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Summary

High inflation countries experience a dramatic expansion of their financial sector and declining
growth rates. This provides indirect evidence that monetary policy does indeed affect the real
sector of an economy in the long run, invalidating the classical dichotomy. In stark contrast to
these observations, the results obtained from standard monetary models -- where the demand
for money is based either on cash-in-advance constraints or money in the utility function--
usually indicate that monetary policy has a modest role influencing the long run behavior of
the economy.

One simple way to explain this apparent conflict is by introducing credit goods in an otherwise
standard cash-in-advance economy. The mechanism at work is as follows: Credit goods
provide a hedge against the inflation tax. If inflation is higher, household demand for credit
goods increases, and accordingly, so does the demand for credit services. Therefore, more
productive resources are allocated to the production of credit services at the expense of the
real goods production sector.

This paper introduces the credit goods mechanism in a cash-in-advance model of a small open
economy and analyzes the effects of monetary policy when government consumption is
financed by seigniorage. It shows that the interrelationships between the growth rate of the
monetary aggregate and the technological properties of the economy have an important
bearing on the existence and uniqueness of equilibrium , the optimal inflation rate, and the
occurrence of explosive hyperinflations. In consequence, the paper concludes that monetary
policy does matter in the long run.



I. INTRODUCTION

High inflation countries experience a dramatic expansion of their financial sector and
declining growth rates. This provides indirect evidence that monetary policy does indeed
affect the real sector of an economy in the long run, invalidating the classical dichotomy. In
stark contrast to these observations, the results obtained from standard monetary models,
where the demand for money is based either on cash-in-advance constraints or money in the
utility function, usually find that monetary policy has a modest role influencing the long run
behavior of the economy.

One simple way to explain the facts described above is by introducing credit goods in
an otherwise standard cash-in-advance economy. The mechanism at work is as follows:
Credit goods provide a hedge against the inflation tax. If inflation is higher, household
demand for credit goods increases, and accordingly, so does the demand for credit services.
Therefore, more productive resources are allocated to the production of credit services at the
expense of the real goods production sector.

Costly credit has been incorporated into dynamic closed economy models by Gillman
(1993), Aiyagari, Braun and Eckstein (1995) and Aiyagari and Eckstein (1996). Among the
issues analyzed by the authors above are: the welfare costs of inflation; the long run
relationship between inflation, growth and the size of the intermediation sector; and the
comovement of the velocity of money anc inflat’on. Zowever, to our knowledge, costly credit
have not been introduced in small open economy models. The objective of this paper is to fill
this gap and analyze how monetary policy can affect output in the long-run using a dynamic
model of a small open economy where credit is costly.

To accomplish this objective, we extend the closed economy model of Aiyagari and
Eckstein (1996). The main differences between their setup and ours are: (1) the assumption of
perfect capital mobility, (2) the inclusion of traded goods that are perfect substitutes of
domestic produced goods, and (3) the assumption that labor is the only production input in
both the credit and good production technologies. Under the additional assumptions of
purchasing power parity and zero inflation in the rest of the world, it can be shown that the
model is equivalent to a simpler one where there are no traded goods. Without loss of
generality, we analyze the latter model for convenience.

The main results obtained here are:

e There exists a simple relationship between the nominal interest rate and output, that de-
pends on the production technologies in the goods and credit services sector and the
nominal interest rate set by the government. Under some simple assumptions, it is pos-
sible to establish a long-run relationship between inflation and output.



e The existence and uniqueness of an equilibrium depend on the nominal interest rate.

e Friedman’s rule is a special case of the optimal inflation rate and is obtained under plau-
sible conditions.

e Hyperinflations are not exclusively a monetary phenomena. Their existence depends
crucially on the characteristics of the production technologies for the consumption goods
and credit services.

The structure of the paper is as follows. Section II presents the model. Section III
defines the concept of a competitive equilibrium in this economy. Section IV analyzes
government spending financed by seigniorage when money grows at a constant rate. Section
V characterizes the optimal inflation tax and determines the conditions that rule out
hyperinflations. Section VI concludes.

II. THE MODEL

It is assumed that there is perfect capital mobility and that the domestic country is too
small to influence the world real interest rate, . Therefore, the Fisher relationship between
nominal and real interest rate is satisfied:

1+Rt=(1+rw)(1+7rt), @)
where R is the nominal domestic interest rate and 7 is the domestic inflation rate.

The domestic country is inhabited by a representative household who is infinitely lived
and endowed with a unit of labor in every period. The household supplies labor to the
domestic firms that produce goods and credit services at the competitive wage. The
household’s utility, V, is given by a time additive separable utility representation

o0

V=Y AU, 2)

t=0

where [ is the subjective discount rate, U is the current utility function, and c; 1s the amount
of a consumption basket consumed by the household. The utility function satisfies the
following properties: U’ > 0 and U” < 0.

The consumption basket, ¢;, must be less or equal to the sum of the amount of cash
goods, ¢y, and credit goods, cgs, purchased by the household plus government transfers, 7 :

¢t < Cyg + Cop + Ty 3)



Equation (3) implies that cash and credit goods are perfect substitutes.* Existence of a steady
state with constant consumption requires that the subjective discount rate satisfies the
following assumption:

Assumption 1 8 = 1/(1 +r?)

At first glance, it seems unnatural to assume that there is no trade and that economic
decisions are affected only by the equalization of the domestic real rate with the world interest
rate. However, this model is equivalent to one with traded goods under the following
assumptions: (1) the traded goods is a perfect substitute of both cash and credit goods, (2)
purchasing power parity holds, and (3) there is no inflation in the rest of the world. These
three assumptions are relatively standard, so the results will remain unchanged either in this
moce! or its traded goods equivalent. Since working with this mode? is simper, we refer the
reader to the appendix, where we prove the equivalence between the two economies.

The timing of transactions is the same one as in Lucas and Stokey (1987). The assets
market opens first and the household purchases bonds using the money available at the
beginning of the period, which is given by the sum of previous money holdings, M;, carried
over from period ¢ — 1, an injection of money, X;, by the government, and the payoff from
holding a nominal amount of bonds issued by the government, By /(1 + R;_1), where R;_; is
the nominal interest rate paid from period £ — 1 to period ¢. Because of perfect capital
mobility, the nominal interest rate has to satisfy the Fisher equation (1). After transactions
take place in the assets market, it closes and the goods market opens. The household buys the
cash good subject to the cash-in-advance constraint using the balances that remain after
purchasing government bonds, so its budget constraint is given by:

By

pucit + m < My + X + By, )

Finally, after the closing of the goods market, the household receives its salary, Wj,
and allocates the remaining balances between next period money holdings, M, ., and credit
goods, ¢y

t+1

B
Cis + DosCor + My + ——c < M, + X; + B, + W,. 5
D1tC1t T P2Cot t+1 (1+Rt) > g t t t (5)

There are two different types of goods in the economy: simple goods, to which we
refer hereafter plainly as goods, that can be used as cash goods or inputs to produce credit

* If both goods are not perfect substitutes, then it is possible to determine endogenously what
fractions of total consumption are bought using cash and credit. However, this results do not
change the qualitative results delivered by the model. A detailed analysis can be found in
Gillman (1993) and Aiyagari, Braun and Eckstein (1995).



services, and credit goods. The goods sector uses the technology F' to produce output ¥; using
labor services 7;:

Y = F(nu). (6)
Output Y; can either be consumed as a cash good or used as an input to produce the credit
good. Therefore, the price of one unit of output must be equal to pi4, to rule out arbitrage. The
amount of goods used as an input to produce credit services is given by:
F(myg) —cly — g — 7o,
where g; is government spending.
Credit services, which are sold at price p,, are produced with the technology G using

labor services ng;:
St = G(nzt). (7)

Once produced, credit services are used as inputs to produce the credit good according to the
following Leontieff fixed proportions technology:

¢y = min(Y; — ¢, — gt, St)s (8)

where ¢ and ¢, are the supply of cash goods and credit goods respectively. No arbitrage
implies the following relationship among prices

Pot = Pit + Pst- ®

The following standard assumption asserts that both technologies are increasing in the
amount of labor input:

Assumption 2 The production technologies F' and G satisfy F' > 0, G' > 0.

The remaining agent in our model is the government, whose only role in the economy
1s to finance government spending via seigniorage. Given an initial government spending, go,
an initial money supply, M, and an outstanding amount of nominal debt, By, the government
chooses a sequence of spending, {g;}2,, monetary injections, {X;}2,, and lump-sum
transfers, {7:}52,, paths such that it balances its budget period after period:

P1egt + puTs = X + Bl B (10)
1+ R,

This implies the following law of motion of the money supply:

M, = M + X, 11)



III. EQUILIBRIUM

A competitive equilibrium must satisfy market clearing conditions, the household’s
optimality conditions, profit maximization by the firms and the Fisher equation. We proceed to
present these conditions. Market clearing conditions are summarized by the equations below:

Nt + N = 1, (12)

C1t = Ciys (13)

cos = Cop = G(nay), (14)

¢t = cip+ o+ Ty = Yy — gy = Fnu) — g, (15)
B, = BY, (16)

M, = M;. 17

The interpretation of the market clearing equations is straightforward. The first states
that the total demand for labor services should be equal to labor supply. The second and third
conditions state that consumption of the cash and credit good must be equal to their supply.
The fourth condition state that total consumption of the household is equal to total production
net of government consumption. Finally, the last two conditions are necessary for market
clearing in the assets market.

Utility maximization by the household yield the optimality conditions:

U'(c) = B-LEU" (¢101) (1 + Ry), (18)
Pit+1
P2t _14R, (19)
D1t

The first order condition is the standard Euler equation and determines the optimal
intertemporal substitution. The second equation is a no arbitrage relationship derived from the
assumption of perfect substitution between the cash and credit goods. As Aiyagari and
Eckstein (1996) noted, this is the channel that breaks the dichotomy between the nominal and
real sectors, and hence, it is crucial to the results of the paper.

Profit maximization by the firms result in wage equalization across sectors, yielding
the following relationship between employment in both sectors:

F'(nlt) = @Gl(ngt). (20)
Pu



From equations (9) and (19):

Pt = R.,
Pue
which implies
F'(nlt) = RtGI(TLQt). (21)

Definition 1 A competitive equilibrium is the sequence of allocations {c;, cis, Cat, €3,y €Sy, Tz,
Now, By, My, Bf, M}, gy, T}52,, and prices {pu, pas, Ri}2q such that they satisfy the mar-
ket clearing equations (12)-(19), the optimality equations (18)-(19), the profit maximization
equations (20)-(21) and the Fisher equation.

IV. SEIGNIORAGE FINANCING WITH A CONSTANT MONEY GROWTH RATE

We characterize the steady states of this model for the particular case in which bonds
are issued in zero net supply and zero lump-sum transfers. Thus, government spending is
financed only by seigniorage. In this case, it is simple to show that inflation is equal to:

_ Dity1 1= Paty1 1.
y4r Dat

T
The Euler equation reduces to:
1=pB1+R)/(1+7) = BL+r"),

where 7 and R denote steady state inflation and nominal interest rate respectively. Because of
Assumption 1, the steady state Euler equation is always satisfied. This implies that the model
is compatible with the existence of multiple equilibria characterized by constant consumption,
though this is not necessarily the case. We show below under what conditions multiple
equilibria exist.

Steady state government consumption is given by:
g =T7m,

where m denotes steady state real balances. Given ¢;, the amount of consumption of the cash
good in the steady state, real balances demanded by the household are given by:

ClsT

m

and this determines the amount of government expenditures as a function of steady state
consumption and inflation:

wCy
1+7

:g—z
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The relationship between consumption and the nominal interest rate, where the latter
can be controlled by the government through the choice of the monetary growth rate, is
determined by equation (21) together with the labor market clearing condition:

F'(m) = R,G'(1 —my),

where the overlined variables denote steady state values. A more transparent way to express
the relationship above is to rewrite it such that the nominal interest rate becomes a function of
steady state hours supplied to the goods producing sector:

— F'(m)

Recalling that total output and consumption are an increasing function of hours
worked in the good proczcing sector, ke last egration gives s a relat“onship be‘weer
inflation and output, or equivalently, between inflation and employment in the goods
production sector, as measured by n; . However, the existence of this relationship depends on
the characteristics of the production technologies available to the goods and credit services
sectors, that is ' and G respectively. For example, Figure 1 shows the case of a unique
equilibrium given the nominal interest rate R.

Figure 1. Existence of a Unique Equilibrium

— dF(n,)/dn, R xdG(1-n,)/dn1 —

n, — hours worked in the goods production sector

This case assumes that the marginal productivity of both technologies becomes infinite

when labor supply in that sector becomes very small. The following lemma establish when a
unique equilibrium exists.
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Lemma 1 If F'(.) and G'(.) are continous in [0, 1] and satisfy F'(0) > G'(1), F'(1) < G'(0),
then for any given nominal interest rate, there exists a unique labor allocation nq(R) that
satisfies equation (1).

Proof. Define the function A : [0,1] — R as A(n) = F(n) — G(1 — n). Ais continous,
strictly increasing and satisfies A(0) < 0,A(1) > 0. Therefore, by the intermediate value
theorem, there exists a unique n* in [0, 1] such that F'(n*) = G(n*). W

Clearly, monetary policy can be welfare enhancing: by reducing the nominal interest
rate, that is equivalent to reducing the inflation rate or the growth rate of the monetary
aggregate, the government can increase the number of hours spent working in the goods
production sector. Because the household’s welfare is an increasing function of goods output,
the household is better off. Figure 2 shows the positive effect of a decrease in the nominal
interest rate, which results in higher levels of consumption and output and is associated with a
decrease in inflation, as the equilibrium changes from point A to B.

Figure 2. The Effects of a Decrease of the Interest Rate

— dF(n,)/dn, A, x dG(1—n,)/dn1 -

— R, x dG(1-n J/on,

n - hours worked in the goods production sector

However, uniqueness of equilibrium is not the only possible situation. If the
conditions stated in Lemma 1 are not satisfied, there could exist multiple equilibria or no
equilibrium at all, given a fixed nominal interest rate. Figure 3 shows the existence of
multiple equilibria when the marginal productivity of one of the technologies does not exhibit
a monotonic behavior with respect to labor input, in this case, the credit services sector. This
equilibrium corresponds to the case in which the production technology G exhibits
nonmonotonic marginal productivity.
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Figure 3. Existence of Multiple Equilibria

<« dFfn 1)/dn1

& RxdG(1-n )/dn,

n, - hours worked in the goods production sector

In contrast to other models that exhibit multiple equilibria, monetary policy can
eliminate the indeterminacy by imposing a different nominal interest rate. Figure 4 depicts the
situation in which an increase of the nominal interest rate from R; to Ry eliminates
equilibrium indeterminacy at the expense of reducing welfare, since both equilibria A and B
Pareto dominate equilibrium C'.

Figure 4. Elimination of Equilibrium Indeterminacy

 dF(n)/dn,

FlzxdG(1~n1)/dn, -

— R1 X dG(1-n1)/dn1

n - hours worked in the goods production sector
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Figure 5 shows a case in which there is no equilibrium compatible with the given
nominal interest rate, as shown in Figure 5, though a decrease in the nominal interest rate
from R, to Ry determines a unique equilibrium at a higher consumption level. This situation
is shown in Figure 6.

Figure 5. A Case where Equilibrium does not Exist

«— R xdG(1-n1)/dn1

e dF(n,)/dn,

n - hours worked in the goods production sector

Figure 6. A decrease of the interest rate determines an equilibrium

« R, x dG(1-n )/dn,

— Fn‘, x dG(1—n1)/dn1

< dF(n )/dn,

n, - hours worked in the goods production sector
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Summarizing, the existence and uniqueness of equilibrium depends both on the
technological characteristics of the economy and the rate of growth of the monetary aggregate
determined by the monetary authorities.

V. THE OPTIMAL INFLATION TAX AND HYPERINFLATION

The rule proposed by Friedman (1969), that money should grow at a constant rate, and
if possible, this rate should be negative and equal to the inverse of the real interest rate,
obtains under some special conditions of the production technologies in the goods and credit
services sectors.

Lemma 2 If F'(1) is bounded above and lim,,,, G'(1 — ny) — oo, then the optimal nominal
rate is R = 0 and the Friedman rule is optimal.

Proof. Taking the limit in equation (22) we obtain

F'(m)
lim ———————~=0=R
ni—1 G’(l — 'n,l) ’
that is, the nominal interest rate must be equal to zero. Because of perfect capital mobility, it
implies a negative inflation rate of 1/(1 4+ r*) — 1. Clearly, in the case that the world interest
rate is zero, the optimal inflation tax is zero. W

Because of the previous lemma, Friedman’s rule optimize household’s utility since
they allocate their total endowment of labor to the production of consumable goods. In
general, it is not necessarily true that lim, ., G'(1 — n,) — oo. However, if G” < 0, then it is
possible to determine the optimal inflation rate.

Lemma 3 Let F and G satisfy the following: F'(1) is bounded above, G" < 0 andlim,, ,, G'(1—
n1) < oo. Then the optimal inflation rate is given by

. L+R*
T =
147w
where R* satisfies
i
R* = lim F(m)

n1~1 G’(l - 7’2,1)
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Proof. Under the conditions stated in the lemma, the limit

. F’(nl)
71111§1 G'(l — nl)

is well defined and finite. Satisfaction of the Fisher relationship yields the optimal inflation
rate. W

It is straightforward to find the necessary conditions that rule out explosive
hyperinflations, i.e. when the inflation rate, and hence the nominal interest rate, becomes
unbounded.

Lemma 4 IfG' # 0 and F' < oo, explosive hyperinflation cannot occur.

Proof. The conditions of the lemma imply that the nominal interest rate cannot be infinite,
therefore, we can rule out equilibria with explosive hyperinflation. W

An implication of the lemma is that countries experiencing explosive hyperinflation do
not necessarily satisfy one of the conditions. Again, though monetary policy determines the
steady state of the economy, the constraints imposed by the real sector of the economy cannot
be ignored. Therefore, explosive hyperinflation, is both a monetary problem and a structural
problem.

Finally, the following lemma establishes the necessary assumptions for the existence
of a well determined relationship between inflation and output:

Lemma 5 If for any given nominal interest rate there is a unique steady state, then there is a
well determined long run relationship between inflation and output. In particular, this is true
if the conditions of Lemma 4.1. are satisfied.

V1. CONCLUDING REMARKS

We have developed a cash-in-advance constraint model of a small open economy with
cash and credit goods. As in its closed economy counterparts, the calssical dichotomy breaks
down. Accordingly, the interrelationships between monetary policy and the technological
characteristics of the economy have an important bearing on: (1) the existence and uniqueness
of equilibrium, (2) the optimal inflation rate, (3) the long run relationship between inflation
and growth and (4) the conditions that rule out explosive hyperinflations.

We proceed to discuss some possible extensions of the model presented here. The
analysis has been conducted under the assumption of perfect substitution among credit goods
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and cash goods, with no trade. The analysis remains valid in the case of a economy with trade,
where the imported good is a perfect substitute, purchasing power parity holds and the world
inflation is zero. Nevertheless, it is worth exploring how the model’s behavior changes when
goods are imprefect substitutes.

The effect of inflation in domestic investment can be analyzed if capital stock
accumulation is introduced in the model. In addition, high inflation is also associated with
uncertainty. A full analysis requires extending the model to a stochastic setup and to relax the
assumption of time-additive utility, since it forces the subjective discount rate to be equal to
the inverse of the world interest rate.

Finally, implicit in the analysis is the assumption that the inflation rate is identical to
the devaluation rate of the domestic currency. Extensions of the model disentangling the tight
link among these two quantities would shed more light about the effects of monetary policy in
open economies.

3> Mendoza(1991) discusses in detail the problems associated to time-additive utility functions
in stochastic small open economy models.
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A. DERIVATION OF THE HOUSEHOLD’S OPTIMALITY CONDITIONS

The optimality conditions (18) and (19) are derived from the Lagrangian
corresponding to the household maximization problem:

co M, + Xt Bt Bt+1
L = t{Uc — At(ce —c1p — cop) — <c - T b p(l+ R
tgoﬁ ( t) t( t 1t t) Hg | Cit Dis D1t plt(l -+ Rt)

< par  Meyn M+Xy B B
—Y | Cot— T - At E s e—
Dit Pt Dt pir pu(1+ Ry)

— Wy + Clt) ,

where A, u and vy are the Lagrange multipliers associated with the constraints (3), (4) and (5).
The first order conditions of this problem are given by:

U'(ce) = M, (23)
At = g T Vs (24)

D
A = Y —, 25
t ’Ytplt (25)

.+.
Y _ ,B'ut“ ’Yt+1, 26)

yats Dit+1
4
ps e = B+ Re)(per + ’Yt-{—l)—l_t_a 27
P1t+1
and transversality conditions

lira Bt = 0. (28)

Equation (18) follows from replaciag equations (23) and (24) in equation (25), while
replacing (24), (25) ) and (26) in (27) gives equation (19)
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B. EQUIVALENCE OF THE MODEL WITH A MODEL WITH TRADED GOODS AND
PERFECT SUBSTITUTABILITY AMONG GOODS

The model described in the main body of the paper is equivalent to an economy with
an additional traded good that is a perfect substitute of both the cash and credit goods. In this
case, the constraints faced by the representative household are given by

ct < cip +cap + Cyp Ty . 29)
B
D1:Cre + P3s€4Cat + (T_*;—tll??) < M+ X+ By, (30)
B
D1eCit + PatCar + PapesCar + My + mﬁ% < My + X; + By + W, (31
¢

where c5 is the amount of traded goods consumed, pj the foreign price of the good and e the
exchange rate, measured in units of domestic currency per unit of foreign currency. Let \, u
and v be the Lagrange multipliers associatzd to equations (29), (30) and (31). The first order
conditions of this problem are identical to (23)-(27), together with

. D3
Ae = (pty + Voer—r,
Pt
is equivalent to the purchasing power parity relationship

*
€tD3; = D1t

Assuming that the foreign price is fixed and equal to one, the behavior of this economy is the
same as the one described in the main text, with an additional equation that determines the
devaluation rate as a function of the price level p;.
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