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SUMMARY

Why do middle-income economies display a high variability of per capita GDP but low- and

middle-income economies do not? The reason is the existence of multiple equilibrium in the

middle stages of development. In early or mature stages of development the macroeconomic
equilibrium is unique because all markets clear with a unique set of prices.

To model this economy, we use a two-period overlapping generations model. In the first
period, the agents are heterogeneous in their ability to work. In the second period, they can
become entrepreneurs or remain workers. If they become entrepreneurs, they have to decide
whether to use an advanced technology or a subsistence technology. The use of advanced
technology entails a fixed cost, and also an externality: the larger the fraction of people using
the advanced technology, the more productive this technology becomes. Financial markets are
incomplete in this environment, with imperfection stemming from an enforcement problem,
namely that lenders cannot force borrowers to repay debts, unless they are secured.

The paper also examines the relationship between the degree of development of the financial
sector and the variability in the economy. In economies with either a perfect credit market or
no credit market, the equilibrium is unique. When the credit market exists but is imperfect,
however, there could be multiplicity of equilibria.



I. INTRODUCTION

The main purpose of this paper is to address the high variability of per capita GDP displayed
by middle-income countries, relative to the low variability of per capita GDP shown by both,
low- and high-income economies. In order to illustrate this fact, Figure 1 plots the variability
for different groups of countries.”

Both the modern development literature, built on the seminal papers of Lucas (1988) and
Parente and Prescott (1994), and the Real Business Cycle literature fail to account for the
behavior described in Figure 1. This is because in the neoclassical growth model fluctuations
are independent of economic growth. In this paper, we construct a model where fluctuactions
depend on economic growth.

In order to model this economy, we use an overlapping generations model. In each period, a
continuum of agents of measure one is born and lives for two periods. In the first period, the
agents are heterogeneous in their ability to work. In the second period, they can become
entrepreneurs or remain as workers. If they become entrepreneurs, then they have to decide
whether to use an advanced technology (for which they have to pay an entry cost) or a
subsistence technology. In addition, we assume that there exists an externality in the advanced
technology: the larger the fraction of people using the advanced technology, the more
productive this technology becomes.

In our model, we also assume that lenders cannot force borrowers to repay their debts unless
the debts are secured, and that the returns from investment are only partially collateralizable.
Given this credit market imperfection, the externality in the productive sector will be reflected
in the financial sector: the larger the fraction of people in the advanced technology, the larger
the fraction of people that will have access to the credit market. The reason for this is that the
borrowing constraint is relaxed as the returns in the advanced technology increase. This is the
source of multiple equilibrium in the model which arises in the middle stage of the
development process. On the contrary, in early and mature stages of development, the
multiplicity does not appear.

*The data source is the Summers and Heston Penn World Table 5.5 (1960-1990). OPEC
members, countries with less than one million citizens and countries without a complete data
set were dropped from the sample. The statistic we used consists of the sum of each country’s
squared per capita GDP deviations from its trend, divided by the average per capita GDP.
These statistics yield variability indices for each one of the countries in our data set. Finally,
countries are classified in four groups by income levels and an average variability index for
each group of countries is obtained. Similar results are obtained if we calculate standard
deviations of growth rates, or if the series are detrended using the Hodrick-Prescott filter.



Figure 1

Per Capita GDP Variabllity for Group of Countries
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Source: Summars and Heston Penn World Table

The paper also explores the relationship between the degree of imperfection in the financial
sector and per capita GDP variability. We found that, in economies where either a perfect
credit market exists or the credit market is nonexistent, the equilibrium is unique. However,
when the credit market exists but is imperfect, there could be more than one equilibrium. It is
worthwhile to notice that, if the credit market does not exist, there is no interaction between
the externality in the productive sector and the borrowing constraint. Only the fraction of
people with wealth greater than the cost of entry will become entrepreneurs. This is also true
when the credit market is perfect. In this case, the agents are not borrowing constrained and
all the resources are used to finance the payment of the entry cost for those who want to use
the advanced technology.

In an economy with credit imperfections, the income distribution plays a very important role in
determining the equilibrium. In that sense, this paper follows the line of work of Galor and
Zeira (1993) and Banerje and Newman (1994), where income distribution is an important
variable to explain the economy’s behavior in the development process. In our model, the



income distribution and the externality effect determine the number of equilibria, and the stage
at which the multiplicity of equilibria arises and when it vanishes.

In order to deal with the presence of multiplicity of equilibria, we assume the existence of a
sunspot process that coordinates the actions of the agents. In that respect this paper is related
to Cooper and Ejarque (1995), Sorger (1994), and Spear (1991). The paper by Cooper and
Ejarque (1995) presents a model in which the indeterminacy of equilibrium is resolved by a
sunspot process. There, the multiplicity of equilibria arises from the existence of
nonconvexities in the intermediation process. In Sorger (1994), a one-sector neoclassical
growth model with borrowing constraints and heterogeneous agents is used to show that there
can exist sunspot equilibria. Spear (1991) analyzes a dynamic model of pure capital
accumulation to show the existence of sunspot equilibria in a way that prevents the model to
collapse to an overlapping generations equivalent.

The paper is organized as follows. In Section II, the environment is presented. In Section III,
the problem of occupational choice is discussed. In Section IV, we analyze the economy’s
labor and credit markets. Section V is devoted to the definition of equilibrium. Section VI
explains the relationship between the level and variability of GDP per capita in an economy
with imperfect credit markets. In Section VII, the behavior of wages, interest rates, and
entrepreneurial choice during the development process are analyzed. Section VIII discusses
the cases of perfect credit market and noncredit market. Finally, the conclusions are presented
in Section IX.

II. THE ENVIRONMENT

The model is a two-period overlapping generations model. At each date #, a continuum of
agents of measure one is born. Each agent is endowed with one unit of labor at each period.
In the first period, the individuals can only be workers. They have some ability a with support
on the interval [, B], a continuous probability distribution function 4 (@), and a continuous
cumulative distribution function H (a). In the second period, the agents can be managers (with
the same ability) or they can remain as workers, but with the lowest level of ability, . At

t =0, the initial ‘old’ is endowed with au,, where a is the same random variable as before, and
U, is a nonnegative number.

The agents born at 7 receive utility only from consumption at #+ 1. This is an innocuous®
assumption that simplifies the algebra. Each agent can choose between managing an advanced
or a subsistence technology. If the agent chooses to manage the subsistence technology, she
will have access to the following production function.

3From the point of view of the multiple equilibrium result.
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with g, >0 and g, <0. Where / stands for labor input, g, is the first derivative with respect to /,
and g, is the second derivative with respect to /.

If the agent wants to manage the advanced technology, she must pay an entry cost ¢ at the
end of the initial period. That is, the agent must commit herself to this technology. In the
second period, she will have access to a production function of the form:

ey .

with f; >0, £,<0, f,>0, £,,<0 and f,,>0; where A stands for the fraction of people who choose
to be a manager in the advanced technology. There are two points worth noticing. First of all,
the way in which the production function is specified implies the existence of an externality.
The second point is that, the production functions do not depend on capital. The results would
be exactly the same if capital were included. What it is really important is that the production
functions have decreasing returns to scale in labor* since the managerial ability is also a
productive factor that needs to be considered.

Two assumptions about the parameters of the model must be made:

Assumption 1. Even if no one is using the advanced technology, the net return of this
technology is higher than the return of the subsistence technology. That is:

f@0) - é>g OV 3)

Assumption 2. The entry cost belongs to the interval (¢, #). More specifically:

a<p<p @

where « and [ are both positive numbers.

There also exists a storage technology. By using this technology, the agents can transform
date 7 goods into date 7 + 1 goods at a one-to-one rate.

The individual can borrow resources to pay the entry cost, with the obligation to repay the
loan next period. Howeyver, since financial markets are imperfect, there exists an enforcement

*And capital if it were included.



problem. The lenders cannot force the borrowers to repay the debt, but they can seize a
fraction @ of the borrower’s managerial income. Also, it is assumed that there exists perfect
information about the initial wealth of each agent.

In this model, the decisions are sequential. Agents born in period 7 work for managers who
were born in period 7-1. They are paid according to their ability. At the end of period 7, they
make their financial decisions (lend, borrow, or invest in the storage technology) and decide
whether or not to pay the entry cost. At period 7 + 1, those who paid the entry cost can
manage the advance technology, otherwise they manage the subsistence technology or remain
as workers. Managers will hire labor at a competitive wage and, at the end of the period, will
execute the financial obligations and consume whatever is left.

Notice that the decision to pay the entry cost must be taken at the end of the period, when the
number of entrepreneurs is unknown. In order to solve this problem, we assume the existence
of a sunspot process that coordinates the actions of the agents® . That is, the sunspot is
generated from a correlated device from which the agents receive signals. The decisions taken
by the agents are functions of the received signal (observed sunspot). In order to incorporate
the sunspot to the model, let us define w, as the state of the economy at time 7, and X, as the
set of possible sunspots at time 7, where in fact this set is a function of the state of the
economy, i.e., X, = X ( w,). Also, let o, be an element of Z,. For completeness, let us define a
probability distribution of X, denoted by P,

II. OPTIMAL BEHAVIOR

In this section, we are going to analyze the optimal decisions of an agent type a born at period
t. This is easy to do working the model backwards. Let us start with the assumption that the
agent has paid the entry cost at time 7. This means she is a manager in the advanced sector and
she will try to maximize her managerial income given the wage rate, v,,,. That is:

Ha (Dt*rl’A'tﬂ) = max [f(la’ltﬂ) - Utw*lla] (5)
)

a

where [, (v,,;, 4 ,.;) is the solution to this problem. Notice that, at this stage, the fraction of
total managers in the advanced sector is known.

*We follow the same idea as Cooper and Ejarque (1995). Their model, as ours, is inspired in
the idea of Correlated Equilibrium (see Auman, 1987) as a Nash Equilibrium in which agent’s
actions are based on extrinsic noise.



If the agent did not pay the entry cost, she must decide between being a worker or a manager
in the subsistence sector. The income from being a manager at the subsistence sector is:

Hx (Ut+l) = max [g(ls) - Ut+llx]
l

s

©)

where [, (u,,,) is the solution to (6). Notice that in equilibrium v will be a function of 4, so /,
and II, will also be functions of 4.

The income from being a worker is just:

Hw (Ut+l) = autﬂ

@

From equations (6) and (7), we can find a threshold level for the wage, v°, such that, for any
uv<v’, the agents who did not pay the entry cost will prefer to be managers at the subsistence
sector and, whenever v>1°, those agents will prefer to be workers®. The existence and
uniqueness of v° follow from the continuity and concavity of g(/).

At the end of period 7, an agent type a has wealth au, At that time, she must choose whether
or not to pay the entry cost and the financial contracts. Notice that, at this point, 4,,, is
unknown, but the agents observe a signal (sunspot) o, and take a decision.

Given o, the agents will pay the entry cost only if two conditions are satisfied:

I, (M0)) - 7,,.,4> max [IL(A(0)),IL,(A(0))] ®)

I (A(0)) > r,,,,(d-av) ©®)

where 7,,,, is the interest rate for loans made at period 7 and repaid at period 7 +1. Interpreting
equation (8) is trivial. It just tells us that the individual will pay the entry cost if the net return
of doing this is higher than its opportunity cost. Equation (9) tells us about the borrowing
constraint. If the amount of resources that the agent must repay at period 7 + 1 is greater than
the fraction 0 of her final income, the agent will not receive credit because she will have an
incentive to default.

%It is easy to see that when a—0, v° —~. We will assume that this is the case.
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Definition 1. For an agent type a, and sunspot 0, let us define the payment function
P A(9), v, v, ,r,.,) suchthat:

(I)(a, A'(O)’Ut’vtﬂ’ rt, t+l) =1 lf(s) and(9) are satisﬁed (10)

= 0 otherwise

Let us now characterize the borrowing constraint of this economy. Using equation (9), we can
have an idea of the extent of credit rationing in this economy. Solving equation (9) with
equality, we get:

_ 6m,(M(0)

rt,t+l (11)

¢

ac (A‘(O)J)pr t,t+1) = v
t

This means that, an agent with initial ability a, will receive credit if a > a, (A (0), v, , 1, ,,,) and
she will be denied credit ifa < a, (A (0), v, 1, 1, ).

Now, we can see how the externality in the productive sector is reflected in the financial
sector. The equation a, (A (0), v,, r, ,,; ) is decreasing in A, that is, the larger the fraction of
population using the advanced technology, the more people will have access to the credit
market. Also, note that a, (A (0), v,, 1, ,,; ) depends negatively on v, . A higher wage implies a
lower critical level, so the fraction of people who are credit constrained is smaller. In
Proposition 1, a, (A (0), v,, 1, ,,; ) Will be completely characterized.

Proposition 1. Let a, : [0,1] x R x [1,) - R be a function defined by (11). Then:
(i) a, () is continuous in all its arguments,
(ii) a, () is increasing inr, and
(iii) a, () is decreasing in A and v.

Proof. [See Appendix]

IV. CREDIT, INVESTMENT, AND LABOR

Before defining the equilibrium for this economy, we will analyze in some detail the labor and
the credit markets and also, how the problem of multiple equilibrium arises in this
environment.
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A, Labor Market

The labor market at period 7 is comprised of managers (agents born at period #-1) who
demand labor, and workers (agents born at # and possibly at 7 - 1) who supply labor. Since the
size of each generation is one, the total labor supply of the new generation is given by:

[8 adra - 8 12)

Given the signal o at time 7, some individuals will decide to become managers in the advanced
sector paying the entry cost. Those who did not pay the fixed cost at time 7 can either be
workers or managers in the subsistence sector. The managers’ labor demands in the advanced
and the subsistence sectors are given by equations (13) and (14), respectively:

[o & @ A©)0,0,7,) LAONH@) = 2L, () (13)

[ 2 (1-¢(@, A(0),0,0,,,,7,,.1)) L(A(@)dH(a) = (1-2A(0))] (A(0)) (14)

The equilibrium wage in this market, v*, is given (if v* <v °) by:

A(0) (M) + (1-A(0) (A(0)) = & (15)

There could also be the case that the equilibrium wage, v¥, is greater than v°. In that case, the
agents who do not pay the entry cost become workers, and the equilibrium wage is given by:

A@) L(AM0) =8 + (1 -A@) @ (16)

As we pointed out in Section III, the equilibrium wage in the labor market will be a function
of the measure of entrepreneurs in the advanced sector. Assuming that v (A) < 1°, we can use
equations (5), (6), and (16) to solve for v (A), /, (A) and I, (A). We found that v(A) and , (A)
are strictly increasing in A, and that / (A) is increasing in A. A higher fraction of people using
the advanced technology will imply an increment in the total labor demand, with the
consequence of a higher level of wages. The next proposition formalizes this statement.
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Propeosition 2. If v (4) < v° Vi, then:
(i) v (4) is increasing in A,
(ii) I, (A) is decreasing in A, and
(iii) 1, (A) is increasing in A.

Proof. [See Appendix]
B. Credit Market

Since this is an overlapping generations model, there cannot be debt contracts between
different generations. All credit transactions must be realized among members of the same
generation. So, at each period #, only the members of generation # are engaged in financial
transactions. Also notice that the interest rate is bounded below by the storage technology
gross return, i.e., 7., > 1 V.

The total funds, at any point in time, are given by the total amount of resources in the
economy, that is dv,. Agents who want to be managers in the advanced technology sector at
¢ +1 must pay ¢ at time 7. They can do this using internal plus external funds. Therefore, the
total demand for funds in this economy is given by:

b [P 6@ (@0, ) @ =01 (@) an

Then, the equilibrium interest rate is given by:

$4,,,(0), < duwith = ifr,, > 1 a8)

In order to clarify equation (18), note that when we have borrowing constraints, the actual
observed value of A,,, is given by:

Mg = fup ® (@, Ay U Vg r, ) dH (@) = fp dH (@) (19)

a‘-‘(‘-ﬂl:"p’uﬂ)

Equation (19) is a fixed point problem with, possibly, more than one solution. Notice that,
when ¢A,,; <dv,, that is, when the fraction of entrepreneurs is less than the fraction of
projects that can be financed in the economy, the interest rate will be equal to one. We can
rule out some solutions of (19). In particular, we can rule out any A > A_, . where A, is the
maximum measure of people that can be managers at any time:

A= min (% ,1) (20)

'max,!
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The total fraction of entrepreneurs is restricted by the resources in the economy, so it cannot
be greater than the funds available per project at any time, or the actual size of population. An
equilibrium in which the resources are used in an efficient way, that is, to finance the
maximum number of projects, can exist if and only if:

Ap21-H(@ (A, v, 1)) (1))

If condition (21) is satisfied, there exists an excess of demand in the credit market. By
continuity of a(.) and H (.), we can find an interest rate, 7 (A,,,, U, that will clear the market.
The equilibrium will be reached if, at r (A, 1), the agents are indifferent between being a
manager in the advanced and the subsistence technology; or because the tightening of the
borrowing constraint will squeeze enough people out of the credit market, i.e.,

I (Apuao ¥ = min (1; (A V), Ty (ApassV)) (22)
where 1; ((A,.,0) and 1, (A,,,,,0) solve the following equations:
I, (Apa) ~01; (A o) = IL (M) (23)
Amax = 1 —H (@; (ApaoV, T (ApanoV))) (24)
Note that condition (21) can be satisfied only for some wage values. Before analyzing this
situation, let us define the equilibrium properly.
V. EQUILIBRIUM

A sunspot-correlated equilibrium is the sequences of sunspots {0,}, prices {r,,,, v}, payment
functions {¢, (a, A,,; (G)), V, Vyy, I,,41)}, fractions of managers {A, (0,,)}, and labor demands

{l (A (0,1)), 1 4 (A (0,))} such that:

Optimality

. Given 0., A, (0,,), U, Y, and 1, ,; 1, () and 1, () solve problems (5) and (6)
respectively.

. Given 0,4, A, (0,,), V., U, and 1, ; an individual type a chooses ¢ (.) To satisfy (8)
and (9).

Market Clearing

. Given o, A,,, (0,) and v, 1, ,,; and v,,, clear the credit and the labor markets
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Consistency

° Given 0, v, U,y and 1, o,y

[* @, @hs (9), 007, 1) dH (@) = Ay, ()

VI. MULTIPLE EQUILIBRIUM IN THE DEVELOPMENT PROCESS

In this section, we study the process of economic development. We found that, in the early
stages of development, there is only one equilibrium. The multiplicity of equilibria arises when
the economy reaches a minimum level of wealth that allows a nontrivial fraction of people to
obtain credit. Once the economy is at this stage, because of the existence of an externality in
the productive sector, there will be more than one equilibrium. The multiplicity of equilibria
will remain until the economy reaches a new threshold level. At that point, some individuals
will have access to the credit market even though the measure of entrepreneurs is zero. As we
will prove in the next section, this problem does not arise if the credit market is perfect or if it
does not exist. The reason for such result is that, in those cases, the connection between the
externality effect and the credit market is broken.

Before analyzing the development process, let us define the function y (.) by:
Y, v,1)=1-H(, 4, v,r)) (25)
The next proposition characterizes this function y (.). Note that the slope of this function with
respect to A is always positive, but the magnitude of the slope will depend on the sign of the
first derivative of h (@) with respect to g, 4, (a), and the relative strength of the externality
effect.
Proposition 3. The function y () defined in (25) is:
(i) A continuous function of, A, v, andr,

(i) v () is increasing in A and v,

(iii) y () is decreasing in r, and

(v) ¥, >0, and vy,,>/<0,
Proof. [See Appendix]

In what follows, we will do our analysis under the following assumptions:

Assumption 3. / (a) is uniform: 4, (@) = 0 for all a.
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Assumption 4. There is a strong externality effect: £, > B, for some B and A close to zero.

This is just for simplicity, the same results can be obtained if the income distribution is
characterized by a negative slope, i.e., 4, (@) <0 for all a. In that case, along with
Assumption 4, we have that y,,<0. If we choose a more “realistic” income distribution, with
h, (a) >0 for a < x, and A, (@) < 0 for a > x, for some x, € (o, ), the number of equilibria
could increase and the multiplicity problem could be more persistent. The reason for this is
that y,, will be negative for A close to 0, and positive for A close to 1. The only different case
would be when x, goes to B, i.e., v,,>0 for all A. In that case, it can be proved that the
multiplicity of equilibria will arise much later. In fact if the externality effect is not too strong,
the indeterminacy would appear, when in the case of the other economies, this problem has
already disappeared.

Next, we will analyze the equilibrium along the development process for an economy that
satisfies Assumptions 3 and 4. To find an equilibrium , we need to find the fixed point of
equation (19). We can find a set of wages close to zero such that, even though the fraction of
entrepreneurs is equal to one, there is no agent who can have access to the credit market. No
matter how big the externality is, we can always have wages close enough to zero such that
the critical level of ability to get credit is greater than B. In this situation, there exists a unique
equilibrium in this economy. This equilibrium is givenby A =0 .

For a higher wage, and given a strong externality effect, we can have a situation in which a
positive fraction of entrepreneurs can overcome the credit constraint just because the same
fraction of people becomes managers in the advanced technology sector. This will be an
equilibrium if an only if the resources of the economy are enough to finance this measure of
entrepreneurs. If this is not the case, the economy has still a unique equilibrium. As the
economy grows, we found two positive measures of entrepreneurs that could be considered as
equilibria. We will show that, at some point, the resources in the economy will be enough to
finance the lowest of these fractions of managers. At that point, we have two equilibria. One
given by the lowest of these positive measures, and the other given by A = 0.

From this period, the number of equilibria will increase to three being the first two as the ones
obtained before, and the third one given by the resources in the economy:

In this situation, such measure of entrepreneurs implies that a much bigger fraction of people
can have access to the credit market. Since the resources in the economy are not enough to
finance all these projects, the interest rate must rise to clear this excess demand. We will prove
that, for all the relevant range of wages, the highest fixed point of this problem will be always
above the economy’s resources. This situation will persist until the economy reaches some
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level of wage in which, even though nobody is using the advanced technology, the poorest
agent in the economy will be able to get credit. From this moment, the bad equilibrium (A = 0)
disappears. The unique equilibrium will be given by A = A,,,,. Theorem 4 formalizes this
statement.

Theorem 4. If Assumptions 3 and 4 are satisfied, there exists two wage levels, v, and v,,
with v, < v,, such that:

a(1,v,1) = a(0,v,,1) = p (26)
Then:
(i) For any v < v,, there exists only one equilibrium.
(ii) For some v € (v, , U,), there are multiple equilibria.
(iii) For some v> v,, there exists only one equilibrium.
Proof. /See Appendix]

In Figure 2, we show the evolution of the equilibria in the economy. For a given v, we can
denote by A,, (v) and A, (v) the lowest and the highest fixed points of equation (19), and by
R (v) the total resources per project in the economy. We see that R (v) is always lower than
Ay (V), which implies that A, (v) will never be an equilibrium and that A, (v) is decreasing.
See the appendix for a formal proof of those statements.

Note that if we had a small open economy with perfect capital mobility, the highest fixed
point, A,, (v), would be attainable. The implication of this is that an open economy will be
expected to grow faster than a closed economy. Moreover, we should observe a higher
variability for open economies than for closed ones.

Obviously, the variability in the economy during the multiple equilibrium stage will be higher
than the variability in other stages. The degree of variability will depend on the sunspot
probabilistic distribution. Since the equilibrium value of A is perfectly correlated with the
sunspot, which is a random variable, then A is a random variable itself. In that sense, in this
economy we can use the variance of A as a proxy for variability. The behavior of the variance
of A is such that, when the multiplicity appears, the variance jumps from zero to a positive
value. Then, the variance will be, first, decreasing with respect to v, starting to increase as the
size of the economy increases. When the multiplicity disappears, the variance will be zero
again. This is formalized in the next proposition.
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Figure 2

Multiplicity of Equilibria

A (V)
M

RV)




-18 -

Proposition S. In the multiple equilibrium stage, the variability of the output, first
decreases, and then increases.

Proof. [See Appendix]

In order to prove Proposition (5), we use a time-invariant probability distribution in which
each sunspot has the same probability each period. The results are the same if we use
symmetric first-order Markov probabilities in which the probability of observing a given
sunspot this period will depend on the sunspot observed last period’. The results are not
robust to all nonsymmetric Markov probabilities or other time-depending probabilities.

VII. WAGES, INTEREST RATE, AND ENTREPRENEURSHIP

In this section, we will study the equilibrium values of wages, interest rates, and measure of
entrepreneurs during the development process. We will prove that, if an economy satisfies
some conditions for growth, then, for any initial condition v, , the economy will converge to
the long-run equilibrium with positive probability. The condition for growth implies that there
exists a required minimum level of productivity in the subsistence technology, and that the set
of sunspots that implies the “good” equilibrium with positive probability has also positive
measure.

The conditions for growth are the following:
8 (&) >w andm(4) > 0

where m (A) is the measure of a set A, and A = {0, : Pr [A (6,) =R (v,)] > 0}. The first part
guarantees that the economy will reach the multiple equilibrium stage. The second implies that
the economy will leave that stage.

If the conditions for growth are satisfied, the economy will reach the multiple equilibrium
stage and, with positive probability, will be at the highest equilibrium. We can construct a
sequence of A, from 7 equal one to f equal 7, in which A, takes the highest value. This sequence
has a positive probability if 7 < «. Since A, is increasing, at some finite time the economy will
leave this stage and will converge to the long-run equilibrium: A= 1,7 =1 and

v =£(8, A"). This fact is proved in the next theorem.

Theorem 6. If the conditions for growth are satisfied, for any initial v,, the economy will
converge to the long-run equilibrium with positive probability.

"By symmetric we mean that, the probability of today’s sunspot j given yesterday’s sunspot i
is equal to the probability of today’s sunspot 7 given yesterday’s sunspot j.
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Proof. [See Appendix]

VIII. CREDIT MARKET AND VARIABILITY

The purpose of this section is to analyze how many different degrees of imperfection in the
credit market will affect the equilibrium of the economy. In Section VI, we have already seen
that, when there exists imperfections in the credit market (i.e., 0 < 0 < 1), we could have
multiple equilibria. Now, we show that when the credit market is perfect, i.e., 0 = 1, or when
the credit market does not exist, i.e., 0 = 0, the equilibrium will be unique. The reason for this
is that, when there is no credit market, there is no interaction between the externality in the
productive sector and the borrowing constraint. Only the fraction of people with wealth
greater than the entry cost will become entrepreneurs. Also, when the credit market is perfect,
there are no longer borrowing constraints and, therefore, all the resources are used to finance
the payment of the entry cost of those who want to use the advanced technology. The interest
rate will be such that the agents are indifferent between using the advanced or the subsistence
technology.

A. Perfect-Credit Market Economy
¢

Suppose that: v,<-=. This condition means that the initial resources are not enough to
finance all the people in this economy. The people who become managers in the advanced

v
technology sector are given by A,= —2. Since, by assumption, it is profitable to be a

manager when the interest rate is one, everybody will demand credit for investment. In order
for the credit market to clear, the interest rate will have to rise.

Once we have A, , the wage rate for the next period, v, , can be uniquely determined using

v, = v (4) (see Section IV). Notice that, even though we have an externality in the productive
sector, each time the measure of entrepreneurs is only determined by the resource constraints
in the economy. The next proposition formalizes this statement.

Proposition 7. Given some endowment au, for the initial old such that  v,< % , ifthe

credit market is perfect, then:
(i) At each t, there is only one equilibrium, i.e., v,, 4,,,, andr,,,, are uniquely
determined.
(ii) The equilibrium sequences {v, } and {A,}are nondecreasing and converge to the
long-run equilibrium

Proof. [See Appendix]
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It is worthwhile to notice the behavior of the interest rate. When A <1, 7,,,, (A) is increasing
in A. The reason for this is that, as the total fraction of managers increases in this economy,
the managerial profits also increase (due to the externality). As a result, the interest rate
needed to clear this market up is higher. However, as soon as A reaches the value of one, the
financial resources are abundant relative to the population resources (the fraction of managers
cannot be greater than one) and the interest rate will drop abruptly to one (the storage
technology return). Notice that we can observe the same situation when there exists multiple
equilibrium. In that case, the drastic change in interest rate will be accompanied by a drastic
change in A. However, when the credit market is perfect, a drastic change in interest rate will
be caused by a change of regime. The economy moves from a resources constrained to a
resources unconstrained economy. In that case, a large movement in the interest rate is
accompanied by a small change in A.

B. Noncredit Market Economy

Suppose now that the initial condition over v, is such that f§ v, < ¢, which implies that nobody
will become entrepreneur at period one. The wage rate at that period will be given by v, =

g (8). In this case, the condition for growth is that UI>F , otherwise the advanced

technology will never be used. Notice that, when there is no credit market or when the credit
market is incomplete, there are some conditions on the productivity of the subsistence sector
to guarantee that the economy will take off. This is not the case when the credit market is
perfect.

Since the people cannot borrow resources, the entry cost must be self-financed. Then, given

v,, only a fraction of people equal to 1-H(—) is going to become managers the next
Ut
period. Once A, is known, the wage rate v,,, can be easily determined (see Section IV). Then,

the sequences of wages {v,} and measures of managers {A,} are uniquely determined, and they
will converge to the long-run equilibrium. The next proposition formalizes this statement.

Proposition 8. Given some endowment auv, for the initial old such that 1)0<%1, if credit

¢

market does not exist and g,(0)> E , then:

(i) At each period t, there is only one equilibrium, i.e., v, and A,,, are uniquely
determined.

(ii) The equilibrium sequences {v, } and {4, } are nondecreasing and converge to the
long-run equilibrium.
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IX. CONCLUSION

“This paper explains the GDP variability pattern of an economy during the development
process. It is found that, at the middle stages of development, the economy experiences high
levels of GDP variability. On the other hand, in early and mature stages of developments, we
observe a much lower variability in per capita GDP. This variability occurs because, in an
imperfect credit market environment, the number of equilibria will depend on the size of the
economy, measured by per capita GDP. In particular, when the economy is very poor, there is
only one possible equilibrium, that is, labor and credit markets are cleared by a unique set of
prices. After the economy reaches some threshold level, labor and credit markets can be
cleared by a multiple set of prices, that is, there can be multiple equilibria. This problem
disappears when the economy is fully developed. The existence of multiple equilibria is due to
the fact that the externality in the productive sector will be reflected in the financial one. A
larger fraction of people using the advanced technology will imply a larger fraction of people
with access to the credit market.

The relationship between the degree of development of the financial sector and the variability
in the economy is also analyzed. It is found that, in the case of either economies with perfect
credit markets or economies in which the credit markets are nonexistent, the equilibrium is
unique. However, when the credit market exists but is imperfect, there could be more than
one equilibrium. In the latter case, the multiplicity of equilibria arises in the middle stages of
development. This is due to the fact that when there is no credit market, there is no interaction
between the externality in the productive sector and the borrowing constraint. Only the
fraction of people with wealth greater than the entry cost will become entrepreneurs. Also,
when the credit market is perfect, there are no borrowing constraints, and all the resources are
used to finance the payment of the entry cost for those who wish to use the advanced
technology.



-22- APPENDIX

Proof of Propesition 1: First of all, we need to prove that II, (A1) is a continous function of A.
Claim: II, (1) is a continuous and increasing function of A.

Proof. In order to prove this claim, we need to use a result that will be proved later
(Proposition 2): v (A) is a continuous and increasing function of A. Given that f(/, 1) - v(A) /
is bounded from above, continuous in / and A, and with compact range, we can apply the
Theorem of the Maximum to show that II, (A) is a continuous function. To see that it is
increasing in A, just take derivatives with respecto to A and applying the Envelope Theorem
we get:

dII(A) du(A) ]

— = f, - ==X I(v(A),A 27
) fi 3 (L), @7

This is positive if the average labor productibity is greater than the marginal labor

productivity, which is the present case.

(i) By our claim, it is easy to see that a,(.) is continuous in A, 7, and v.
(if) Moreover, we can take partial derivatives with respect to 7, and we get:

ba,() _ O _

€2
art,t +1 Ut (r r,t+1)2
(iii) Now, taking derivatives with respect to A and v, respectively:

oa (. -a_ (.
0O _ a0 _ )

dv, VT

oa (. - oIl (A
a,() _ -0 (dL®M)_ . 0
oA v, \ O

Proof of Propostition 2: Given that all the conditions are satisfied for the Theorem of the
Maximum, we can apply it to equations (5) and (6). After maximizing, we get the following
equations:

Sl (v, 4),A)=v (31)

& ()=v (32)
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Now, using the equilibrium market condition (15), we have a system of three equations with

three unknowns: Z, (A, 8), Z, (A, 8), and v (A, 8). This can be reduced to a system of two
equations. Taking derivatives with respect to A, we get:

Ju

0 £, ——

.8t _lel{_ S? =(_g") (33)
S1-2) (-2 a—;

Solving (33), we have:

Jv ~8ufph

oA 1 1-A

o, | "4 1i gzﬂ >(8) 34

7 S m)

Where |[4]| = [f,,+(lg’_’);)

that from equation (15):

> 0 This proves (i) and (iii). In order to prove (ii), just note

o0 _ -(1-3) 3LO

35
oA A oA (33)

Proof of Proposition 3:

(1) The continuity of y (.) Follows from the continuity of H (.) and the continuity of a, ().
(i) Since a, (.) is decreasing in A and v, and H () is increasing in a, this proves that y (.) is
increasing in A and v.

(iii) To prove that y (.) is decreasing in 7, just note that a, (.) is increasing in » and H () is
increasing in a.

(iv) Taking derivatives with respect to y (.):

N _ _pia da,(A,v,r) >0
=T (a.(A,v,r)) Q-

Equation (36) is positive because of Proposition 1 part (iii).

(36)
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(O _ da,(A,v,r)
10 = h@.00m) =0

da_ (A,v,r) 2
a—x] 7

~h(a,(A,v,r)) [

The second term is always negative and the first term could be positive (if &, (@) > 0), negative
(ifh, (a) <0), or zero (if 4, (@) = 0). The overall result will be unknown. If the externality
effect is weak and A, (a) > 0, then (37) can be positive. But if the externality effect is strong,
the second term will dominate the first one and (37) will be negative.

Proof of Theorem 4:
(i) For any v<v,, we have that a, (1, v, 1) > p. Then y (4, v, 1) =0 for any A. The only
equilibrium is A = 0.

(ii) Because of (26) and the continuity of a, (.), we can define a function A* (v) for v € (v, v,)
such that:

a, (A (v), v, 1) =P (%)
Notice that A7 (.) is decreasing in v, v, (.) =0 for A < A7 (v) and v, (.) > 0 for A > A% ().
Notice also that, for A € (A7 (v), B), ¥, <O. Since A () and 9%05‘._ are continuous
functions, we can have v’ and A’ such that:

A=y @, v, Dandy, A, v, 1)=1 (39)

Assuming that a, (1, v,, 1) > a, we can define two functions: A, : [v’, v,] - [0, A’] and A,
[v’, v] = [A/, A"'], such that:

A () =y @& (v), v, 1) forj=m,M (40)
Claim: The functions in equation (40) exist and are well defined.
Proof. Note that for any v € (v, v): A* (V) >y (A* (L), v, 1); Yy (A, v, D)>A"and y (1, v, 1)
< 1. Then, due to the continuity of vy, for each v, there exist two functions A,, and A, such
that they are the fixed points of equation (40).

Claim: A, (v) is a decreasing function and A, (V) is an increasing function.

Proof. For A,, (), suppose not. Take w, <w,. Then, forany A € (A, (L), A"), y (A, w,, 1)> A
.But, v (4,, W), w,, 1) >y (A, (W), w;, 1) > A4, (w,). A contradiction.

For Ay (v), suppose not. Take w; <w, Then, for any A € (A', A\; (v)), Y(A, w;, 1) > A. But, ¥
At W), wy, 1) >y (A (W,), wy, 1) > Ay (W,). A contradiction.



-25- APPENDIX

Those fixed points will be equilibria if and only if A,(v) < R (v), where we can define R (v) as:

v
R(v)=— 41
(v) b (41)

/
Assume that v’ is such that A’/ >%’. Then, at v’, the only equilibrium is given by A = 0.

Since A,, () is decreasing, R (v) is increasing and assuming without loss of generality that R
(v") <A’, then, there exists a level of wage w’ > v’, such that R (w') = A, (w’). At w’, there
are two equilibria: A =0 and A =R (w') = A, (w').

For any v € (W', v,) there are three equilibria: A =0, A = 4,, (v’), and A = min {R (v), A\, (V)}.
The first two equilibria are obvious. We need to show that the third equilibrium exists. Then,
we will show that for any v < v,, R (v) < Ay, (). First, suppose that R (v) < A, (). Then, A,
(v) is not an equilibrium. Since y (R (v), v, 1) > R (v), there exists r = 7, (R (v)) such that y
(R (v), v, 7y (R (v)) =R (v). The continuity of y (.) guarantees the existence of such interest
rate. See Section IV for a proper definition of 7, (R (v)). Now, suppose that A,, (V) <R (v).
Then, by definition, A, (v) is an equilibrium. Since Y (R (), v, 1) <R (v), then R (v) cannot
be an equilibrium.

It is easy to see that, in fact, R (v) < A, (v) for all v <v,. First, define v’’ as: a, (1, v'’, 1) =a.
It is trivial to show that v’’ > v,. Then, we can extend the domain of the function A,, (v) from
[v’, vy] to [V, v”’]. Obviously, Ay (V') =1 and R (v'’) < 1. Now, since A, (V) and R (V) are
both increasing and (weakly) concave functions, then:

R () <Ay () foralve (v,v') 42)

(iii) First, note that for some v’’’ > v,, ¥ (0, v,’’’ 1) = 0. Then for any v> v’’’ the bad
equilibrium vanishes from the economy. Now, since we have proved in (ii) that R (v) < Ay, (v),
then the only equilibrium in this stage will be given by:

ov ov
Aﬁ?’ and 7, =7, [ —55] Note that when v> -c-g, A=1landr,,,=1, forallz

Proof of Proposition 5: Let us denote by II, and II,, the probabilities of choosing the good
and the bad equilibrium, respectively, with IL, + II, < 1. Then, the variance of the equilibrium
value, for a given v € (W', v'’’), is given by the next equation:

V@ ) =@ -I0, - )AL, + )R, (0)* + (1 - ) I, (R () - 2 (1 - I, - IL)ILAR (0§43)

When v is close to w’, taking derivatives and assuming, for simplicity, that I, =1 - I - II,,
we have that:
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WAW) , ol 1-m-g &’ 8, () <0 (44)
dv ¢ 0} dv
. . oA, (v) o
This is true since it can be showed that 3 -~ - as L~ w'. Now, if vis close to
v

m

-0 as v - v,, we have that:
dv

v’’’, and noting hat

VA©) o
e (¢ n)¢>o (45)

Proof of Theorem 6: Assume, without loss of generality, that vy <w’. Then A, = 0. Since g,
ov

(8) >w’, then with positive probability A, = —-¢—1 > A, = 0. By induction, we can construct

increasing secuences for A, and v, with positive probability. Since /, (A) is decreasing in A, g,

(/) is decreasing in /,, and g, (€) - = as £ ~ 0, at some point T, given A, v, > % If such A,

exists with positive probability, then A.,, = 1 with the same probability. Once the economy
reaches this stage, for all £ > t+1, A =1 =A% and v,=£; (3, 1) = v*. At this point, 7,,,, = 1.

Proof of Proposition 7:

: e : : : v, dv,
(i) Just note that the equilibrium will be given by: A,,, =min 1, —1; 7, =n [ —

¢ ¢
v,

I b '

... OV, .. OV,
if —¢-— <landr,, =1if -?‘—)— >1l;and v, =f; |1,
on v,

(ii) Assume, without loss of generality, that v, = 0. Then, since v, > v,, we have A, > A,. We

can continue this reasoning by induction. If v, <y, < %, then A, < A,,,. Since [, (A) is

decreasing in A, g; (/, (A)) is decreasing in /,, and g, (€) - «~ as € ~ 0, at some point T v,
> % Then, A,,, =1 and v, =f; (8, 1). Then, forany ¢ > T + 1, A, = A* and v, = v*. Notice

ov

thatr,,,, =7 [ ——5] is strictly increasing when v, < —-. To prove this, just note

o |-e-



-27 - APPENDIX

that

oIl (A
D, A
oA oA

<0. When v, > %, 7.1 = 1. This drastic change in

the interest rate is associated to a change in the regime: from a constrained to an
unconstrained economy.

Proof of Proposition 8:

(i) Since, by assumption, £ (7, 0) - ¢ > g (J) for all /; all the agents with wealth greater than ¢

(i.e., with ability greater than 2) will pay the entry cost at 7 and become entrepreneurs at ¢
)
t

+ 1. Then:
A =1 —H‘ 9' (46)

Given A,,,, then v,,; = v (A,,,), where v (1) is the function defined in Proposition 2.

(i) Note that, in equation (46), A,,, is an increasing function of v,. Also, v (1) is an increasing

function of A. Given the condition of growth in this economy, v, = g, () > %) Then, A, =

> A, = 0. Following by induction, we can establish increasing sequences

1-H [ _o

8,8)

for A, and v, when v, < ¢ Since /, (A) is decreasing and g; (€) ~ = as € - 0, there exists some
o

finite T at which v, > ¢ From then on, A,=1=A* forallz, and v,= £, (3, 1) = v*, for all z.
o
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