy is feasible regardless of central bank’s balance-sheet policies. In this respect,

our analysis will conclude that either i) there are some transfer policies for which the optimal

policy coincides with the benchmark optimal policy irrespective of the portfolio composition

of the central bank or ii) there are some other transfer policies for which the optimal policy

still coincides with the benchmark optimal policy only when the central bank holds short-

term assets otherwise welfare decreases for other portfolio compositions, or iii) there are some

transfer policies for which the optimal policy does not coincide with the benchmark optimal

policy, and welfare may be increased by lengthening the maturity structure of the central

bank’s assets, although never beyond that of the benchmark optimal policy. The bottom line

is that unconventional monetary policies are never welfare improving if the reference point

is the benchmark optimal policy. On the contrary, in line with point iii) above, welfare can

increase starting from sub-optimal allocations.

To further clarify some of the previous debate on the effects of unconventional mone-

tary policy in this class of models, note that if the benchmark optimal policy requires in

some contingencies that i∗t = 0 there will be multiple paths of money supply (provided

all satisfy M∗
t > P ∗t Y

∗
t ) that can support the same optimal path of the other variables

mentioned in the first part of Definition 4. These different paths of money supply can be

consistent at the same time with alternative portfolio compositions of the central bank’s

assets, thereby including also long-term securities, implying some other stochastic processes

{X∗t , B∗t , B∗Ct , B∗Gt , D∗t , D
∗C
t , D∗Gt , A∗t , T

∗C
t } consistent with part ii) of the same Definition 4.

But all these alternative paths and compositions are clearly not welfare-improving as Def-

inition 4 and Proposition 2 show, since they support the same stochastic processes for the

welfare-relevant variables.33

33See also Eggertsson and Woodford (2003). Auerbach and Obstfeld (2005) show that policies raising the
money supply at the zero-lower bound consistently with Mt > PtYt can have an effect on current price level
and output since they affect the price level and output once the economy exits from the zero-lower bound.
They can also influence the duration of the trap. However, these effects rely on a change in policy (what
we called conventional monetary policy) that lasts after the trap ends. Instead, the neutrality result holds
if after the end of the trap the conventional monetary policy is not changed, as in the case of the optimal
policy described in the paragraph (see also Robatto, 2014). Buiter (2014) shows that an expansion in the
stock of base money can have permanent wealth effect even in a permanent liquidity trap provided money is
not seen as a liability by the central bank.
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4.1 Case I: Passive fiscal policy and passive remittances’ policy

We start with the case mostly studied in the literature, in which the Proposition of Neu-

trality holds. The literature usually proceeds to make assumptions about the “consolidated”

behavior of government, including central bank and treasury.34 We instead keep the two

institutions as separate since this is key, in our analysis, to characterize departures from the

Proposition of Neutrality. We start by defining a regime in which fiscal policy is passive, in

line with the literature, but focusing on the behavior of the treasury instead of that of the

consolidated government.

Definition 5 Under a passive fiscal policy the stochastic path of real primary surplus
{
At
Pt

}
is specified to ensure that the following limiting condition

lim
T−→∞

Et

[
R̃t,T

(
Qt
DG
t

Pt
+

1

1 + it

BG
t

Pt

)]
= 0 (42)

is satisfied looking forward from each date t ≥ t0 (and in each contingency at t) together with

the sequence of equilibrium conditions (37) for any appropriately bounded DG
t−1, BG

t−1, any ap-

propriately bounded stochastic process
{
TCt
}

and for any stochastic processes
{
Yt,Πt, it, Qt, Ft,

Kt,Mt,∆t

}
satisfying the conditions of part i) of Definition 3 consistently each with a spec-

ified conventional monetary policy.35

According to the definition above, the real primary surplus is set in a way that the ex-

pected present discounted real value of treasury liabilities converges to zero for any stochas-

tic processes
{
Yt,Πt, it, Qt, Ft, Kt,Mt,∆t

}
satisfying the equilibrium conditions (27) to (35)

given a (and for any) conventional monetary policy. In equation (42), we have defined the

real stochastic discount factor as R̃t,T ≡ βT−tξTY
−ρ
T /ξtY

−ρ
t . We show in the Appendix that

a fiscal rule for the real primary surplus of the form

At
Pt

= ā− TCt
Pt

+ φ

[
(1 + rt)Qt−1D

G
t−1 +BG

t−1

Pt

]
(43)

for some ā and φ, with 0 < φ < 1, is consistent with the definition of passive fiscal policy.36

In the above equation, recall that we have defined the gross nominal return on long-term debt

as (1 + rt) ≡ (1 + δQt)(1− κt)/Qt−1. According to the rule, an increase in the outstanding

34This is the case of Wallace (1981), Sargent and Smith (1987), Eggertsson and Woodford (2003), Robatto
(2014).

35There is indeed a caveat to consider in Definition 5: that DG
t−1,BGt−1 and the stochastic processes

{
TCt
}

are appropriately bounded. Otherwise, the required primary surplus can be too large implying a negative
consumption. In the analysis that follows we always rule out this possibility.

36The parameter ā should be appropriately bounded to avoid that consumption is negative. It can be zero.
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real market value of treasury debt – of whatever maturity – signals an adjustment in the

path of primary surpluses needed to repay it. Furthermore, the rule is such that the treasury

does not have to rely on central bank’s remittances to repay its debt. In line with this,

a reduction in the remittances from the central bank implies an immediate and specular

increase of the primary surplus. If the central bank is reducing the transfers to the treasury,

the treasury should immediately increase lump-sum taxes on the private sector to “support”

the same equilibrium allocation for output, inflation and interest rate. This may seem a

strong requirement but it is not just a peculiarity of the above rule. Indeed, we can consider

another way to state the above definition of passive fiscal policy by noting that (42) together

with (37) and (27)-(28) implies that

BG
t−1

Pt
+ (1 + rt)

Qt−1D
G
t−1

Pt
= Et

∞∑
T=t

R̃t,T

[
AT
PT

+
TCT
PT

]
.

Under passive fiscal policy, the real primary surplus adjusts in a way to ensure that the

above equation holds under any stochastic processes
{
Yt,Πt, it, Qt, Ft, Kt,Mt,∆t

}
satisfying

the equilibrium conditions (27) to (35) given a conventional monetary policy and for any

appropriately bounded stochastic process
{
TCt
}

and bounded DG
t−1, BG

t−1. A reduction in the

present discounted value of remittances from the central bank should reflect under a passive

fiscal policy a specular increase in the present discounted value of the primary surpluses and

therefore in the present discounted value of the taxes levied on the private sector.

A passive fiscal policy has direct implications for the equilibrium path of central bank’s

net worth. Indeed, equation (42), together with the equilibrium condition (36), requires that

the expected present discounted value of the central bank’s real net worth converge to zero

in equilibrium:

lim
T−→∞

Et

[
R̃t,T

NT

PT

]
= 0. (44)

The latter equilibrium condition together with the flow budget constraint of the central bank

(38) and (27)-(28) now implies the following intertemporal budget constraint

Xt−1

Pt
+
Mt−1

Pt
−
BC
t−1

Pt
− (1 + rt)

Qt−1D
C
t−1

Pt
= Et

∞∑
T=t

R̃t,T

[
iT

1 + iT

MT

PT
− TCT
PT

]
. (45)

The real market value of the outstanding net liabilities of the central bank at a generic

time t should be backed by the present discounted value of the revenues obtained by issuing

non-interest bearing securities – the pure seigniorage – net of the transfers between the central

bank and the treasury. Interestingly, there could be rational-expectations equilibria in which

net worth is negative, provided that the incoming seigniorage net of transfers is enough to
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back the net liabilities of the central bank. However, the key observation is that, in general,

(45) can restrict the path of prices, interest rates and other endogenous variables in a way that

some stochastic processes
{
Yt,Πt, it, Qt, Ft, Kt,Mt,∆t

}
satisfying the equilibrium conditions

(27) to (35) consistently with some conventional monetary policy are not equilibria, unless

additional assumptions are added. To this end we now turn to define a passive policy of

central bank’s remittances, in a similar way to the above definition of passive fiscal policy

and irrespective of the latter specification.

Definition 6 Under a passive policy of central-bank remittances the stochastic path of real

remittances
{
TCt
Pt

}
is specified to ensure that (44) is satisfied looking forward from each date

t ≥ t0 (and in each contingency at t) together with the sequence of equilibrium conditions (38)

for any appropriately bounded Xt−1, B
C
t−1, D

C
t−1 and for any sequence of stochastic processes{

Yt,Πt, it, Qt, Ft, Kt,Mt,∆t

}
satisfying the conditions of part i) of Definition 3 consistently

each with a specified conventional monetary policy.37

Under a passive remittances’ policy, a worsening of the market value of the central-bank

net liability position signals an increase in seigniorage revenues or in transfers from the

treasury. The combined regime given by the two passive policies defined above supports the

Proposition of Neutrality:

Proposition 3 Under a combined regime of passive fiscal policy and passive policy of central-

bank remittances i) the Proposition of Neutrality holds and ii) the benchmark optimal policy

is the equilibrium optimal policy.

Proof. In the Appendix.

Under the conditions stated in Proposition 3 whether the central bank purchases or not

long-term securities, eventually recording losses for these operations, is irrelevant for the

optimal path of inflation, output and interest rates. According to Definition 6, we could

design many remittances’ policies that can satisfy the definition. One possibility is the

following:
TCt
Pt

= T̄C +
ΨC
t

Pt
+ ψt

Nt−1

Pt
, (46)

for some parameter T̄C and where 1 − Πt < ψt ≤ 1 at each t. This rule, together with the

law of motion of net worth (24), implies that real net worth is stationary and therefore (44)

holds given the bounded stochastic process {ξt} and any stochastic process {Yt} belonging

to a benchmark equilibrium. One interesting feature of the rule (46) is the feedback response

37The appropriate boundedness of DC
t−1, BCt−1 is in line with the requirements of Definition 5 on the

boundedness of
{
TCt
}

.
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to central-bank profits ΨC
t : remittances to the treasury should follow one-to-one movements

in profits, and in particular should fall when the central bank faces income losses. The

second interesting aspect of the proposed rule is that it requires a reaction with respect to

the (current) real value of previous-period net worth which should be as strong as 1−Πt. In

particular the reaction should be at least greater than zero if Πt < 1.

Rule (46) is certainly special in order for the Proposition of Neutrality to hold, but it

is even more special if we look at common central-bank practices. One interesting example

to investigate is the full treasury’s backing regime, already introduced in Section 2, where

transfers from central bank to treasury are always equal to profits, TCt = ΨC
t .

Proposition 4 A full treasury’s backing regime, TCt = ΨC
t , is not in the class of passive

remittances’ policies.38

Proof. This might seem surprising.39 Indeed, consider the allocation Πt = β, it = 0,

Qt = 1/(1−δ), Yt = Y , Ft = F , Kt = K,∆t = ∆
(
β/Π̄,∆

)
andMt ≥ βtPY. It is easy to verify

that this allocation satisfies the equilibrium conditions (27) to (35) as required by Definition 6

when ξt is constant and κt = 0, given some non-negative Y, F,K,∆ and P . Moreover, a full

treasury’s backing regime implies that net worth is constant at Nt = N̄ as shown by the

law of motion (24). However, (44) is not satisfied because limT−→∞Et

[
R̃t,TNT/PT

]
= N̄/Pt,

which is not necessarily zero, unless N̄ = 0.40 Therefore a full treasury’s backing policy is

not in the class of passive remittances’ policies.

This result, however, does not imply that the Proposition of Neutrality does not hold, but

only that some stochastic processes
{
Yt,Πt, it, Qt, Ft, Kt,Mt,∆t

}
satisfying the equilibrium

conditions (27) to (35) are ruled out as equilibrium allocations under a full treasury’s backing

regime.

Proposition 5 Under a passive fiscal policy and full treasury’s backing regime i) the Proposi-

tion of Neutrality holds and ii) the optimal policy is still given by {Y ∗t ,Π∗t , i∗t , Q∗t , F ∗t , K∗t ,M∗
t ,∆

∗
t},

for any balance-sheet policy and assuming that Π̄ > β.41

Proof. In the Appendix.

Rules (43) and (46), or TCt = ΨC
t in place of the latter, clearly illustrate the transfer

mechanisms that support the Proposition of Neutrality. If the central bank purchases some

38We are in any case omitting instances in which ΨC
t becomes so negative that the treasury needs to raise

a primary surplus that violates the non-negative constraint on consumption as discussed in footnote 35.
39Moreover a full treasury’s backing regime is clearly not in the class of rules identified by (46) for equilib-

rium gross inflation rates such that Πt < 1, since the rule in this case requires ψt > 0.
40Recall that R̃t,T ≡ βT−tξTY −ρT /ξtY

−ρ
t which is equal to βT−t in this case, while PT = Ptβ

T−t.
41As detailed in the Appendix the condition Π̄ > β ensures that the benchmark optimal policy is feasible

under a full treasury’s backing regime.
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risky securities which were before in the hands of the private sector, that risk does not remain

in the hands of the central bank since rule (46) ensures that the treasury transfers resources

to the central bank in the case the risk materializes in negative profits, while rule (43) ensures

that the treasury gets these resources from the private sector through higher lump-sum taxes.

At the end, the risk remains in the hands of the private sector. Alternative transfer policies

that break these linkages can challenge the result of neutrality. We turn to this analysis in

the next section.

4.2 Case II: Passive fiscal policy but non-negative transfers from

the central bank to the treasury

In this section, we evaluate the equilibrium consequences of the absence of treasury’s support,

meaning that the treasury never transfers resources to the central bank, TCt ≥ 0. Still we

maintain the assumption of passive fiscal policy. To intuit the implications of this restriction,

consider a candidate equilibrium {Y ∗t ,Π∗t , i∗t , Q∗t , F ∗t , K∗t ,M∗
t ,∆

∗
t} implied by the benchmark

optimal policy.42 We evaluate whether this allocation can be supported by the combination of

passive fiscal policy and non-negative transfer policy. Given that fiscal policy is still passive,

equations (42) and (36) require that (44) hold in equilibrium.

The candidate equilibrium is a feasible allocation if there are stochastic processes
{
Xt, T

C
t

}
,

with TCt ≥ 0, such that

Xt−1

P ∗t
−
BC
t−1

P ∗t
+
M∗

t−1

P ∗t
− (1 + r∗t )

Q∗t−1D
C
t−1

P ∗t
= Et

∞∑
T=t

R̃∗t,T

[
i∗T

1 + i∗T

M∗
T

P ∗T
− TCT
P ∗T

]
(47)

holds at all times and in each contingency given some specification of the stochastic processes{
BC
t , D

C
t

}
. The Proposition of Neutrality is valid if the above condition is satisfied for any

specification of the processes
{
BC
t , D

C
t

}
, given initial conditions Xt0−1,Mt0−1, B

C
t0−1, D

C
t0−1.

The central bank should be able to engineer a path of reserves together with a non-negative

remittances’ policy that is consistent with the optimal benchmark paths of inflation, output

and other variables through the above equilibrium conditions. In practice, this requires to

check that the infinite, but countable, set of intertemporal budget constraints (47) is satisfied

at the optimal benchmark policy through a non-negative transfer policy and some path of

reserves consistent with the flow budget constraint of the central bank.

An alternative way to write (47), using the definition of central bank’s net worth and

profits, is:

42We could follow a similar reasoning taking as a reference any benchmark equilibrium.
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N∗t
P ∗t

+ Et

∞∑
T=t

R̃∗t,T

(
i∗T

1 + i∗T

M∗
T

P ∗T

)
= Et

∞∑
T=t+1

R̃∗t,T

(
T ∗CT
P ∗T

)
. (48)

The left hand side of the above equation identifies the real value of the central bank given

by the sum of its real net worth and the value of current and future resources that can be

obtained by the monopoly power of issuing money. In equilibrium, it should be equal to the

expected present discounted value of real transfers to and from the treasury. This rewriting

clarifies the meaning of treasury’s backing or passive remittances’ policy. No matter what is

the equilibrium value of the central bank, the treasury is ready to back it. If the left hand

side is negative because net worth has reached a too low level in equilibrium, it is indeed the

treasury that transfers resources to the central bank. In absence of treasury’s support, this

is not possible and the right-hand side of (48) becomes non-negative imposing a lower bound

on the level that net worth can reach in equilibrium

N∗t
P ∗t
≥ −Et

∞∑
T=t

R̃∗t,T

(
i∗T

1 + i∗T

M∗
T

P ∗T

)
. (49)

Net worth can become negative but should be backed by the current and future seignorage

revenues. If equilibrium nominal interest rates are low or the economy is quasi cashless, the

above lower bound is more stringent.

Unconventional purchases of long-term securities can bring the central bank’s balance

sheet in risky territories. Indeed, in absence of treasury’s support, income losses translate

directly into declining net worth

N∗t = N∗t−1 + Ψ∗Ct − T ∗Ct < N∗t−1

which in turn can be inconsistent with (48) or even with (49). Key is again the specification of

the transfer policy. Consider TCt = PtT̄
C
t for some exogenous non-negative stochastic process

T̄Ct which can be even constant or zero at all times and substitute it on the right hand side of

equations (47) and (48). Observe that it would be a coincidence if the allocation {Y ∗t ,Π∗t , i∗t ,
Q∗t , F

∗
t , K

∗
t ,M

∗
t ,∆

∗
t} satisfies (47) in some contingency given the portfolio composition of the

central bank and the assumed exogenous remittances’ policy. It would be even harder to get

consistency in all contingencies and for any possible composition of the central-bank balance

sheet. Similarly, given that the right hand side of equation (48) is exogenously given, the

equilibrium level reached by net worth should be backed by appropriate future seignorage

revenues which are direct function of the monetary policy stance implied by the equilibrium.

In the case of an inconsistency, there should be some price or quantity adjustment.

We have a theory of price (and quantity) determination which acts also through the
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solvency condition of the central bank in which the composition of the central bank’s assets

matters.

4.2.1 A deferred-asset policy of central-bank remittances

The class of exogenous remittances’ policy is a special one, since there is no contingent

relationship with profits even in the upturn. In the practice of central banking there are

several other possible specifications. An important example is that of the U.S. Federal Reserve

which, in the case of negative profits, can issue a “deferred asset” that can be paid back by

future positive profits. Only once the deferred asset is paid in full, remittances are rebated

back to the treasury in the case of positive profits.43

Definition 7 A deferred-asset policy of central-bank remittances is defined as TCt = max(ΨC
t , 0)

only when Nt is above or equal to an initial threshold Nt0−1 = N̄ > 0 otherwise TCt = 0.44

Assume first that the central bank holds only short-term assets, i.e. DC
t = 0 at each

time t. Equation (26) shows that profits depend only on the sum of the non-interest bearing

liabilities times the foregone interest rate

ΨC
t = it−1(Nt−1 +Mt−1). (50)

If Nt0−1 = N̄ > 0, profits are positive and therefore also remittances. Equation (23) implies a

constant and positive net worth Nt = N̄ in all contingencies. Under a “normal” composition

of the central bank’s balance sheet and a deferred asset policy, whether the treasury is backing

or not the central bank does not really matter since the constraint TCt ≥ 0 never binds and

net worth is stationary.

Turning to the analysis of an unconventional composition of the central-bank balance

sheet, we can still prove a Proposition of Neutrality but only under very special conditions.

Proposition 6 Under a passive fiscal policy and a deferred-asset policy of central bank’s

remittances i) the Proposition of Neutrality holds if and only if Nt = N̄ in equilibrium for

each t > τ (and in each contingency at t) and for some τ even far in the future and ii) the

optimal policy is still given by {Y ∗t ,Π∗t , i∗t , Q∗t , F ∗t , K∗t ,M∗
t ,∆

∗
t} for any balance-sheet policy if

43See Carpenter et al. (2015). In our analysis we are abstracting from operating costs and standard
dividends to member banks subscribing the capital of the central bank.

44Writing explicitly a deferred asset in the problem like a negative liability, as it is done in practice to
avoid that the accounting value of net worth declines, does not really matter for the analysis.
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and only if Nt = N̄ in equilibrium for each t > τ (and in each contingency at t) and for some

τ even far in the future, assuming that Π̄ > β.45

Proof. In the Appendix.

The necessary and sufficient condition of Proposition 6 is quite restrictive since requires

that in equilibrium net worth returns to normal conditions in a finite period of time – although

this time can be very far in the future – and in all contingencies. This requirement limits

the set of possible equilibria for which neutrality holds. In particular, it is easy to see that a

positive level of long-run net worth implies equilibria that should naturally satisfy the lower

bound (49) before then.

To sharpen the intuition of the condition required in Proposition 6, note that a deferred-

asset regime is in between two extreme regimes: i) one in which remittances are always zero

TCt = 0, assuming that profits are always negative, and ii) the other in which remittances are

positive and equal to profits, assuming that profits are always positive. In the latter case, net

worth is constant and the solvency condition (47) does not restrict equilibrium prices and

quantity since reserves appropriately adjust offsetting the different portfolio compositions at

equilibrium prices as implied by

QtD
C
t +

BC
t

1 + it
−Mt −

Xt

1 + it
= N̄ . (51)

In particular, the necessary and sufficient condition (Nt = N̄ in equilibrium for each t > τ

and in each contingency at t and for some τ even far in the future) requires and ensures that

there is a long run in which the central bank returns to “normal business”, earning positive

profits which are rebated to the treasury like in the extreme case ii). In this long run there

is no issue of stationarity of net worth, and reserves appropriately adjust to support long-

run equilibrium output and prices for alternative central-bank portfolio compositions. Key

is that output and prices are not affected even in the short run. How is it possible? The

central bank can absorb short-run losses by temporarily decreasing net worth and varying

reserves, for a given equilibrium path of prices and output. These losses can be backed by

future retained profits which add up until net worth returns to the initial condition. The

intertemporal budget constraint (47) does not bind even in the short run. The central bank

is able to absorb losses through a reduction by the same amount of the present discounted

value of remittances, while keeping them non-negative in each period. At the end, these

lower remittances are paid by higher taxes levied on the private sector.

45The condition Nt = N̄ in equilibrium for each t > τ (and in each contingency at t) and for some τ even
far in the future is different from the condition limt−→∞Nt = N̄ a.s. since the latter includes the possibility
that net worth converges to N̄ only asymptotically.
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What supports the Proposition of Neutrality in this case is therefore that short-run losses

can be backed by future retained profits. Two non-trivial conditions, however, should be

satisfied: i) that there is a long run in which the central bank is always profitable and ii)

that losses only happen in the short run. Consistently with this intuition, we now provide

two sufficient conditions for Nt = N̄ to be true in equilibrium (for each t > τ and for some τ

even far in the future) which are illustrative of cases of practical interest – underlining also

their limitations – under which unconventional monetary policy does not affect equilibrium

output and prices even in absence of treasury’s support.

Proposition 7 Consider a collection of stochastic processes
{
Yt,Πt, it, Qt, Ft, Kt,Mt,∆t

}
satisfying the equilibrium conditions (27) to (35) given a conventional monetary policy and

consider a deferred-asset policy of central-bank remittances; Nt = N̄ in equilibrium (for each

t > τ and in each contingency at t and for some τ even far in the future) if there is a time τ1

even far in the future such that Nτ2 +Mt > 0 at some τ2 ≥ τ1 for each t ≥ τ2 and either i) ξt

and κt have absorbing states after τ1 or ii) DC
t = 0 at each t ≥ τ1 and (in each contingency

at t).

Proof. In the Appendix.

The sufficient condition ii) of Proposition 7 is clearly not in line with the Proposition

of Neutrality since it constrains the possible specifications of the process
{
DC
t

}
, although

this happens only after a generic period τ1 which can be very far in the future. However,

both conditions are illustrative of situations of practical interest for which the Proposition

of Neutrality can hold: central-bank losses should be limited in time and size.

In time because otherwise the intertemporal budget constraint (47) always restricts the

path of output and prices conditional on the balance-sheet regime, requiring an appropriate

monetary policy stance in order to smooth the path of reserves and achieve a stationary path

of net worth.

In size because otherwise the profitability of the central bank can be permanently im-

paired, implying a violation of the condition Nt + Mt > 0 at some point in time given the

equilibrium path {Mt} and, most importantly, in the long run. As shown in (50) the long-run

profitability is essentially related to the income produced by the ability of the central bank

to finance its asset purchases using non-interest bearing liabilities. Accordingly, the overall

amount of such liabilities should remain positive, implicitly imposing a (possibly negative)

lower bound on the level that net worth can reach.

Our analysis also suggests some costs of monetary systems where cash disappears. Seignior-

age is an important source of revenues which, as shown above, allows in a critical way to

smooth over time periods of negative profits in a way that they do not constrain the ordinary
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action of monetary policy. In cashless economies, seigniorage is zero and central bank loses

its main source of revenue to back its net worth as (48) would require. Absent any treasury’s

support, central bank should rely on a positive level of net worth to recover from past losses,

as shown by (49) and (50). This stricter bound can further constraint the action of monetary

policy in the direction of avoiding negative profits for a prolonged period of time and may

preclude the possibility of engaging in unconventional monetary policies.

4.2.2 Avoiding income losses

Net worth can decline in the equilibria discussed in Propositions 6 and 7 but at the end

should return to normal levels. However, the duration of declining net worth might turn out

to be so long that the central bank can decide to shorten it for several reasons, including

political pressures because of zero remittances to the treasury or worries about a possible

loss of independence. Even the concern that non-interest bearing liabilities can turn negative

in some contingencies and for a prolonged period can force the central bank to reconsider its

policy stance. In these circumstances, policy will deviate from the original plan or from the

optimal benchmark policy.

Consider a central bank that tries to completely avoid periods of negative profits or

declining net worth, TCt = ΨC
t ≥ 0 implying Nt = Nt0−1 = N̄ at each t. Given the definition

of profits (26) and a generic stochastic process
{
DC
t

}
, the central bank has no other tool

available than appropriately constraining the action of conventional monetary policy in order

to take into account the zero-lower-bound constraint on profits, ΨC
t . The equilibrium of the

model is now subject to two zero-lower-bound constraints. There are two main results in

this case: the Proposition of Neutrality never holds and optimal policy deviates from the

optimal benchmark policy if the central bank holds long-term assets.46 We have the following

Proposition which characterizes the results:

Proposition 8 Under a passive fiscal policy and a policy of central-bank remittances of the

form TCt = ΨC
t ≥ 0 i) the Proposition of Neutrality does not hold; ii) for generic balance-sheet

policies the optimal policy is a) a collection of stochastic processes {Yt,Πt, it, Qt, Ft, Kt,Mt,∆t}
that maximizes (41) and satisfies each of the conditions in equations (27) to (35) at each time

t ≥ t0 (and in each contingency at t), given the definition Πt ≡ Pt/Pt−1, the non-negativity

constraints both on the nominal interest rate and on central-bank profits, it ≥ 0 and ΨC
t ≥ 0 –

where ΨC
t is defined by (26) – the stochastic processes for the exogenous disturbances {ξt,κt},

given initial conditions it0−1, Nt0−1,Mt0−1, Qt0−1, D
C
t0−1 and b) some collection of stochastic

46If DC
t = 0 at all times the lower-bound constraint on profits is never binding and the optimal policy

conditional on this transfer policy coincides with the benchmark optimal policy.
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processes {Xt, Bt, B
C
t , B

G
t , Dt, D

C
t , D

G
t , At} satisfying each of the conditions in equations (36),

(37), (39), (40), (51) at each time t ≥ t0 (and in each contingency at t) given the stochastic

processes {Yt,Πt, it, Qt, Ft, Kt,Mt,∆t} and initial conditions BG
t0−1, D

G
t0−1.47

4.3 Case III: Active fiscal policy

In the previous section, we have assumed limited treasury’s backing of central bank’s losses

and shown that there are cases in which the central bank is able to absorb its losses without

the need of changing monetary policy stance. However, one key assumption was the main-

tained ability of the treasury to receive or transfer income from the private sector contingently

on the evolution of its own liabilities and of the remittances received from the central bank.

Were the central bank experiencing income losses and therefore cutting remittances to the

treasury, the treasury would offset the missing resources through appropriate increases of

lump-sum taxes levied on the private sector.

We now limit the ability of the treasury to tax or transfer resources as needed and assume

an active fiscal policy with a primary surplus that follows

At
Pt

= at, (52)

where at is a Markov process, with transition density πa(at+1|at) and initial distribution fa.

We assume that (πa, fa) is such that a ∈ [amin, amax].

To get some intuition, we first assume that there is full treasury’s backing, TCt = ΨC
t for

each t. As shown previously, this implies a constant central-bank net worth Nt = Nt0−1 =

N̄ > 0. The set of equilibrium conditions (36) to (40) imply a consolidated intertemporal

budget constraint

Xt−1

Pt
+
Mt−1

Pt
+
Bt−1

Pt
+ (1 + rt)

Qt−1Dt−1

Pt
= Et

∞∑
T=t

R̃t,T

[
iT

1 + iT

MT

PT
+
AT
PT

]

showing that the overall liabilities of the whole government should be backed by the expected

present discounted value of seigniorage revenues and primary surpluses, as stressed by the

literature on the fiscal theory of the price level.

We can further write the above intertemporal budget constraint as

BG
t−1

Pt
+ (1 + rt)

Qt−1D
G
t−1

Pt
− Nt−1 + ΨC

t

Pt
= Et

∞∑
T=t

R̃t,T

[
iT

1 + iT

MT

PT
+ aT

]
, (53)

47We still maintain the assumption Π̄ > β.
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having used the fiscal rule (52) together with the definitions of central bank’s net worth and

profits. Recall again that under full treasury’s backing Nt−1 = N̄ . Equation (53) shows

clearly the fiscal consequences of unconventional central-bank operations. Income losses

(ΨC
t < 0) on central-bank balance sheets should require an adjustment somewhere else in

prices, output or seigniorage revenues in order for (53) to hold in equilibrium.

A reallocation of risks in the economy has fiscal consequences, given that the treasury

is not passing central bank’s losses to the private sector, and therefore can influence the

equilibrium allocation.

More formally consider stochastic processes
{
Yt,Πt, it, Qt, Ft, Kt,Mt,∆t

}
satisfying the

equilibrium conditions (27) to (35). The same stochastic processes should be consistent with

the specification of the conventional monetary policy and with (53) under an active fiscal

policy.48 Moreover, it is easy to see that a model equilibrium is not neutral to alternative

balance sheet policies. Indeed if an allocation
{
Yt,Πt, it, Qt, Ft, Kt,Mt,∆t

}
is consistent with

(53) for a path {DC
t } it might not be consistent for an alternative path {D̃C

t } because central

bank’s profits can vary requiring a change in the path of some endogenous variables in (53).

Turning to the optimal benchmark policy, similar considerations suggest that only by

chance it can also satisfy (53). Previous results in the literature on optimal debt management

(see Angeletos, 2003), shows that in theory it is possible to “support” the benchmark optimal

policy through an optimal choice of the maturity structure of treasury’s debt.49 But even

in this case, alternative maturity structures or balance-sheet policies would imply a different

optimal allocation.50

Proposition 9 Under an active fiscal rule of the form (52) and given some specification

of central-bank remittances’ policy, the model equilibria and the welfare-maximizing model

equilibrium are not invariant to alternative balance-sheet policies.51

48In the case in which there are multiple collections of stochastic processes
{
Yt,Πt, it, Qt, Ft,Kt,Mt,∆t

}
satisfying the equilibrium conditions (27) to (35) for the same conventional monetary policy, the additional
equilibrium condition (53) can reduce the multiplicity. Instead, when there is only one collection of stochastic
processes consistent with (27) to (35) for the same conventional monetary policy, this allocation can be
inconsistent with (53) and therefore not part of a model equilibrium.

49A necessary condition is that the number of securities issued by the treasury is at least as large as the
number of states of nature at each point in time. But even in this case note that the right-hand side of (53)
is a function of ξt,κt ,at and their past values while the left-hand side, under the optimal benchmark policy,
is a function of only ξt,κt and past values so that it is impossible to find a maturity structure that equates
the two sides of the equation in all states of nature. Moreover, it is also known that on practical grounds the
optimal maturity structure usually involves unrealistic short and long positions in the various securities.

50It can also be possible that the equilibrium optimal policy can be improved by an alternative composition
of the central bank’s portfolio even in the direction of including more long-term securities. However, in any
case, welfare will be lower than under the benchmark optimal policy.

51We have not specified in details the policy of central-bank remittances since it is not much relevant for
the general implications of the proposition. One could assume either a full treasury’s backing regime, a
deferred-asset regime or non-negative profits and obtain similar qualitative conclusions.
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We leave to the numerical examples of next section to evaluate whether under optimal

policy it is desirable that the central bank internalizes the fiscal consequences of its income

losses and acts to reduce the duration of negative profits in response to the restriction imposed

by equation (53) on equilibrium prices and quantities.

5 Evaluation of optimal policy

This section presents numerical examples on how events related either to interest-rate risk or

credit risk affect the equilibrium dynamics of optimal policy under the alternative monetary

and fiscal regimes outlined in previous section.52

We approximate the optimal policy problem using linear-quadratic methods around a

non-stochastic steady state. The appendix shows that a second-order approximation of (41)

around the efficient steady state implies the following simple loss function

Lt0 =
1

2
Et0

∞∑
t=t0

βt−t0
[
Ŷ 2
t + λπ(πt − π̄)2

]
(54)

where λπ is the relative weight attached to inflation volatility (defined in the appendix),

while Ŷt denotes deviations of output with respect to the efficient steady state, in which we

have defined πt ≡ ln Πt and π̄ ≡ ln Π̄.53 The minimization of the loss function is subject

to a modified New-Keynesian Aggregate-Supply equation which is the result of a first-order

approximation of equations (31) to (33)

πt − π̄ = κŶt + ζı̂t + βEt(πt+1 − π̄) (55)

where κ and ζ are defined in the appendix, and ı̂t ≡ it−ı̄
1+ı̄

. The financial friction – which is

usually absent in standard versions of the New-Keynesian Aggregate-Supply equation and is

here captured by fluctuations in the nominal interest rate – acts as a cost-push shock in the

AS equation.

52Results on sub-optimal policies like strict inflation targeting are available upon request as well as details
of the numerical procedure.

53An interesting result, derived in the Appendix, is that the efficient steady state of the model is reached
by setting the employment subsidy to % ≡ 1− (1−1/θ)/(1+ ı̄) where ı̄ is the steady-state level of the nominal
interest rate. One needs to use only one instrument of policy to offset both the monopolistic distortion and
the financial friction, since both create an inefficient wedge between the marginal rate of substitution between
leisure and consumption and the marginal product of labor. Moreover, given this result, the steady-state
level of the nominal interest rate can be different from zero, while the inflation rate can be set at the target Π̄.
The steady-state version of equation (15) relates the nominal interest rate to the inflation rate β(1 + ı̄) = Π̄.
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The first-order approximation of (15) implies a standard Euler equation

ρEt(Ŷt+1 − Ŷt) = ı̂t − rnt − Et(πt+1 − π̄) (56)

where the natural rate of interest is defined as

rnt ≡ ln ξt − Et ln ξt+1

which varies because of the exogenous changes in the preferences shock. The optimal path of

output, inflation and nominal interest rate solves the minimization of (54) under constraints

(55)–(56), for each time t ≥ t0, given the zero-lower bound on the nominal interest rate. This

optimal allocation corresponds to the first-order approximation of the benchmark optimal

policy described in Definition 4. As discussed in the previous section, appropriate mone-

tary/fiscal policy regimes are needed to support it, like a passive transfer policy – consisting

of the passive fiscal regime specified in Definition 5 and the passive remittances’ policy of

Definition 6. The latter policy can also be substituted by a full treasury’s backing regime,

consistently with Proposition 5, under the condition Π̄ > β.

We first focus on interest-rate risk and disregard credit risk for the moment. In this

respect, we simulate an economy which a time t−1 is already in a liquidity trap, because of

a negative preference shock that hit sometime in the past. There is uncertainty on when

the shock returns to normal conditions. Once uncertainty is resolved, the path of current

and future short-term rates changes inducing an unexpected fall in the price of long-term

securities which leads to income losses for the central bank, in the case it holds long-term

assets. It should be clear that this example is very stylized since there is only one point in

time in which the return on long-term securities can be different from the short-term rate

causing losses or gains for the holders of long-term securities.

In the numerical example of Figure 1, the natural rate of interest at time t−1 is at −2%

(with respect to a steady-state level of 4%). It is then expected to return to 4% with

a constant probability of 10% in each period. In the Figure we assume that the ex-post

duration of the shock is one year, implying that after one year there is an unexpected change

in the path of short-term interest rates, leading to a fall in the return on long-term securities.

The model is calibrated (quarterly) as follows. We set β = 0.99 and π̄ = 0, to imply

a steady-state annualized nominal interest rate on bonds of about 4%. We calibrate the

composition of central-bank balance sheet considering as initial steady state the situation in

2009Q3, when the economy had already been in a liquidity trap for about three quarters.

Accordingly we set the share of money to total liabilities equal to 53%, the share of net

worth to total liabilities to 1%, and the share of long-term asset to total assets to 72%.
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This calibration implies that the steady-state quarterly remittances to the treasury (equal

to profits) are equal to about 0.6% of the central bank’s assets and that the central bank’s

net position on short-term interest-bearing securities (central bank reserves net of short-term

asset holdings) is positive and amounts to about 18% of the central bank’s balance sheet.

Finally, the duration of long-term assets is set to ten years (accordingly, δ = .9896) the

relative risk-aversion coefficient to ρ = 2, the inverse of the Frisch-elasticity of labor supply

to η = 5, the elasticity of substitution across goods to θ = 7.66 (implying a 15% markup),

the parameter α capturing the degree of nominal rigidity in the model implies an average

duration of consumer prices of four quarters (α = 0.75). As a result, the slope of the Phillips

Curve is κ = .015.

The top panels of Figure 1 show the familiar result, already discussed in Eggertsson and

Woodford (2003), that committing to a higher inflation for the periods after the liftoff of the

natural rate of interest allows to limit the deflationary impact of the negative shock, despite

the nominal interest rate cannot be cut as much as needed because of the zero floor. This

commitment translates into maintaining the policy rate at the zero bound for several periods

longer than the ex-post duration of the shock (in the specific case of Figure 1 it lasts three

quarters longer).54

The bottom panels show instead the evolution of three key variables related to the balance

sheet of the central bank: the quarterly remittances to the treasury TCt , which in this scenario

are always equal to profits ΨC
t – defined by equation (26) – the central bank’s net worth

Nt, evolving according to (24) and the central bank’s reserves (net of short-term assets)

(Xt − BC
t )/(1 + it), all expressed as a share of the steady-state balance sheet of the central

bank. As shown by Proposition 5, under Case I, the central bank’s net worth remains constant

at its initial level, 1% in the numerical example. The dynamics of profits (and remittances)

instead mainly follow the return on long-term assets. As the shock to the natural rate

returns back to steady state, the expectation that the nominal interest rate will jump up a

few periods later is enough to bring down long-term asset prices and their return, thereby

implying negative profits for the central bank. Under full treasury’s backing, negative profits

trigger a transfer of resources from the treasury to the central bank (negative remittances),

so that net worth does not move. Central bank’s reserves instead fall, as shown by the

bottom-right panel as a consequence of the lower valuation of the long-term assets.

The solid red line in Figure 1 shows instead the response of an economy in which the

transfer policy is a combination of a passive fiscal regime and a deferred-asset regime, as

specified in Definition 7. This case is described by Proposition 6: the responses of inflation,

54Note, however, that in Eggertsson and Woodford (2003) there is also an unexpected shock at time t0
which brings the economy into the liquidity trap while in our case the economy is already in a liquidity trap.
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Figure 1: Equilibrium dynamics of selected variables under optimal monetary policy. The economy starts
in a liquidity trap and the natural rate of interest is expected to go back from -2% to 4% with a 10%
probability each period; ex-post reversal occurs after one year. Black dashed line: Passive fiscal policy
and full treasury’s backing of the central-bank liabilities (Case I). Red solid line: Passive fiscal policy and
non-negative remittances to treasury (“deferred asset” specification of Case II). X-axis shows years.

output and the interest rate do not change. Indeed, the sufficient conditions of Proposition

7 are satisfied since losses are limited in size and time: in size since they are not so large

to impair the long-run profitability of the central bank (Nt + Mt > 0 under the optimal

benchmark policy), in time since uncertainty is resolved after one year. As central bank’s

profits turn negative,55 remittances to the treasury fall to zero and stay at this level even

when central bank’s profits start to be positive as long as net worth is below the long-run

level N̄ , thereby allowing the latter to converge back to N̄ within a few quarters. After

net worth is back at the initial value of 1%, central bank’s profits are again rebated to the

treasury. The implication is that central bank’s reserves are temporarily higher than under

full treasury’s backing, and are paid back by next-period profits. Moreover, it is easy to see

that the present discounted values of the remittances under the two regimes are the same.

The Proposition of Neutrality therefore holds in this example, and the central bank’s

balance-sheet composition does not matter for the optimal path of interest rate, inflation

and output. Indeed, the dynamics of the latter three variables – displayed in the top panels

of Figure 1 – are those of the benchmark optimal policy, and are therefore exactly identical

55The dynamics of central bank’s profits under this scenario are the same as in the benchmark one, and
are therefore captured by the dashed black line in the bottom-left panel of Figure 1.
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to the ones arising under a balance-sheet policy in which DC
t = 0 for all t. However, this

simple example is certainly too stylized to conclude that interest-rate risk may not be an issue

for the equilibrium outcome. Indeed, as mentioned, unexpected changes in the interest-rate

path and non-zero excess returns on long-term assets occur only at one point in time, while

in reality they can be more frequent. A proper evaluation should require a more careful

projection analysis with a more realistic model economy as done in Carpenter et al. (2015).

To the end of further understanding the implications of violating the conditions of Propo-

sition 7, we now shut down the preference shock ξt (assuming ξt = 1 at all times) and consider

an economy hit at time t0 by an unexpected credit shock implying default on a share κ of

long-term debt. After period t0 no other credit event or other shocks are expected or occur.

As clear from equation (25), when a credit event happens the central bank might experience

a substantial loss on its balance sheet. In absence of treasury’s support, this loss can be

strong enough to impair its long-run profitability under the benchmark optimal policy, even

if uncertainty is fully resolved after t0. The condition of part i) of Proposition 7 could be

violated, meaning that it does not exist a τ2 ≥ t0 such that Nτ2 + Mt > 0 for each t ≥ τ2

conditional on the equilibrium paths implied by benchmark optimal policy, no matter how far

in the future. Profits remain negative indefinitely. In this case, as argued in Section 4.2, the

central bank finds it optimal to deviate from the benchmark optimal policy in order to restore

long-run profitability and produce positive profits at some future point in time. Instead, if

the credit event is not too strong, the Proposition of Neutrality still holds and the central

bank is therefore able to return to the level N̄ of net worth in a finite period of time.56

Figures 2 and 3 evaluate numerically this scenario under the same calibration as before.

We consider two alternative sizes of the credit event: a default of 40% (i.e. κ = 0.40,

displayed by the solid line in Figures 2 and 3) and a default of 85% (i.e. κ = 0.85, displayed

by the dashed line in Figures 2 and 3). For our purposes, the main difference between these

two shocks is that the first one is too weak to impair the central bank’s long-run profitability

under the benchmark optimal policy, while the second one is strong enough to compromise

it irreversibly.

The solid line in the bottom right panel of Figure 2 shows that the stock of long-term assets

in the balance sheet of the central bank is permanently reduced by 40% as a consequence of

default: the market value of long-term assets in the hands of the central bank falls to about

43% of total assets. The other three panels however show that the benchmark optimal policy

is still consistent with all the equilibrium conditions of the model, and in particular with

long-run solvency of the central bank. Indeed, the solid line in Figure 3 implies that the fall

56In this example the benchmark optimal policy is simply given by it = ı̄, πt = π̄, and Ŷt = 0 and will be
clearly achieved in presence of treasury’s backing and under a passive fiscal policy.
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Figure 2: Response of selected variables, under optimal monetary policy, to a one-period credit event of
alternative sizes. Red solid line: Credit event implies default on 40% of long-term assets. Black dashed line:
Credit event implies default on 85% of long-term assets. X-axis shows years.

in nominal net worth that occurs when the shock hits, as a consequence of the income loss

at t0, is not enough to impair the ability of the central bank to produce positive gains from

seigniorage in the future (i.e. Nτ2 +Mt > 0 for some τ2 ≥ t0 and each t ≥ τ2). Such positive

profits, therefore, will be possible without the need for the path of nominal money supply

to deviate from the benchmark optimal policy (second panel of Figure 3). Moreover, these

gains will be used to repay the deferred asset over a period in which remittances are zero and

net worth can be rebuilt (first and third panels of Figure 3, respectively).

Results substantially change if the credit event is sufficiently strong. In particular, a credit

event due to a default of 85% of long-term assets implies, under the benchmark optimal policy,

that the nominal stock of non-interest bearing liabilities, N∗t +M∗
t , turns negative within the

first two quarters, and follows a diverging path thereafter: the benchmark optimal policy,

therefore, violates the long-run solvency condition of the central bank and is no longer an

equilibrium – under a deferred-asset regime and in absence of treasury’s backing. The dashed

lines in Figures 2 and 3 show how to optimally deal with a shock of this size. The central bank

should commit to progressively and permanently raise the stock of nominal money supply

to compensate for the fall in nominal net worth. Such commitment will ensure that the

stock of non-interest bearing liabilities eventually reverts to positive values and produces the

profits needed to repay the deferred asset and rebuild net worth (although over an extremely
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Figure 3: Response of selected variables, under optimal monetary policy, to a one-period credit event of
alternative sizes. Red solid line: Credit event implies default on 40% of long-term assets. Black dashed line:
Credit event implies default on 85% of long-term assets. X-axis shows years.

long time). To generate such a path of nominal money supply, the central bank should be

accommodative enough to push up prices and inflation. In particular, as the dashed line in

Figure 2 shows, inflation and output should go above their target on impact, which in turn

requires the nominal interest rate to fall down to the zero-lower bound. Over time, moreover,

the increase in inflation should be very persistent, and last until time τ2 (not showed in the

Figure), when the deferred asset is paid in full, net worth is back at the initial level N̄ and

nominal money supply can stabilize on a new, higher, level.

The above example is also very stylized, since uncertainty is immediately resolved, but

it is illustrative of the concerns that could arise following unconventional purchases of long-

term securities. Even if not necessary, the central bank can decide to shorten the duration of

income losses. An extreme case, that we now investigate, is that of Proposition 8, in which

the central bank seeks to avoid that profits turn negative at all. In this case, even mild

credit events will have potentially sizable effects on the equilibrium dynamics of prices and

quantities.

Figure 4 shows the effects of a one-period credit shock that implies a 10% default on long-

term assets in a scenario in which the transfer policy consists of a passive fiscal regime and

a remittance policy of the kind TCt = ΨC
t ≥ 0 (red solid line) contrasted with the case of full

treasury’s backing (black dashed line). Consistently with Figures 2 and 3, a shock of this size is
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Figure 4: Response of selected variables, under optimal monetary policy, to a one-period credit event that
implies default on 10% of long-term assets. Red solid line: Passive fiscal policy and non-negative central-
bank profits. Black dashed line: Passive fiscal policy and full treasury’s backing of the central-bank liabilities.
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not strong enough to undermine the central bank’s long-run profitability under the deferred-

asset regime. However, if the central bank commits to avoid income losses altogether, the

optimal equilibrium path of inflation, output and interest rate deviates substantially from the

benchmark optimal policy that would instead arise under full treasury’s backing. Interestingly,

the short-run response of inflation, output and the risk-free rate is comparable, in size, to

the one implied by a much stronger credit event under the deferred-asset regime, as shown in

Figure 2: the interest rate falls to the zero-lower bound, where it stays for about 12 periods,

inducing a persistent – though temporary – rise in inflation and output, supported by an

analogous increase in nominal money supply (not showed). As a consequence, central bank’s

profits fall but only down to zero and stay there as long as the economy is in the liquidity

trap. Central bank’s reserves are naturally reduced to balance the permanent fall in the

market value of long-term assets. In the long-run, however, the implications of a credit event

of this size are very different from those shown by Figures 2 and 3: in particular, here the

expansion in nominal money supply is only for few quarters, and therefore the inflationary

consequences of the shock are short-lived.

We perform a similar analysis in the case of interest-rate risk. Figure 5 displays the

equilibrium dynamics of selected variables under optimal policy in a scenario in which fiscal
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Figure 5: Equilibrium dynamics of selected variables under optimal monetary policy. The economy starts in
a liquidity trap and the natural rate of interest is expected to go back from -2% to 4% with a 10% probability
each period; ex-post reversal occurs after one year. Red solid line: Passive fiscal policy and non-negative
central-bank profits. Black dashed line: Passive fiscal policy and full treasury’s backing of the central-bank
liabilities. X-axis shows years.

policy is passive and the central bank wants to avoid negative profits entirely (red solid line),

and in one in which fiscal policy is passive and the central bank gets full treasury’s backing

from the treasury (black dashed line). The stochastic structure is the same as Figure 1

in which there is only the preference shock ξ. The non-negative constraint on central-bank

profits requires to engineer a dynamic path for asset prices such that the long-term return does

not display the sharp drop when the preference shock brings the natural rate of interest back

to steady state. This requires committing to an interest rate path that remains at the zero-

lower bound substantially longer than before, and implies (when rnt actually returns to steady

state) an inflation rate three times higher and an output boom about twice as strong. The

central bank’s profits (and the corresponding remittances to the treasury), as a result, are zero

and stay at zero several periods longer than the duration of the shock, following thereafter the

path of the nominal interest rate with one period delay. Nominal money supply temporarily

increases, when the natural interest rate rises back to 4%, to accommodate the output boom.

To ensure that net worth stays constant, the central-bank reserves progressively decrease to

their steady-state level, though along a substantially smoother path compared to the case

of full treasury’s backing. In a liquidity trap, therefore, a central bank committed to avoid

income losses signals a change in its desired monetary policy stance towards temporarily
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Figure 6: Equilibrium dynamics of selected variables under optimal monetary policy. The economy starts
in a liquidity trap and the natural rate of interest is expected to go back from -2% to 4% with a 10%
probability each period; ex-post reversal occurs after one year. Case III: Active fiscal policy and “deferred-
asset” remittance policy, for alternative degrees of fiscal strength. Bold dashed line: Passive fiscal policy and
“deferred-asset” remittance policy. X-axis shows years.

higher inflation and a delayed exit strategy.

Finally, as discussed in Section 4.3, the Proposition of Neutrality is clearly violated when

fiscal policy follows an active rule of the form (52). In this case, indeed, seigniorage is an

important source of revenues to back the liabilities of both the treasury and the central

bank. The intertemporal budget constraints of the government become a relevant restriction

for optimal policy.

Figure 6 evaluates the extent to which, under the deferred-asset regime, alternative de-

grees of fiscal strength might imply an endogenous response of monetary policy, in terms

of duration of periods of lower net worth, relative to the case of passive fiscal policy. Con-

sistently with the calibration discussed earlier, we set the ratio of long-term public debt to

GDP in the initial steady state equal to Q̄D̄G/(4Ȳ P̄ ) = 0.35, in annual terms, as reported

by the US Bureau of Public Debt for 2009Q3.57

In particular, the treasury sets the primary surplus as a constant share a of steady-state

output: At/Pt = a · Ȳ . We capture alternative degrees of fiscal strength with different values

of the share a. The interesting implication of Figure 6 is that, the smaller the resources that

57In particular, we consider the stock of publicly-held marketable government debt including securities
with maturity above one year.

46



the treasury raises through primary surplus (i.e. the lower a), the more the central bank

needs to optimally shorten the duration of the deferred asset, in order to be able to back the

treasury’s liabilities with positive remittances. To the end of implementing this policy the

central bank needs to substantially deviate from the benchmark optimal policy. In particular,

the central bank should raise permanently inflation – the more so the weaker is the fiscal

policy stance – to increase its seigniorage revenues and absorb sooner the fall in net worth.

6 Conclusions

Starting from a proposition of neutrality of alternative compositions of central-bank balance

sheet, we have discussed its generality investigating different fiscal/monetary policy regimes

and stressing the consequences of these policies under cases of practical and theoretical in-

terest which have been neglected so far by the literature. To preserve tractability, we kept

the environment as simple as possible, at the cost of disregarding some important features

that we now discuss more extensively.

Central banks around the world have very different accounting practices, capital require-

ments and transfer policies. A comprehensive analysis of all the various possibilities is out of

the scope of this paper, though some alternative assumptions not made here could affect the

results. One that deserves particular attention is the way purchases of long-term securities

are accounted in the balance sheet and therefore in the profits-losses statement. We have

evaluated them at the market value but some central banks do it at the historical value, like

the Federal Reserve.58 This can affect some of the numerical results of Section 5, in particular

the duration of declining net worth and the size of the losses, but not the generality of the

neutrality results.

We have restricted our focus on the equilibrium consequences of unconventional policies

due to central bank’s income losses. A broader view on the effects of these policies should

address other features discussed by the recent literature. One class of models has included

limits to arbitrage in private financial intermediation which translates into credit or term

premia. These excess returns can be relaxed by central bank intervention through its ability to

finance its purchases more easily than the private sector by expanding reserves. However these

models assume some ad hoc costs for the central bank activity in financial intermediation, as

also done in Curdia and Woodford (2011). One contribution of our analysis could be seen of

providing some microfoundations for these costs. Another strand of literature emphasizes the

58In general the ECB uses a mark-to-market procedure with the possibility of inputting precautionary
reserves in the case of gains. However, in the recent purchases of covered bonds and sovereign debt, it moved
to an accounting system at historical costs.
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benefits of unconventional monetary policies on the ground that the liabilities of the central

bank can have an advantage in relaxing some liquidity (or collateral) constraints that bind

the action of private agents.59

In our analysis, we have also dealt with credit risk but in an exogenous way. The challenge

however is to model it endogenously – depending on the macroeconomic conditions and

solvency of the issuers. A more suitable model is required, which goes beyond the scope of

this work. However, one could still work in a simple model by postulating a reduced-form

representation for credit losses as a function of aggregate macroeconomic variables and/or

central bank’s intervention. In the latter case, the model would gain another dimension to

address the benefits of unconventional monetary policies.

A more relevant extension for emerging-market economies could be the modelling of

reserves in foreign currency. In this case, capital losses can be consequence of exchange rate

movements and can affect the conduct of monetary policy also for what concerns its effects on

the exchange rate (see Jeanne and Svensson, 2007). In this respect, Adler et al. (2012) have

shown that for emerging market economies deviations from standard interest-rate policies

can be explained by concerns about the weakness of the central-bank balance sheet.

We have discussed our theoretical results in a cash-in-advance model à la Lucas and

Stokey (1987) where the asset market opens before the goods market. The results of this

paper are robust to other ways of modeling the liquidity friction like money in the utility

function or through a cash-in-advance constraint in which the goods market opens before

the asset markets.60 The analysis can be extended also to cashless-limiting economies or to

overlapping-generation monetary models.

In our model, the velocity of money is constant and unitary. Qualitative results can be

robust to environments in which the velocity is endogenous. An interesting extension is to

relate it to the balance-sheet position of the central bank. The possibility that a currency

can be substituted with other means of payments, when the balance sheet deteriorates, can

impair the long-run profitability of the central bank and leave the currency unbacked if there

is no fiscal support.61

Finally, our analysis has emphasized the importance of the interaction between monetary

and fiscal policy. In practice, it is hard to exactly tell when a regime of full treasury’s backing

is in place or even when fiscal policy is passive. It should be interesting to consider the

59See Kiyotaki and Moore (2012) and Benigno and Nisticò (2013).
60Details of the latter model are available upon request.
61Quinn and Roberds (2014) discuss the disappearance of the Florin as an international reserve currency

in the late 1700s as a consequence of the central bank’s income losses on non-performing loans. In Del Negro
and Sims (2014), a specific transaction cost of holding money balances delivers a money demand function
elastic with respect to the nominal interest rate. In their analysis real money balances can become zero for
an interest rate above a certain finite threshold.
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implications of uncertainty on the monetary and fiscal regimes, like in Leeper (2013), or the

political dimension of the strategic interaction between treasury and central bank.
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A Appendix

We collect in this appendix some derivations and proofs.

A.1 Passive fiscal rule

We show that the fiscal rule

At
Pt

= ā− TCt
Pt

+ φ

[
(1 + rt)Qt−1D

G
t−1 +BG

t−1

Pt

]
(A.1)

satisfies the requirements of a passive fiscal policy of Definition 4.

First use the flow budget constraint (38) and write it in real terms:

Qt
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t
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+

1

1 + it

BG
t

Pt
=

(1 + rt)Qt−1D
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. (A.2)

Using (A.1) into (A.2), we obtain
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[
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− ā. (A.3)

Therefore we can write
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Note first that the right-hand side of (A.4) can be written as
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where we have used the equilibrium conditions (15) and (17), since R̃T−1,T/ΠT = RT−1,T .

We can therefore write (A.4) as
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Pre-multiplying equation (A.5) by R̃T−2,T−1 and taking the expectation at time T − 2, we

can write it as
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in which we can substitute appropriately, on the right hand side, equation (A.5) lagged one

period to get
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After reiterating the substitution, we get
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in which, by taking the limit for T →∞, we obtain

lim
T→∞
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= 0,

provided 0 < φ < 2 and therefore also for 0 < φ < 1. In particular the term

T∑
j=t+1

(1− φ)T−jEtR̃t,j = ξ−1
t Y ρ

t Et

T∑
j=t+1

(1− φ)T−jβjξjY
−ρ
j

on the right hand side of (A.6) converges to zero as T →∞ since the weights (1−φ)T−j con-

verge to zero, provided 0 < φ < 2, for small j while for j close to T , βjξjY
−ρ
j converges almost

surely to zero for bounded stochastic processes ξj and under any benchmark equilibrium.
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A.2 Proof of Propositions

A.2.1 Proof of Proposition 3

Under a combined regime of passive fiscal policy and passive policy of central-bank remit-

tances i) the Proposition of Neutrality holds and ii) the benchmark optimal policy is the

equilibrium optimal policy.

Proof. Consider the passive transfer policy in which the stochastic processes
{
At, T

C
t

}
are set

consistently with the respectively-defined passive policies. Consider the stochastic processes{
Yt,Πt, it, Qt, Ft, Kt,Mt,∆t

}
satisfying the equilibrium conditions (27) to (35) consistently

with a given conventional monetary policy. Under the passive transfer policy the stochastic

processes
{
At, T

C
t

}
are specified to ensure that (37), (38), (42) and (44) hold for any stochastic

processes
{
Yt,Πt, it, Qt, Ft, Kt,Mt,∆t

}
satisfying the equilibrium conditions (27) to (35) and

given any appropriately bounded stochastic processes
{
DG
t , B

G
t , Xt, B

C
t , D

C
t

}
and therefore

for three independent specifications of the stochastic processes
{
BC
t , B

G
t , D

C
t , D

G
t

}
also con-

sistent with (39) and (40).62 Moreover, note that the sum of (42) and (44) given (39) and (40)

implies (36). It follows that the stochastic processes
{
Xt, Bt, B

C
t , B

G
t , Dt, D

C
t , D

G
t , At, T

C
t

}
satisfy each of the conditions in equations (36) to (40) at each time t ≥ t0 (and in each

contingency at t) given initial conditions Mt0−1, Xt0−1, B
C
t0−1, B

G
t0−1, D

C
t0−1, D

G
t0−1 for the spec-

ified transfer policy
{
At, T

C
t

}
and any appropriately-bounded specification of three of the

stochastic processes
{
BC
t , B

G
t , D

C
t , D

G
t

}
, given

{
Yt,Πt, it, Qt, Ft, Kt,Mt,∆t

}
. Therefore any{

Yt,Πt, it, Qt, Ft, Kt,Mt,∆t

}
satisfying the equilibrium conditions (27) to (35) consistently

with a conventional monetary policy is part of a benchmark equilibrium for the same spec-

ified passive transfer policy
{
At, T

C
t

}
and any appropriately-bounded specification of the

balance-sheet policy : the Proposition of Neutrality holds. The above proof can be extended

to the benchmark optimal policy implying that it is always an equilibrium under the passive

transfer policy, regardless of the specification of balance-sheet policy.

A.2.2 Proof of Proposition 4

Under a passive fiscal policy and full treasury’s backing regime i) the Proposition of Neutrality

holds and ii) the optimal policy is still given by {Y ∗t ,Π∗t , i∗t , Q∗t , F ∗t , K∗t ,M∗
t ,∆

∗
t}, for any

balance-sheet policy and assuming that Π̄ > β.

Proof. Consider a collection of stochastic processes
{
Yt,Πt, it, Qt, Ft, Kt,Mt,∆t

}
satisfying

the equilibrium conditions (27) to (35) consistently with a conventional monetary policy and

such that

lim
T−→∞

Et

[
βT−t

ξTY
−ρ
T Pt

ξtY
−ρ
t PT

]
= 0, (A.7)

62We continue to assume that
{
BGt , D

G
t

}
cannot be chosen independently.
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looking forward from each t ≥ t0 and in each contingency at t. This is a non-empty set.

Under a regime of passive fiscal policy the stochastic process {At} is specified to ensure that

(42) and (37) hold for any stochastic processes
{
Yt,Πt, it, Qt, Ft, Kt,Mt,∆t

}
satisfying the

equilibrium conditions (27) to (35), consistently with a conventional monetary policy, and

given any pair of appropriately bounded stochastic processes
{
DG
t , B

G
t

}
. Note that (A.7)

together with the implication of a full treasury’s backing regime, i.e. that Nt = N̄ , and

with (23), (39), (40), (42) implies (36) looking forward from each period t ≥ t0 and in each

contingency at t. Moreover Nt = N̄ implies that

QtD
C
t +

BC
t

1 + it
−Mt −

Xt

1 + it
= N̄ (A.8)

determining the stochastic process {Xt} for all appropriately bounded stochastic processes{
BC
t , D

C
t

}
and consistently with (38) and the same

{
Yt,Πt, it, Qt, Ft, Kt,Mt,∆t

}
. Therefore{

Yt,Πt, it, Qt, Ft, Kt,Mt,∆t

}
is part of a benchmark equilibrium supported by the specified

transfer policy and this is true for any specification of three of the stochastic processes{
BC
t , B

G
t , D

C
t , D

G
t

}
and therefore for any balance-sheet policy . Finally note that, if Π̄ > β,

the benchmark optimal policy is also consistent with the above condition (A.7) given the

boundedness of the process {ξt}. Indeed, if there are nominal rigidities, it is known that in

the above model is costly to permanently deviate from Π̄ and therefore the optimal path

of inflation is not Πt = β at all times provided Π̄ > β.63 This implies that the benchmark

optimal policy is consistent with (A.7). Following a similar reasoning it can be supported by

the specified transfer policy, regardless of the specification of balance-sheet policy.

A.2.3 Proof of Proposition 6

Under a passive fiscal policy and a deferred-asset policy of central-bank remittances i) the

Proposition of Neutrality holds if and only if Nt = N̄ in equilibrium for each t > τ (and in

each contingency at t) and for some τ even far in the future and ii) the optimal policy is still

given by {Y ∗t ,Π∗t , i∗t , Q∗t , F ∗t , K∗t ,M∗
t ,∆

∗
t} for any balance-sheet policy if and only if Nt = N̄

in equilibrium for each t > τ (and in each contingency at t) and for some τ even far in the

future, assuming that Π̄ > β.

Proof. Consider stochastic processes
{
Yt,Πt, it, Qt, Ft, Kt,Mt,∆t

}
satisfying the equilibrium

conditions (27) to (35) given a conventional monetary policy such that (A.7) holds looking

forward from each t ≥ t0 and in each contingency at t. This is a non-empty set. Under a

regime of passive fiscal policy the stochastic process {At} is specified to ensure that (37) and

(42) hold for any stochastic processes
{
Yt,Πt, it, Qt, Ft, Kt,Mt,∆t

}
satisfying the equilibrium

63This is the first instance in the paper in which the assumption of nominal rigidity is used.
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conditions (27) to (35) and given any pair of appropriately bounded stochastic processes{
DG
t , B

G
t

}
. Now assume that Nt = N̄ for each t > τ and for some τ even far in the future

and in all contingencies, then equation (A.7), together with (23), (39), (40) and (42) implies

(36) looking forward from each period t ≥ t0 and in each contingency at t. Moreover if

Nt = N̄ for each t > τ and for some τ even far in the future and in all contingencies implies

that {Xt}t≥τ is going to be determined by

Xt −BC
t

1 + it
=

(Xt−1 −BC
t−1)

1 + it−1

+ (QtD
C
t −Qt−1D

C
t−1)− (Mt −Mt−1). (A.9)

given the stochastic processes {it, Qt,Mt}t≥τ−1, given any appropriately bounded specifica-

tion of
{
DC
t , B

C
t

}
and any appropriately bounded initial condition Xτ−1. For t such that

t0 ≤ t < τ , and given the stochastic processes {it, Qt,Mt}, the stochastic process {Xt}τ−1
t0

is

determined either by

Xt −BC
t

(1 + it)
= (Xt−1 −BC

t−1) +QtD
C
t − (1 + rt)Qt−1D

C
t−1 − (Mt −Mt−1), (A.10)

or by (A.9), depending on whether Nt < N̄ or Nt = N̄ , and is appropriately bounded for any

appropriately bounded specification of
{
DC
t , B

C
t

}
and initial conditionsMt0−1, Xt0−1, B

C
t0−1, D

C
t0−1.

Therefore if Nt = N̄ for each t > τ and for some τ even far in the future and considering the

specified transfer policy, it is possible to find some
{
X̃t, B̃t, B̃

C
t , B̃

G
t , D̃t, D̃

C
t , D̃

G
t , Ãt, T̃

C
t

}
satisfying each of the conditions in equations (36) to (40) at each time t ≥ t0 (and in each

contingency at t) given the stochastic processes
{
Yt,Πt, it, Qt, Ft, Kt,Mt,∆t

}
and initial con-

ditions, regardless of the balance-sheet policy. To show that Nt = N̄ in equilibrium for each

t > τ (and in each contingency at t) and for some τ even far in the future is also a neces-

sary condition, consider instead that there is an history and a τ such that Nt < N̄ for each

t > τ given the stochastic processes
{
Yt,Πt, it, Qt, Ft, Kt,Mt,∆t

}
for which the Proposition

of Neutrality holds. In equilibrium, given the assumed passive fiscal policy, (44) holds looking

forward from each t and in each contingency. Therefore the intertemporal budget constraint

Xt−1

Pt
−
BC
t−1

Pt
+
Mt−1

Pt
− (1 + rt)

Qt−1D
C
t−1

Pt
= Et

∞∑
T=t

R̃t,T

[
iT

1 + iT

MT

PT
− TCT
PT

]
(A.11)

should hold for each t, and in particular for any t ≥ τ (and in each contingency at t) where

τ can be very far in the future. However, for the history in which Nt < N̄ , it should be true

that TCt = 0 for any t ≥ τ under the deferred-asset regime. Given this implication, it is easy

to see that (A.11) cannot hold for any appropriately bounded specification of
{
DC
t , B

C
t

}
and

given
{
Yt,Πt, it, Qt, Ft, Kt,Mt,∆t

}
. Therefore Nt = N̄ in equilibrium for each t > τ (and
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in each contingency at t) and for some τ even far in the future is a sufficient and necessary

condition for the Proposition of Neutrality to hold. We can follow a similar reasoning for

the benchmark optimal policy. First note that conditional on the passive fiscal policy and

the “deferred-asset” policy, optimal policy is a collection of stochastic processes {Y ∗∗t ,Π∗∗t ,

i∗∗t , Q
∗∗
t , F

∗∗
t , K

∗∗
t ,M

∗∗
t ,∆

∗∗
t , X

∗∗
t , B

C∗∗
t , DC∗∗

t } that maximizes (41) and satisfies each of the

conditions in equations (27) to (35), (44) at each time t ≥ t0 (and in each contingency at t),

the non-negativity constraint on the nominal interest rate it ≥ 0, the stochastic process for

the exogenous disturbance {ξt}, and the conditions in equations (A.9) or (A.10) depending

on whether Nt < N̄ or Nt = N̄ . The optimal policy problem is subject to initial conditions

∆t0−1,Mt0−1, Xt0−1, B
C
t0−1, D

C
t0−1 and moreover there should be some collection of stochastic

processes {B∗∗t , B∗∗Gt , D∗∗t , D
∗∗G
t , A∗∗t } satisfying each of the conditions in equations (37), (39),

(40), (42) at each time t ≥ t0 (and in each contingency at t) given the stochastic processes

{Y ∗∗t ,Π∗∗t , i
∗∗
t , Q

∗∗
t , F

∗∗
t , K

∗∗
t ,M

∗∗
t ,∆

∗∗
t , X

∗∗
t , B

C∗∗
t , DC∗∗

t } and initial conditions BG
t0−1, D

G
t0−1.

It is worth mentioning that we add {BC∗∗
t , DC∗∗

t } as choice variables in the optimal policy

problem because they are degrees of freedom that can be chosen to achieve the maximum

welfare. It is indeed optimal to set DC∗∗
t = 0 since we already observed that in this case

the constraint TCt ≥ 0 is never binding, implying that the benchmark optimal policy is

the equilibrium optimal policy for any specification of the stochastic process {BC
t } and of

one of the stochastic processes {BG
t , D

G
t }. The critical step is to show that it is also the

optimal policy for any specification of the stochastic process {DC
t }. A necessary and sufficient

condition is Nt = N̄ in equilibrium for each t > τ (and in each contingency at t) and for

some τ even far in the future, provided Π̄ > β.

To evaluate the relevance of constraints (A.9) and (A.10) for the optimal policy, consider

the Lagrangian problem of the optimal plan in which we evaluate the two additional con-

straints using the marginal utility of nominal income – λt – and attach to them Lagrangian

multiplier βtϑt while considering as a choice variable (Xt − BC
t )/(1 + it). The first-order

condition with respect to (Xt −BC
t )/(1 + it) is

ϑtλt = β(1 + it)
∑

st+1: Nt+1<N̄

π(st+1|st)ϑ(st+1|st)λ(st+1|st)+

β
∑

st+1: Nt+1≥N̄

π(st+1|st)ϑ(st+1|st)λ(st+1|st) (A.12)

If Nt = N̄ in equilibrium for each t > τ (and in each contingency at t) and for some τ

even far in the future equation (A.12) collapses to

ϑt = EtRt,TϑT
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for each t ≥ τ in which we used the equilibrium value of the nominal stochastic discount

factor Rt,T = βT−tλT/λt. The above equation has a stable solution ϑt = 0 at all times t ≥ τ.

This is clearly the optimal solution since it implies that the condition (A.9) is not a relevant

constraint for the optimal policy problem for each t ≥ τ . Given that ϑτ = 0, it follows looking

backward in (A.12) that ϑt = 0 at all times and contingencies. Conditions (A.9) and (A.10)

are not relevant constraints of the optimal policy problem. Furthermore, the restriction

Π̄ > β ensures that optimal policy satisfies (A.7) and then (44) having used the condition

Nt = N̄ in equilibrium for each t > τ (and in each contingency at t) and for some τ even far

in the future. To see that the latter is also a necessary condition assume by contradiction that

Nt < N̄ for each t > τ and in some history given the candidate optimal stochastic processes{
Yt,Πt, it, Qt, Ft, Kt,Mt,∆t

}
for which the Proposition of Neutrality holds. Similarly to

previous steps, (A.11) should hold at each time and in each contingency. However, for the

history in which Nt < N̄ for each t > τ and for some τ even far in the future, it should follow

that TCt = 0 for each t ≥ τ given the deferred-asset regime. The equilibrium conditions

(A.11) therefore cannot hold for any appropriately bounded specification of
{
DC
t , B

C
t

}
given{

Yt,Πt, it, Qt, Ft, Kt,Mt,∆t

}
. This completes the proof.

A.2.4 Proof of Proposition 7

Consider a collection of stochastic processes
{
Yt,Πt, it, Qt, Ft, Kt,Mt,∆t

}
satisfying the equi-

librium conditions (27) to (35) given a conventional monetary policy and consider a deferred-

asset policy of central-bank remittances; Nt = N̄ in equilibrium (for each t > τ and in each

contingency at t and for some τ even far in the future) if there is a time τ1 even far in the

future such that Nτ2 + Mt > 0 at some τ2 ≥ τ1 for each t ≥ τ2 and either i) ξt and κt have

absorbing states after τ1 or ii) DC
t = 0 at each t ≥ τ1 and (in each contingency at t)

Proof. Consider the first condition, i). If ξt and κt have absorbing states starting from some

point in time τ1, then the nominal return on long-term securities is equal to the short-term

risk-free nominal rate from that date onwards. Central bank’s profits are given by (50). If

conditional on the stochastic processes
{
Yt,Πt, it, Qt, Ft, Kt,Mt,∆t

}
there is a time τ2 ≥ τ1

such that Nτ2 + Mτ2 > 0 then central-bank profits are positive at time τ2, as shown in (50).

If Nτ2 +Mt > 0 for each t ≥ τ2, profits are always positive starting from period τ2. If it turns

out that Nτ2 < N̄ the central bank can reach Nt = N̄ in a finite period of time given that a

deferred-asset regime allows zero remittances during this period. Once Nt = N̄ remittances

can be again rebated to the treasury keeping Nt constant at N̄ in the long run. The proof of

the second sufficient condition, ii), follows similar reasoning noting that if DC
t = 0 at each

t ≥ τ1 central-bank profits are also given by (50).
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A.3 Derivation of the loss function

In this appendix, we derive the second-order approximation to social welfare (41). The

approximation is taken with respect to the efficient steady state. The latter maximizes (41)

under the resource constraint (34). Since ∆t ≥ 1, it is clear from (41) that at the efficient

allocation ∆t = 1 and Ȳ −ρ = Ȳ η.

The decentralized equilibrium allocation instead implies, in the steady state, through

equations (31) to (33), that µȲ −ρ = (1 − ϕ̄)Ȳ η. To implement the efficient allocation it is

sufficient to have a subsidy such that µ/(1 − ϕ̄) = 1. This requires setting the employment

subsidy % ≡ 1− (1− 1/θ)(1− ϕ̄). A second-order approximation of the utility flows in (41)

around this steady state can be simply written as

Ut = Ū + Ȳ −ρ
[
(Yt − Ȳ )− ρ

2
Ȳ −1(Yt − Ȳ )2

]
− Ȳ η

[
(Yt − Ȳ ) +

η

2
Ȳ −1(Yt − Ȳ )2

]
−

− 1

1 + η
Ȳ 1+η(∆t − 1) +O(||ξ||3)

since ∆t is already a second-order term. The above expansion can be further simplified to

Ut = Ū − 1

2
(ρ+ η)Ȳ 1−ρŶ 2

t −
1

1 + η
Ȳ 1−ρ(∆t − 1) +O(||ξ||3) (A.13)

in which we have used

Yt = Ȳ

(
1 + Ŷt +

1

2
Ŷ 2
t

)
+O(||ξ||3)

where Ŷt ≡ lnYt/Ȳ . Note that the welfare function (41) can be written as

Wt0 = Et0

∞∑
t=t0

βt−t0ξtUt

whose second-order approximation is simply

Wt0 = Et0

∞∑
t=t0

βt−t0 [Ū + (ξt − 1)Ū + (Ut − Ū) + (ξt − 1)(Ut − Ū)] +O(||ξ||3)

where we have normalized the steady-state of ξt to 1. From (A.13), note that Ut − Ū is

a second-order term, it follows that the second-order approximation of the welfare can be

simply written as

Wt0 = −Et0
∞∑
t=t0

βt−t0Ȳ 1−ρ
[

1

2
(ρ+ η)Ŷ 2

t −
1

1 + η
(∆t − 1)

]
+ t.i.p.+O(||ξ||3)
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since Ū and (ξt − 1)Ū are terms independent of policy which enters in t.i.p.

Finally, by taking a second-order approximation of (34), and integrating appropriately

across time, we obtain

∞∑
t=t0

βt−t0∆̂t =
α

(1− α)(1− αβ)
θ(1 + η)(1 + ηθ)

∞∑
t=t0

βt−t0
(πt − π̄)2

2
+ t.i.p.+O(||ξ||3).

We can therefore write

Wt0 = −(ρ+ η)Ȳ 1−ρ · 1

2
Et

{
∞∑
t=t0

βt−t0 [Ŷ 2
t + λπ(πt − π̄)2]

}
+ t.i.p.+O(||ξ||3)

from which the loss function (54) follows, and where we have defined

λπ ≡
θ

κ
,

κ ≡ (1− α)(1− αβ)

α

(ρ+ η)

(1 + ηθ)
.

In (55), the parameter ζ is defined as ζ ≡ κ(1+ ı̄)/(ρ+η) where ı̄ is the steady-state level

of the nominal interest rate.
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