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Abstract 
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Bayesian Model Averaging (BMA) provides a coherent mechanism to address the problem of 
model uncertainty. In this paper we extend the BMA framework to panel data models where 
the lagged dependent variable as well as endogenous variables appear as regressors. We 
propose a Limited Information Bayesian Model Averaging (LIBMA) methodology and then 
test it using simulated data. Simulation results suggest that asymptotically our methodology 
performs well both in Bayesian model selection and averaging. In particular, LIBMA 
recovers the data generating process very well, with high posterior inclusion probabilities for 
all the relevant regressors, and parameter estimates very close to the true values. These 
findings suggest that our methodology is well suited for inference in dynamic panel data 
models with short time periods in the presence of endogenous regressors under model 
uncertainty. 
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I. INTRODUCTION 

Model uncertainty is an issue encountered often in the econometric study of 

socioeconomic phenomena. Initially pointed out by Leamer (1978) and later elaborated by 

Durlauf and Quah (1999) model uncertainty arises because the lack of clear theoretical 

guidance and tradeoffs on the choice of regressors result in a broad number of possible 

specifications, and often contradictory conclusions. In addition, attempts to deal with model 

uncertainty by engaging in unsystematic searches of possible model configurations, may 

result in overconfident and often fragile inferences. As a result, a growing number of 

researchers are turning to the Bayesian Model Averaging (BMA) framework in order to deal 

with the problem of model uncertainty.  

Conceptually, BMA bases inferences on a weighted average of the full model space 

instead of on one selected model, and thus incorporates uncertainty in both predictions and 

parameter estimates.2 Seminal contributions to BMA include those of Moulton (1991), 

Madigan and Raftery (1994), Kass and Raftery (1995), Raftery (1995), and Raftery, 

Madigan and Hoeting (1997). The BMA framework has been applied in various areas of 

social sciences.3 In economics, some of the most notable work includes Brock and Durlauf 

(2001), Fernández, Ley and Steel (2001a), and Sala-i-Martin, Doppelhofer and Miller (2004). 

Despite the increasing interest in BMA, most of the work thus far uses static models, 

focusing mainly on cross section analysis with data averaged over the time dimension, thus 

ignoring dynamic relationships among variables.4 Moreover, to the best of our knowledge, 

none of the models allow for the inclusion of endogenous variables.5  

In this paper we propose a methodology for dealing with model uncertainty in the 

context of panel data model with short time periods where the lagged dependent variable 

and endogenous variables appear as regressors. We use a limited information approach which 

refines the limited information version of Bayesian Model Averaging (LIBMA) introduced by 

Tsangarides (2004). The limited information criterion proposed in this paper resembles the  

                                                 
2 In contrast to BMA, Bayesian model selection uses information criteria to select one model (one set 
of variables) from a set of potential models. 
3 These include biology (Yeung, Bumgarner, and Raftery (2005)), ecology (Wintle et al. (2003)), 
public health (Morales et al. (2006)), and toxicology (Koop and Tole (2004)). 
4 Moral—Benito (2007) considers a panel data model where the lagged dependent variable is correlated 
with the individual effects but not correlated with the error term. 
5 By endogenous variables we understand variables that would be correlated with the contemporary 
error term. 
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BIC model and moment selection criterion (MMSC-BIC) proposed by Andrews and Lu 

(2001), and parallels the one proposed by Hong and Preston (2008). One key difference of 

our approach is that we construct the likelihood by data transformation and straightforward 

Bayesian arguments.6 We also investigate the performance of the proposed framework 

relative to both Bayesian model selection and averaging by performing Monte Carlo 

simulations. 

The remainder of the paper is organized as follows. In Section 2 we introduce the 

concept of model uncertainty in the Bayesian context and then review model selection and 

model averaging. Section 3 develops the theoretical framework of the LIBMA methodology 

in the context of dynamic panels with endogenous regressors. It includes the model setup, 

the moment conditions, the limited information criterion, and estimation. Section 4 discusses 

the proposed simulation experiment and presents the results. The final section concludes. 

II. MODEL UNCERTAINTY IN THE BAYESIAN CONTEXT 

For completeness, this section reviews briefly the basic theory of uncertainty in the 

Bayesian context. Excellent reviews include Hoeting, Madigan, Raftery and Volinsky (1999), 

and Chipman, George and McCulloch (2001).  

A. Model Selection and Hypothesis Testing 

Consider the standard linear regression model 

 Y Z uθ= +  (1) 

where Y  is the variable of interest, Z  is a matrix of explanatory variables, θ  is a vector of  

unknown parameters and u  is the error term. Suppose there is a universe of k  possible 

explanatory variables indexed by { }1,2,..., , 1,...,j j k= +U . Let Z be the matrix of all 

possible explanatory variables. For a given model jM  that considers only a subset of the 

possible explanatory variables, jM ⊂ U , let { }, , 1j j

k
M mn M m n

c
=

=C  be a k k×  diagonal 

                                                 
6 Another related approach to derive Bayesian posteriors in models with moment conditions is by 
using information projection onto a family of probability measures. Kim (2002) uses a transformation 
of the GMM objective function to obtain a likelihood that is then used for deriving the posterior. 
Ragusa (2008) uses the projection of a reference distribution into the space of distributions that are 
consistent with the average form of the moment conditions and then uses formal Bayesian calculus to 
obtain the posterior.  
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choice matrix such that its diagonal will have 1’s if the corresponding variable is included in 

the model and 0’s otherwise. Hence { }, 1
jii M jc i M= ∈ . Therefore, for a given model jM , 

jM=Z ZC  and model (1) can be now written more generally as 

  
jMY uθ= +ZC  (2) 

where ( )1 2 ... kθ θ θ θ ′=  is the set of parameters to be estimated.  

Given the universe of k  possible explanatory variables, a set of 2kK = models 

M 1( ,..., )KM M=  are under consideration. In the spirit of Bayesian inference, one can 

specify priors ( | )jp Mθ for the parameters of each model, and a prior ( )jp M  for each model 

in the model space M .  

Model selection seeks to find the model jM  in M 1( ,..., )KM M=  that actually 

generated the data. Let ( )D = Y Z  denote the data set available to the researcher. The 

probability that jM  is the correct model, given the data D , is, by Bayes’ rule 

 

1

( | ) ( )
( | )

( | ) ( )

j j
j K

l l
l

p D M p M
p M D

p D M p M
=

=

∑
 (3) 

where  

 ( | ) ( | ) ( | ),j j j jj jM Mp D M p D p dθ θ θ= ∫  (4) 

is the marginal probability of the data given model jM .  

Based on the posterior probabilities, the comparison of model jM  against iM  is 

expressed by the posterior odds ratio 
( | ) ( | ) ( )
( | ) ( | ) ( )

j j j

i i i

p M D p D M p M
p M D p D M p M

= ⋅ . Essentially, the data 

updates the prior odds ratio 
( )
( )

j

i

p M
p M

 through the Bayes factor 
( | )
( | )

j

i

p D M
p D M

 to measure the 

extent to which the data support jM  over iM . When the posterior odds ratio is greater 

(less) than 1 the data favor jM  over iM  ( iM over jM ). Often the prior odds ratio is set to 
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1 representing the lack of preference for either model,7 in which case the posterior odds ratio 

is equal to the Bayes factor jiB .  

B. Bayesian Model Averaging 

A natural strategy for model selection is to chose the most probable model jM , 

namely the one with the highest posterior probability, ( | )jp M D . Alternatively, especially in 

cases where the posterior mass of the model spaceM  is not concentrated only on one 

model, jM , it is possible to consider averaging models using the posterior model probabilities 

as weights. Raftery, Madigan, and Hoeting (1997) show that BMA almost always improves 

on variable selection in terms of predictive performance.  

Using Bayesian Model Averaging, inference for a quantity of interest Γ  can be 

constructed based on the posterior distribution 

 
1

( | ) ( | , ) ( | )
K

j j
j

p D p D M p M D
=

Γ = Γ∑  (5) 

which follows by the law of total probability. Therefore, the full posterior distribution of Γ  

is a weighted average of the posterior distributions under each model ( 1,..., KM M ), where 

the weights are the posterior model probabilities ( | )jp M D . The posterior model 

probabilities are obtained using (3).  Using (5) one can compute the posterior mean and 

posterior variance for parameters lθ  as follows 

 
1

( | ) ( | ) ( | , )
K

l jlj
j

E D p M D E D Mθ θ
=

= ∑  (6) 

and 

 [ ]2
1 1

( | ) ( | ) ( | , ) ( | ) ( | , ) ( | )
K K

j j jl l j
j j

l lVar D p M D Var D M p M D E D M E Dθ θ θ θ
= =

= + −∑ ∑ . 

  (7) 

The implementation of BMA presents a number of challenges, including the 

evaluation of the marginal probability in (4), the large number of possible models, and the 

specification of the prior model probabilities ( )jp M  as well as the parameters’ prior, 

( )| ip Mθ .  

                                                 
7 As in Fernández, Ley and Steel (2001b). 
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C. Choice of Priors 

Evaluating Bayes factors required for hypothesis testing and Bayesian model 

selection or model averaging requires calculating the marginal likelihood  

 ( ) ( ) ( )| | , |j j jp D M p D M p M dθ θ θ= ∫ . (8) 

Here, the dimension of the parameter θ  is determined by model jM . In many cases the 

likelihood ( )| , ip D Mθ  is fully specified with some nuisance parameter ζ . Therefore we may 

write  

 ( ) ( ) ( )| | , , , |i i ip D M p D M p M d dθ ζ θ ζ θ ζ= ∫ . (9) 

In this case, determining the prior ( ), | ip Mθ ζ  becomes an important issue. 8 

For Gaussian models the nuisance parameter is the variance 2
uσ  of the noise term. A 

common selection of the prior for the pair ( )2, uθ σ−  is its conjugate prior, Normal-Gamma 

distribution, which has the benefit of rendering a closed-form posterior9. With this prior θ  is 

a Normal random variable with mean 0θ  and variance 2
uVσ  given 2

uσ , while 2
uσ−  is a 

Gamma random variable with mean 
γ
λ

 and variance 2
γ
λ

. Based on this prior, when (1) 

represents a Gaussian panel data model with fixed effects, the likelihood ratio of two 

different models, iM  and jM , becomes 

 

( )

( )

( ) ( )( ) ( )

( ) ( )( ) ( )

( )( )

1/2

1 /211

11

ˆ ˆ2

ˆ ˆ2

j j ji

j i i i

N T

j j j j j j j j

i i i i i i i i

I Z Z Vp D M
p D M I Z ZV

SSE V Z Z

SSE V Z Z

γ

λ θ θ θ θ

λ θ θ θ θ

+ −−−

−−

⎛ ⎞′+ ⎟⎜ ⎟⎜= ⎟⎜ ⎟′ ⎟⎜ +⎝ ⎠

⎛ ⎞′ ⎟⎜ ′+ + − + − ⎟⎜ ⎟⎜ ⎟×⎜ ⎟⎜ ⎟′⎜ ⎟′+ + − + − ⎟⎜ ⎟⎜⎝ ⎠

 

where Z  stands for the demeaned values of Z . Due to the sensitivity of the Bayes factors to 

the prior parameters { }0, , ,Vθ γ λ , one often avoids choosing specific values for them, in 

order not to affect substantially the posterior distribution. As discussed in Kass and 

Wasserman (1995), and Fernández, Ley and Steel (2001a), one possibility is to use a diffuse 

                                                 
8 Fernández, Ley and Steel (2001b) investigate a set of “benchmark” prior specifications in a linear 
regression context with model uncertainty in order to address the sensitivity of the posterior model 
probabilities to the specification of the priors. 
9 For a more detailed discussion see Kass and Wasserman (1995). 
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prior for uσ  with density ( ) 1
u up σ σ −∝ . This prior has a nice scale invariance property and 

is equivalent to setting 0γ λ= =  in the Gamma distribution of 2
uσ− . For the prior 

distribution of θ  conditioned on 2
uσ− , one popular choice is using Zellner’s g -prior with 0 

mean 

 ( ) ( )( )12 1 2| 0,u up N g Z Zθ σ σ
−− ′∼  

which can be motivated by the fact that the correlation of the OLS estimate θ̂  is 

proportional to ( ) 1 2
uZ Z σ

−′ . This also leads to a simple likelihood ratio 

 
( )

( )
( )
( )

( )
1

2

1 /2
/2 11

1 1

/21 1
1 1

1

1

j

j j

i

i i

N Tgk
jg gii

k gj j ig g

SSE y ygp D M
p D M g SSE y y

−
−

+ +

−
+ +

⎛ ⎞′+ ⎟⎜+ ⎟⎜ ⎟= ⎜ ⎟⎜ ⎟⎜ ′ ⎟+ + ⎟⎜⎝ ⎠
 

where y  stands for the demeaned values of y . The BACE procedure (proposed by Sala-i-

Martin, Doppelhofer, and Miller (2004)) is asymptotically equivalent to setting 

( )1g N T= − .  

Alternatively, one can use what has been labeled in the literature as the BIC 

approach, where the likelihood ratio is approximated by 

 
( )
( )

( ) ( ) ( )( )( )1
1 2 1 2

2

| 1 1
exp log 1

| 2 2
p D M

SSE SSE k k N T
p D M

− − − − −∼ . 

Here the approximation is ( )1/2
pO N−  when the implicit prior for θ  is the unit information 

Normal prior as discussed in Kass and Wasserman (1995) and Kass and Raftery (1995). 

Finally, several options exist for the specification of the model priors ( )jp M . For 

example, Fernández, Ley and Steel (2001b) assume a Uniform distribution over the model 

space, essentially implying that there is no preference for a specific model so 

1 2
1

( ) ( ) ... ( )Kp M p M p M
K

= = = = . Other options include penalizing models with more 

regressors. Sala-i-Martin, Doppelhofer and Miller (2004) use a prior model probability 

structure initially proposed by Mitchell and Beauchamp (1988). Assuming that each variable 

has an equal inclusion probability, the prior probability for model jM  is 

 ( ) 1
j jk k k

j
k k

p M
k k

−⎛ ⎞⎟⎜ ⎟⎜ ⎟⎟⎜⎝

⎛ ⎞⎟⎜= −⎟⎜ ⎟⎟⎜ ⎠ ⎠⎝
 (10) 

and the prior odds ratio is 
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( )

1
( )

j l l jk k k k
j

l

p M k k
p M k k

−− ⎛ ⎞⎟⎜ ⎟⎜ ⎟⎟⎜⎝

⎛ ⎞⎟⎜= −⎟⎜ ⎟⎟⎜⎝ ⎠ ⎠
 (11) 

where k  is the total number of regressors, k  is the researcher’s prior about the size of the 

model, jk  is the number of included variables in model jM , and 
k
k

 is the prior inclusion 

probability for each variable. 

III. LIMITED INFORMATION BAYESIAN MODEL AVERAGING 

This section provides a discussion of the LIBMA using a dynamic panel data model 

with endogenous and exogenous regressors and derives the limited information criterion 

using the moment conditions implied by the GMM framework.  

A. A Dynamic Panel Data Model with Endogenous Regressors 

Let us consider the case where a researcher is faced with model uncertainty when 

trying to estimate a dynamic model for panel data. We assume that the universe of potential 

explanatory variables, indexed by the set U , consists of the lagged dependent variable, 

indexed by 1, a set of m  exogenous variables, indexed by X , as well as a set of q  

endogenous variables, indexed by W , such that { }{ }1 , ,X W  is a partition of U . Therefore, 

for a given model jM ⊂ U , (2) becomes 

 

( ) ( ), 1

1;  1,2,..., ;   1,2,..., .

jit i t M x w it

it i it

y y u

u v

i N t T

α θ θ

η

α

−
′= +

= +

< = =

it itx w C

 (12)                         

Here ity , itx  and itw  are observed variables, iη  is the unobserved individual effect 

while itv  is the idiosyncratic random error. The exact distributions for itv  and iη  are not 

specified here, but assumptions about some of their moments and correlation with the 

regressors are made explicit below.  It is assumed that ( ) 0itE v =  and that itv ’s are not 

serially correlated. itx  is a 1 m×  vector of exogenous variables while itw  is a 1 q×  vector 

of endogenous variables. Therefore the total number of possible explanatory variables is 

1k m q= + + . The observed variables span N  individuals and T  periods, where T  is 

small relative to N . The unknown parameters α ,  xθ , and wθ  are to be estimated. In this 

model, α  is a scalar, xθ  is a 1 m×  vector while wθ  is a 1 q×  vector.  
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Given the assumptions made so far, for any model jM , and any set of exogenous 

variables, itx , we have 

 ( ) 0,   , , ;    l l
it is it itE x v i t s x= ∀ ∈ x . (13) 

Similarly, for any endogenous variable we have 

 
0,  

( ) ,   
0,  otherwise

l l
it is it it

s t
E w v w

≠ ≤⎧⎪⎪ ∈⎨⎪=⎪⎩
w . (14) 

Note that, in principle, the correlations between endogenous variables and the idiosyncratic 

error may change over different individuals and/or periods.  

B. Estimation and Moment Conditions 

A common approach for estimating the model (12) is to use the system GMM 

framework developed by Blundell and Bond (1998). This implies constructing the 

instruments set and moment conditions for the “level equations” (12) and combining them 

with the moment conditions using the instruments corresponding to the first differences 

equations. The first differences (FD) equations corresponding to model (12) are given by 

 ( ) ( ), 1

1;  1,2,..., ;   2, 3,..., .
jit i t M x w ity y v

i N t T

α θ θ

α
−

′Δ = Δ Δ Δ + Δ

< = =

it itx w C  (15) 

One assumption required for the FD equations is that the initial value of y , 0iy , is 

predetermined, that is, ( )0 0 for 2, 3,...,i isE y v s T= = . Since , 2i ty −  is not correlated with 

itvΔ  we can use it as an instrument. Hence we have ( ), 2 0i t itE y v− Δ ≠  for 2, 3,...,t T= . 

Moreover, , 3i ty −  is also not correlated with itvΔ . Therefore, as long as we have enough 

observations, that is 3T ≥ , , 3i ty −  can be used as an instrument. Assuming that we have 

more than two observations in the time dimension, the following moment conditions could 

be used for estimation 

 ,( ) 0,   2, 3,..., ;   2, 3,..., ;   for 2,   1,2,...,i t s itE y v t T s t T i N− Δ = = = ≥ = . (16) 
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Similarly, the first difference of the exogenous variable l
itxΔ , l

it itx ∈ x  is not correlated with 

itvΔ  and therefore we can use it as an instrument.10 That gives us additional moment 

conditions 

 ( ) 0,    2, 3,..., ;   l 1, ..., ;   1,2,...,l
it itE x v t T m i NΔ Δ = = = = . (17) 

The endogenous variable , 2
l
i tw − , , 2

l
i t itw − ∈ w , is not correlated with itvΔ  and 

therefore it can be used as an instrument. We have the following possible moment conditions 

 ,( ) 0,   3, 4,..., ;   2,... 1;

  for 3,   l 1,2,..., ;   1,..., .

l
i t s itE w v t T s t

T q i N

− Δ = = = −

≥ = =
 (18) 

Table 1 summarizes the moment conditions that could be used for the FD equation. 

Table 1. Moment Conditions for the FD Equation 

 Instruments Moment conditions 

Lagged dependent variable 

, 1i ty −Δ  

, 2 0, ...,i t iy y−  
,( ) 0,   2, 3,... ;   2, 3,...,i t s itE y v t T s t− Δ = = =  

Exogenous variable l
itxΔ  1,...,l l

it ix x  ( ) 0,    2, 3,..., ;   l 1,...,l
it itE x v t T mΔ Δ = = =  

Endogenous variable l
itwΔ  , 2 ,1,...,l l

i t iw w−

 
,( ) 0,   3, 4,..., ;   

2, 3,... 1;  l 1,2,...,   

l
i t s itE w v t T

s t q

− Δ = =

= − =
 

 

 The FD equation provides ( )1 /2T T −  moment conditions for the lagged dependent 

variable, ( )1m T −  moment conditions for the exogenous variables, and 

( )( )2 1 /2q T T− −  moment conditions for the endogenous variables. 

Going back to the equation in levels (12), it is easy to see that first differences for 

the lagged dependent variable are not correlated with either the individual effects or the 

idiosyncratic error term and hence we can use the following moment conditions 

 , 1( ) 0,   2, 3,...,i t itE y u t T−Δ = = . (19) 

                                                 
10 It is common in the literature to use ∈l

it itx x  as an instrument, instead of l
itxΔ . Then the moment 

condition (17) becomes ( ) 0l
it itE x vΔ = . 
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Similarly, for the endogenous variables the first difference , 1
l
i tw −Δ  is not correlated with itu . 

Therefore, assuming that ,0
l
iw  is observable, and as long as 3T ≥  we have the following 

additional moment conditions 

 , 1( ) 0,   3, 4,..., ;    l 1,2,...,l
i t itE w u t T q−Δ = = = . (20) 

Finally, based on the assumptions made so far, the exogenous variables l
it itx ∈ x  are 

not correlated with current realizations of itu  and hence one can use another set of moment 

conditions11 

 ( ) 0,   1,2,..., ;   l 1,2,...,l
it itE x u t T m= = = . (21) 

Table 2 summarizes the moment conditions for the level equation. 

Table 2. Moment Conditions for the Level Equation 

 Instruments Moments 

Lagged dependent variable 

, 1i ty −  

, 1i ty −Δ  , 1( ) 0,   2, 3,...,i t itE y u t T−Δ = =  

Exogenous variable l
itx  

l
itx  ( ) 0,   1,2,..., ;   l 1,2,...,l

it itE x u t T m= = =  

Endogenous variable l
itw  , 1

l
i tw −Δ  , 1( ) 0,   3, 4,..., ;    l 1,2,...,l

i t itE w u t T q−Δ = = =

 

 The equation in levels provides ( )1T −  moment conditions for the lagged dependent 

variable, mT  moment conditions for the exogenous variables, and ( )2q T −  moment 

conditions for the endogenous variables.   

 We group the moment conditions into matrices the following way. Let iY  be the 

( ) ( )1 1 /2T T T− × −  matrix of lagged dependent variable used as instruments for the FD 

equation 

                                                 
11 The implicit assumption made here is that the exogenous variables are not correlated with the 

individual effect. If that assumption can not be made, Δ l
itx  should be used as instruments, giving us 

the following moment conditions ( ) 0,l
it itE x uΔ =  1,2,..., ;   l 1,2,...,t T m= = . 
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0

0 1

0 1 2

0 , 2

0 0 0 0 0 0

0 0 0 0 0

0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0
i

i

i i

i i i

i

i i T

y

y y

y y y
Y

y y −

⎛ ⎞⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜= ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜⎝ ⎠

. (22) 

Similarly, iW  denotes the ( ) ( )( )1 2 1 /2T q T T− × − −  matrix of endogenous variables 

 

1
1 1

1 1
1 2

, 3 , 2

0 0 0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0 0 0

0 0 0 0

q
i i

i i

i

q q
i T i T

w w

w w
W

w w− −

⎛ ⎞⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟= ⎜ ⎟⎜ ⎟⎜ ⎟⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎟⎜ ⎟⎜⎝ ⎠

. (23) 

For the level equation we have the ( )1T T× −  instruments matrix iDY  consisting 

of first differences of the dependent variable and the ( )2T q T× −  instruments matrix iDW  

consisting of first differences of the endogenous variables 

1

1
2 2 2

3

, 1
, 1

0 0 00 0 0 0

0 0 00 0 0

0 0 0 0
  

0 0 0 0 0 0

0 0 0 0 0

i

q
i i i

i i
i

qi T
i T

y

y w w
DY DW

y

y w− −

⎛ ⎞⎛ ⎞ ⎟⎜⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎜Δ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎟ ⎟⎜⎟⎜ ⎟⎜⎟ ⎟⎜ ⎜Δ Δ Δ⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟= =⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟Δ⎜ ⎜⎟ ⎟⎜ ⎟ ⎟⎜⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎟ ⎟⎜Δ ⎟⎜⎝ ⎠ Δ⎜⎝ ⎠⎟

. (24) 

 Further let iX  and iDX  denote the following  T m×  and ( )1T m− ×  matrices of 

exogenous and first differenced exogenous variables, respectively 

 

1 2 3 1 2 3
2 2 2 2 1 1 1 1

1 2 3 1 2 3
3 3 3 3 2 2 2 2

1 2 3 1 2 3
4 4 4 4 3 3 3 3

1 2 3

     

m m
i i i i i i i i

m m
i i i i i i i i

m m
i i i i i i i ii i

m
iT iT iT iT

x x x x x x x x

x x x x x x x x

x x x x x x x xDX X

x x x x

⎛ ⎞Δ Δ Δ Δ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟Δ Δ Δ Δ⎜ ⎟⎜ ⎟⎟⎜ ⎟⎜ ⎟⎜Δ Δ Δ Δ= =⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜Δ Δ Δ Δ ⎟⎜⎝ ⎠
1 2 3

.

m
iT iT iT iTx x x x

⎛ ⎞⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜⎝ ⎠

 (25) 
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For the exogenous variables, we aggregate the moment conditions across all periods 

from both the first difference equation and the level equation. Thus, we are left with one 

moment condition for each of the exogenous variables 

 
2 1

( ) ( ) 0,     l 1, ..., ;   1,2,...,
T T

l l
it it it it

t t

E x v E x u m i N
= =

Δ Δ + = = =∑ ∑ . 

 Let iu  and iDv  denote the 1T ×  and ( )1 1T − ×  matrices of the error term and the 

first differenced idiosyncratic random error, respectively, as defined in model (12). 

 ( ) ( )1 2 2 3               i i i iT i i i iTu u u u Dv v v v′ ′= = Δ Δ Δ . (26) 

We can define a ( )2 1 1T − ×  matrix ( )i i iU u Dv
′′ ′=  that contains both the error term 

and the first differenced idiosyncratic random error. The moment conditions can now be 

written in matrix form 

 [ ]' 0i iE G U =  (27) 

where iG  is a  ( ) ( ) ( )( )( )2 1 1 1 2 /2T m T T q T− × − + + − +  matrix defined as 

 
( ) ( )( )

( ) ( ) ( ) ( )

1 /2 1 2 /2

1 1 1 2

0 0

0 0

i i T T T i T q T T

i
i T T i T q T i

X DY DW
G

DX Y W

× − × − −

− × − − × −

⎛ ⎞⎟⎜ ⎟⎜= ⎟⎜ ⎟⎟⎜⎝ ⎠
.  (28) 

 Based on the moment conditions (27) we propose a limited information criterion that 

can be used in Bayesian model selection and averaging. In the next section we provide 

details on how to construct this criterion.  

C. The Limited Information Criterion 

As we pointed out in section II.C, evaluating the Bayes factors needed for hypothesis 

testing and Bayesian model selection or model averaging requires calculating the marginal 

likelihood 

 ( ) ( ) ( )| | , |j j jp D M p D M p M dθ θ θ= ∫ . (29) 

Given that we choose to use the Generalized Method of Moments (GMM) for 

estimating the parameters of the model, the assumptions we have made so far do not give us 

a fully specified parametric likelihood ( )| , ip D Mθ . Therefore, we have to build the model 

likelihood in a fashion consistent with the Bayesian paradigm using the information provided 

by the moment conditions. 
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The construction of non-parametric likelihood functions has received lately a good 

deal of attention in the literature. Several approaches have been used to derive or estimate 

non-parametric likelihood functions. For example, Back and Brown (1993) provide a method 

of estimating a distribution function using only information derived from moment 

restrictions. Kim (2002) uses information projection onto a family of probability measures 

and constructs the likelihood by using a transformation of the GMM objective function. 

Hong and Preston (2008) build a quasi likelihood which is based on objective functions used 

for extremum estimation (see also Chernozhukov and Hong (2003)). Schennach (2005) builds 

a likelihood function that is the nonparametric limit result of a formal Bayesian procedure 

where the prior for the data favors distributions with a large entropy. Further the prior is 

conditioned on the moment equations. In this fashion it becomes feasible to compute a 

likelihood function that is closely related to empirical likelihood. Finally, Ragusa (2008) 

projects a reference distribution onto the space of distributions that are consistent with a set 

of moment restrictions and obtains the likelihood by integrating out the nuisance 

parameters.  

In this section we propose a method of constructing the model likelihoods and 

posteriors based only on the information elicited from the moment conditions (27). Suppose 

we have a strictly stationary and ergodic random process { } 1i iξ ∞
= , which takes value in the 

space Ξ , and a parameter space kRΘ ⊂ . Then there exists a function : lg RΞ×Θ →  

which satisfies the following conditions  

(1) it is continuous on Θ ;  

(2) ( )[ ],iE g ξ θ  exists and is finite for every θ ∈ Θ ; and 

(3) ( )[ ],iE g ξ θ  is continuous on θ .  

We further assume that the moment conditions, ( )[ ], 0iE g ξ θ = , hold for a unique unknown 

0θ ∈ Θ . Let ( ) ( )1

1

ˆ ,
N

N i
i

g N gθ ξ θ−

=
= ∑  denote the sample mean of the moment conditions, 

and assume that ( ) ( )0 0, ,i iE g gξ θ ξ θ⎡ ⎤′⎢ ⎥⎣ ⎦
and ( ) ( )1/2

0 0ˆlimn NS Var N gθ θ→∞ ⎡ ⎤≡ ⎣ ⎦  exist and are 

finite positive definite matrices. Then the following standard result holds (for a proof see 

Hall (2005) Lemma 3.2). 

Lemma 1.  Under the above assumptions, ( ) ( )( )1/2
0 0ˆ 0,d

NN g N Sθ θ⎯⎯→ . 
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That is, the random vector ( )1/2
0N̂N g θ  convergences in distribution to a multivariate 

Normal distribution.  

 For model (12), the moment conditions for individual i  discussed in the previous 

section can be written in the following form 

 ( ) ( ),i ig Gξ θ θ′= −i iy z  (30) 

where { }iξ = i iy , z , ( )=i i, -1 i iz y x w , ( )x wθ α θ θ ′= , while iG  is the matrix defined 

in (28). The vectors iy  and i, -1y  for the dependent variable and the lagged dependent 

variable, respectively, are defined as follows 

( )1 2 2 3i i iT i i iTy y y y y y ′= Δ Δ Δiy  

( ), 1 0 1 , 1 1 2 , 1i i i T i i i Ty y y y y y− − −
′= Δ Δ Δiy .  (31) 

The matrix ix  for the exogenous variables is given by   

 

1 2 3
1 1 1 1

1 2 3

1 2 3
2 2 2 2

1 2 3

   

m
i i i i

m
iT iT iT iT

i m
i i i i

m
iT iT iT iT

x x x x

x x x x

x x x x

x x x x

⎛ ⎞⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟= ⎜ ⎟⎜ ⎟Δ Δ Δ Δ⎜ ⎟⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎟⎜ ⎟Δ Δ Δ Δ⎜⎝ ⎠

x  (32) 

while the matrix iw for the endogenous variables is defined as follows 

 

1 2 3
1 1 1 1

1 2 3

1 2 3
2 2 2 2

1 2 3

   

q
i i i i

q
iT iT iT iT

i q
i i i i

q
iT iT iT iT

w w w w

w w w w

w w w w

w w w w

⎛ ⎞⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟= ⎜ ⎟⎜ ⎟Δ Δ Δ Δ⎜ ⎟⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎟⎜ ⎟Δ Δ Δ Δ⎜⎝ ⎠

w . (33) 

Therefore ( ) 1 1
0 0

1 1

ˆ
N N

N i i
i i

g N G N Gθ θ− −

= =

′ ′= −∑ ∑i iy z . By Lemma 1, one may write the 

likelihood for θ  as 

 ( ) ( ) ( )( )1 1 1

1 1

1
ˆ ˆ| , exp

2

N N

i i N N
i i

p N G N G Ng S gθθ θ θ− − −

= =

⎛ ⎞⎟′ ′⎜ ′⎟ ∝ −⎜ ⎟⎜ ⎟⎜⎝ ⎠
∑ ∑i iy z . (34) 
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Hence, the model likelihood can be expressed as 

 ( ) ( ) ( ) ( )( ) ( )1 1

1

1
ˆ ˆ| exp

2

N

i N N
i

p N G p d Ng S g p dθθ θ θ θ θ θ θ− −

=Θ Θ

⎛ ⎞⎟′⎜ ′⎟ ∝ −⎜ ⎟⎜ ⎟⎜⎝ ⎠
∑∫ ∫iy . 

Assuming that the prior ( )p θ  is second order differentiable around 0̂θ  and using the 

Laplace approximation, we obtain that the model likelihood is proportional to 

( ) ( ) ( ) ( ) ( )(
( ) ( ) ( )( )

0

0

1 1
0 0 0ˆ

1

2
1

0 0ˆ2

1 ˆ ˆ ˆˆ ˆ| exp log log2
2 2

1 1 ˆ ˆˆ ˆlog det
2 2

N

i N N
i

N N

k
p N G p d Ng S g p

Ng S g

θ

θ

θ θ θ θ θ θ π

θ θ
θ

− −

=Θ

−

⎛ ⎞⎟′⎜ ′⎟ ∝ − + + −⎜ ⎟⎜ ⎟⎜⎝ ⎠

⎞∂ ⎟′ ⎟⎟⎟⎠∂

∑∫ iy

 

where ( ) ( ) ( )1
0̂ ˆ ˆarg min N NNg S gθ θθ θ θ−′≡  is the GMM estimate of 0θ  with weighting matrix 

( )
1S θ

− . Noting the fact that ( )
0

2 1 2
ˆˆ ˆ / |N Ng S g θ θθ−

=
′∂ ∂  is a k k×  matrix of order ( )1pO  due to 

the ergodicity assumption, the model likelihood can be approximated by 

 ( ) ( ) ( ) ( )( )
0

1 1
0 0ˆ

1

1 ˆ ˆˆ ˆ| exp log
2 2

N

i N N
i

k
p N G p d Ng S g N

θ
θ θ θ θ θ− −

=Θ

⎛ ⎞⎟′⎜ ′⎟ ∝ − −⎜ ⎟⎜ ⎟⎜⎝ ⎠
∑∫ iy  (35) 

where k  is the dimension of vector θ . Alternatively, the above approximation has the order 

of ( )1/2
pO N−  if the unit information prior for θ  is used with ( )

0

2 1 2
ˆˆ ˆ / |N Ng S g θ θθ−

=
′∂ ∂  as 

its variance-covariance matrix, that is, the prior distribution for θ , ( )p θ , is given by 

( )( )
0

2 1 2
ˆˆ ˆ0, / |N NN g S g θ θθ−

=
′∂ ∂ . 

For a given model jM  for which θ  has jk  elements different from zero, with the 

estimate denoted by 0,
ˆ

jθ , the model likelihood (35) becomes 

 ( ) ( ) ( ) ( )
0,

1 1
0, 0,ˆ

1

1 ˆ ˆˆ ˆ| , exp log
2 2j

N
j

i j N j N j
i

k
p N G M p d Ng S g N

θ
θ θ θ θ θ− −

=Θ

⎛ ⎞ ⎛ ⎞⎟′⎜ ⎟⎜ ′⎟ ∝ − −⎜ ⎟⎟ ⎜ ⎟⎜⎜ ⎟ ⎝ ⎠⎜⎝ ⎠
∑∫ iy .(36) 

Then the moment conditions (27) associated with model jM  can be written as 

( )0 0
ji ME G C θ⎡ ⎤′ − =⎢ ⎥⎣ ⎦i iy z  where 

jMC is a diagonal choice matrix such that its diagonal will 

have 1’s if the corresponding variable is included in the model and 0’s otherwise. 

Recognizing that the estimate 0̂θ  differs from model to model, the sample mean of the 

moment conditions for model jM  can be written as ( ) ( )1
0 0,

1

ˆ ˆˆ
j

N

N i M j
i

g N G Cθ θ−

=

′= −∑ i iy z . 

It is easy to see that iG ′ , iy , and iz  are the same across all models. In other words, the 
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moment conditions and the observable data are the same across the universe of models.12 

allowing us to make valid comparisons of posterior probabilities, in accordance to the 

principle of Bayesian factor analysis. Therefore, by using (36), one can compute the posterior 

odds ratio of two models 1M  and 2M  by 

( )
( )

( )
( )

( ) ( ) ( ) ( ) ( ) ( )( )(
0,1 0,2

1 1
1 1

1 11

21 1
2 2

1 1

1 1 1
0,1 0,1 0,2 0,2ˆ ˆ

2

1 2

| |

| |

1 ˆ ˆ ˆ ˆˆ ˆ ˆ ˆexp
2

2

N N

i i i i
i i
N N

i i i i
i i

N N N N

p M N G p N G M
p M
p M

p M N G p N G M

p M
Ng S g Ng S g

p M
k k

θ θ
θ θ θ θ

− −

= =

− −

= =

− −

⎛ ⎞ ⎛ ⎞⎟ ⎟′ ′⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎝ ⎠ ⎝ ⎠
=

⎛ ⎞ ⎛ ⎞⎟ ⎟′ ′⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎝ ⎠ ⎝ ⎠

′ ′= − − −

−

∑ ∑

∑ ∑

y y

y y

( ))log ,N

  

  (37) 

which has the same form of BIC as fully specified models. We use iterative GMM estimation 

with moment conditions ( )0, 0
ji M jE G C θ⎡ ⎤′ − =⎢ ⎥⎣ ⎦i iy z  to approximate the Bayesian factors 

above. A consistent estimate of the weighting matrix is used to replace ( )0

1
ˆS
θ
−  in (37). 

IV. MONTE CARLO SIMULATION AND RESULTS 

In this section we describe the Monte Carlo simulations intended to assess the 

performance of LIBMA. We compute posterior model probabilities, inclusion probabilities for 

each variable in the universe considered, and parameter statistics. These statistics provide a 

description of how well our procedure helps the inference process both in a Bayesian model 

selection and a Bayesian model averaging framework. 

A. The Data Generating Process 

We consider the case where the universe of potential explanatory variables contains 6 

exogenous variables, 2 endogenous variables and the lagged dependent variable. Throughout 

our simulations we maintain the number of periods constant, that is,  4T =  and we vary 

the number of individuals, N . 

                                                 
12 This approach is in line with the model selection procedure proposed by Andrews and Lu (2001). 
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For every individual i  and period t , the first four exogenous variables are generated 

as follows 

 ( ) ( )
( )

1 2 3 4

4

0.3 0.4 0.8 0.5 +

with  0,  for  0,1,..., ;   1,..., ,

it it it itx x x x

N I t T i N

=

= =

t

t

r

r ∼
 (38) 

where 4I  is the four dimensional identity matrix. We allow for some correlation between the 

first two and the last two exogenous variables. That is, ( )5 6
i ix x  are correlated with 

( )1 2
i ix x  such that for every individual i  and period t , the data generating process is given 

by 

 ( ) ( ) ( )( ) ( ) ( ) ( )
( )

5 6 1 2

2

0.3 0.4 0.1 1 2 ' 1 1 + 1.5 1.8 +   

with  0,  for  0,1,..., ;   1,..., ,

it it it it tx x x x

N I t T i N

= − ⋅ ⋅

= =t

r

r ∼
 (39) 

where 2I  is the two dimensional identity matrix. 

Similarly, for the endogenous variables, ( )1 2
i iw w , we have the following data 

generating process 

 

( ) ( ) ( )
( ) ( )

( ) ( )

1 2 1 2
, 1 , 1

1 2
0 0 0

2
2

0.9 10 1 1   for  1,2,...,

10 1 1

with  0,   and  0,  for  0,1,..., .

it it i t i t it

i i i

it v

w w w w v t T

w w v

v N N I t Tσ

− −= + + =

= +

=

t

0

t

r

r

r∼ ∼

 (40) 

As the data generating process for the endogenous variables indicates, the overall error term 

itv  is assumed to be distributed normally here. We relax the normality assumption later.   

For 0t = , the dependent variable is generated by 

 ( )
( )

( ) ( )

0 0 0 0

2 2
0

1
1

with  0,  and  0,  

i i x i w i i

i v i

y v

v N N η

θ θ η
α

σ η σ

= + + +
−

x w

∼ ∼
 (41) 

where ( )0.07 0 0 -0.09 0 0.1xθ
′= , ( )0 -0.1wθ

′= , ( )1 2
0 0 0i i iw w=w , and 

( )1 2 3 4 5 6
0 0 0 0 0 0 0i i i i i i ix x x x x x x= .  

For 1,2,...,t T=   the data generating process is given by 

 
( ) ( )

, 1

2 2with  0,  and  0, . 

it i t x w i it

it v i

y y v

v N N η

α θ θ η

σ η σ

−= + + + +it itx w

∼ ∼
 (42) 

We now test the robustness of our procedure with respect to underlying distributions of the 

error term by relaxing the normality assumption and using discrete distributions instead. 
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Concretely, to set the distribution of the random variable itv , we first generate its support, 

vS , by taking vN  points from a uniform sampling over the interval [ ]1,1− . Then we draw 

vN  i.i.d. random variables ( )Exponential 1kω ∼ . The probability mass assigned to each 

point k vs S∈  is obtained by setting k
k

ii

p
ω
ω

=
∑

.  Finally, we translate each point in vS  so 

that itv  has zero mean. It is well known that the probability distribution obtained in this 

fashion is equivalent to a uniform sampling from a simplex in vN  dimensional space. The 

construction of the simulated model follows exactly the case of the Normal distribution, with 

the only difference being the use of the discrete distribution described above in every place 

where the Normal distribution is used for itv .  

 
B. Simulation Results 

This section reports Monte Carlo simulations of our LIBMA methodology in order to 

assess its performance. We generate 100 instances of the data generating process with the 

exogenous variables itx , endogenous variables itw , and parameter values ( )x wα θ θ ′ as 

discussed in the previous section, and we present results in the form of medians, means, 

variances and quartiles. We consider several sample sizes, 200,  500,  1000N =  and 2000 , 

and several values for the coefficient of the lagged dependent variable, 

0.95,  0.50,  and 0.30α = . In the first set of simulations we assume that both the random 

error term itv  and the individual effect iη  are drawn from a Normal distribution, 

( )20,  it vv N σ∼ and  ( )20,  i N ηη σ∼ , respectively. We consider the cases where 

0.05,  0.10,  and 0.50vσ = while 0.10ησ = . Since our methodology should not depend on 

the normality of the random error term, we check for robustness by creating a second set of 

simulations where the assumption of normality for  itv  is dropped, as discussed earlier.   

Model selection 

In the Bayesian framework, the posterior model probability is a key indicator of 

performance. Table 1 presents means, variances, and three quartiles (Q1, median, and Q3) 

for the posterior probability of the true model across the 100 instances. As expected, the 

mean posterior probabilities of the true model increase with the sample size. For sample size 

values of 200,  500,  1000N =  and 2000 , average values of the posterior model probability 
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are about 0.31, 0.46, 0.57, and 0.65, respectively. Median posterior model probabilities are 

slightly higher than the means, with average values of 0.32, 0.50, 0.62, and 0.69. In addition, 

as the sample increases, the distribution becomes skewed toward 1. Quartiles and 

distribution plots show that as the sample increases the distributions of the posterior model 

probabilities are becoming less and less normal, with long left tails.13  

 As shown in (3) the posterior model probability depends on the prior model 

probability. Under the assumption that all models have equal prior probability, the more 

variables are under consideration the smaller the prior probability for each model. Obviously 

that has an effect on the absolute value of the posterior model probability. Therefore, we 

choose to also compute a relative measure that helps one understand how well the 

methodology performs. Table 2 presents the ratio of the posterior model probability of the 

true model to the highest posterior probability of all the other models (excluding the true 

model). On average this ratio is above unity for all the cases considered, suggesting that the 

correct model is on average favored over all the other models. As expected, the average 

ratios increase with the sample size, starting from about 2.26 for 200N =  and reaching 7.09 

for 2000N = . 

 In Table 3 we examine how often our methodology recovers the true model by 

reporting how many times, out of 100 instances, the true model has the highest posterior 

probability. The results indicate that this is done quite well. For the smallest sample size, 

200N = , the recovery rate varies from 65 percent to 83 percent. For 500N =  we see an 

improvement in the selection of the true model with the success rate  ranging from 82 

percent to 93 percent. For sample sizes bigger than 1000, the recovery rate stays over 90 

percent, reaching 97 percent in a couple of cases.  

Model averaging 

While model selection properties are desired, researchers are often more interested in 

making inferences. Table 4 presents the posterior inclusion probabilities for all the variables 

considered along with the true model (column 2 of the table).14 Given the assumptions made 

relative to the model priors, the prior probability of inclusion for each variable is the same 

and equal to 0.5. From Table 4 we see that the median value of the inclusion probability for 

all the relevant explanatory variables is greater than 0.942 in all cases considered. As the 

                                                 
13 Figures 1, 2, 4, and 5 in Appendix A show density plots for the posteriors in Tables 1, 2, 6, and 7.  
14 A value of 1(0) in column 2 indicates that the true model contains (excludes) that variable. 
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sample size increases the posterior inclusion probabilities approach 1 for all the relevant 

variables. In fact for sample sizes greater than 500, the median value of the probability of 

inclusion for all relevant variables is practically 1. For the variables not contained in the 

true model the median posterior probability of inclusion decreases with the sample size with 

the upper bound being less than 0.076 for the case when 2000N = .  

 We turn now to the parameter estimates, and examine how the estimated values  

compare with the true parameter values. Table 5 presents the median values of the 

estimated parameters, averaged over 100 replications, compared to the parameters of the 

true model.15 As in the case of inclusion probabilities, our methodology is performing very 

well in estimating the parameters, with the performance improving as the sample gets larger. 

In Figure 3 of Appendix A, we present the box plots for the parameter estimates of Table 5, 

for the case of 0.95α =  and 0.1vσ = . It becomes clear that as the sample increases the 

variance of the distribution decreases and the median converges to the true value. Aside 

from the fact that the estimates are very close to the true parameter values, the variance 

over the 100 replications is also very small across the board with values less than 510−  in 

many cases.   

Robustness checks using non-Gaussian errors  

As discussed in Section A we perform robustness analysis by relaxing the normality 

assumption for the error term itv . Overall, as shown in Tables 6-10, the results are very 

similar to those presented in Tables 1-5. Tables 6 and 7 (which are analogous to Tables 1 

and 2), present posterior model probabilities for the true model, and the ratio of the 

posterior model probability of the true model to the highest posterior probability of all other 

models, respectively. In Table 6, average mean and median values of the posterior model 

probability are about the same as in Table 1. Median posterior model probabilities are again 

slightly higher than the means, a result that is consistent with a skewed distribution. In 

addition, as the sample increases, the posterior model probabilities increase and the 

distribution becomes increasingly more skewed toward 1. For Table 7, conclusions are 

similar to Table 2. On average, the ratio of the posterior model probability of the true model  

to the highest posterior probability of all other models is above unity for all cases considered  

                                                 
15 Parameter values are discussed in section 4. Essentially these are constant for 

1 2 3 4 5 6 1 2, , , , , ,  and x x x x x x w w  , and vary for 1−ty based on the values of 0.95,0.50α = and 0.30 . 



 23  

suggesting that the correct model is, on average, favored over all the other models. As 

expected, the average ratios increase with the sample size, starting from about 1.66 for 

200N = , and reaching 7.29 for 2000N = .  

 Model recovery under non-Gaussian errors is still very good. As shown in Table 8, 

results are very similar to those of Table 3. For the smallest sample size, 200N = , the 

recovery rate varies from 65 percent to 82 percent. For 500N =  we see an improvement in 

the selection of the true model with the success rate  ranging from 81 percent to 91 percent. 

For the biggest sample size considered, 2000N = , the recovery rate stays over 88 percent, 

reaching again 97 percent for 0.30α = . 

 Tables 9 and 10 present the posterior inclusion probabilities and parameter estimates 

using LIBMA and compares them the true model. From Table 9, we see that, the median 

inclusion probability for all the relevant explanatory variables is greater than 0.939 in all 

cases considered. As the sample size increases, the posterior inclusion probabilities approach 

1 for all the relevant variables. As in the Gaussian case, for sample sizes greater than 500, 

the probability of inclusion for all relevant variables is practically 1. For the variables not 

contained in the true model the median posterior probability of inclusion decreases with the 

sample size with the upper bound being less than 0.078 for the case when 2000N = . In 

Table 10, estimated parameter medians and variances are almost identical to those reported 

in Table 5. As in the Gaussian case, our methodology performs well by generating estimates 

close to the true parameter values for all types of variables, with performance improving 

with larger samples. In Figure 6 of Appendix A the box plots for the parameter estimates of 

Table 10 (for the case of 0.95α =  and 0.1vσ = ) indicate that the variance of the 

distribution decreases and the median converges to the true value asymptotically. 

V. CONCLUSION 

This paper proposes a limited information methodology in the context of Bayesian 

Model Averaging, which we label LIBMA, for panel data models where the lagged dependent 

variable appears as a regressor and endogenous variables are present. The LIBMA 

methodology incorporates a GMM estimator for dynamic panel data models in a Bayesian 

Model Averaging framework to explicitly account for model uncertainty. Our methodology  

adds value to the existing literature in three important ways. First, while standard BMA is          

a full information technique where a complete stochastic specification is assumed, LIBMA is 

a limited information approach which relies on GMM estimation, a limited information 
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technique based on moment restrictions rather than a complete stochastic specification. 

Second, LIBMA explicitly controls for endogeneity. The likelihood and exact expressions of 

the marginal likelihood used in the fully Bayesian analyses are replaced by the limited 

information construct modeled on the GMM estimation, and a limited information criterion 

as an approximation to the actual marginal likelihoods, respectively. Third, we use this 

methodology in a panel setting thus expanding its usability to a wide range of applications.  

Based on simulation results, we conclude that asymptotically LIBMA performs very 

well and it can be used to address the issue of model uncertainty in the dynamic panel data 

models with endogenous regressors.  

Future research should explore the possibility of using the LIBMA methodology for 

applications where the sample size is constrained by data availability, such as those 

investigating robust patterns of cross-country growth behavior. 
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a
sν 0.05 0.10 0.50 0.05 0.10 0.50 0.05 0.10 0.50

Sample

N=200
  Mean 0.318 0.328 0.286 0.341 0.331 0.258 0.326 0.333 0.255
  Variance 0.017 0.013 0.013 0.015 0.018 0.018 0.018 0.014 0.014
  Q1 0.231 0.255 0.202 0.276 0.248 0.156 0.255 0.255 0.167
  Median 0.339 0.327 0.294 0.361 0.355 0.268 0.337 0.357 0.258
  Q3 0.425 0.430 0.386 0.426 0.440 0.363 0.439 0.425 0.324

N=500
  Mean 0.487 0.465 0.440 0.470 0.459 0.450 0.468 0.458 0.474
  Variance 0.017 0.021 0.021 0.023 0.024 0.019 0.022 0.023 0.020
  Q1 0.426 0.378 0.336 0.449 0.378 0.363 0.391 0.339 0.417
  Median 0.519 0.501 0.467 0.523 0.501 0.475 0.493 0.502 0.528
  Q3 0.576 0.578 0.562 0.567 0.577 0.559 0.592 0.570 0.579

N=1000
  Mean 0.567 0.552 0.561 0.561 0.570 0.562 0.588 0.577 0.586
  Variance 0.026 0.025 0.021 0.023 0.024 0.022 0.018 0.026 0.021
  Q1 0.509 0.473 0.498 0.490 0.513 0.489 0.545 0.543 0.525
  Median 0.622 0.602 0.611 0.605 0.632 0.604 0.632 0.623 0.628
  Q3 0.679 0.668 0.666 0.671 0.685 0.676 0.678 0.682 0.698

N=2000
  Mean 0.646 0.650 0.667 0.638 0.636 0.645 0.633 0.636 0.670
  Variance 0.020 0.019 0.014 0.027 0.025 0.027 0.021 0.018 0.015
  Q1 0.605 0.570 0.614 0.573 0.549 0.611 0.567 0.574 0.641
  Median 0.690 0.698 0.705 0.704 0.686 0.701 0.680 0.655 0.700
  Q3 0.748 0.747 0.750 0.740 0.748 0.752 0.738 0.736 0.757

Notes: 
1. For the idiosyncratic error term, η i  ~ N(0,σ η

2 ) where σ η = 0.10.
2. The error term is normally distributed νit  ~ N(0,σ ν

2 ).

0.30

Table 1. Posterior Probability of the True Model 
Summary statistics using LIBMA estimation for various n, a, and sν

0.95 0.50
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α
σν 0.05 0.10 0.50 0.05 0.10 0.50 0.05 0.10 0.50

Sample

N=200
  Mean 2.044 2.102 2.061 2.255 2.201 1.809 2.117 2.172 1.681
  Variance 1.932 1.627 1.655 1.773 2.089 1.709 1.928 1.740 1.332
  Q1 0.902 1.118 0.921 1.339 0.980 0.689 1.007 1.027 0.710
  Median 1.715 1.810 1.848 2.031 1.991 1.611 1.927 2.010 1.546
  Q3 3.197 3.015 2.968 3.046 3.276 2.609 3.317 3.021 2.483

N=500
  Mean 3.729 3.486 3.151 3.456 3.372 3.094 3.583 3.399 3.594
  Variance 4.285 4.292 4.405 4.083 4.823 3.583 5.232 4.795 4.126
  Q1 2.145 1.515 1.568 2.066 1.535 1.646 1.607 1.623 1.950
  Median 3.538 3.479 2.692 3.377 3.282 2.921 3.078 3.186 3.537
  Q3 5.063 4.998 4.409 4.815 4.901 4.476 5.496 4.644 5.185

N=1000
  Mean 5.174 4.797 4.732 4.809 5.155 4.911 5.420 5.208 5.621
  Variance 10.470 9.862 7.615 9.301 9.078 9.004 9.109 8.798 11.017
  Q1 2.811 2.098 2.380 2.146 2.318 2.163 3.189 2.802 2.819
  Median 4.754 4.363 4.682 4.530 5.080 4.924 5.211 4.895 5.743
  Q3 7.167 7.065 6.629 6.744 7.530 7.233 7.588 7.644 8.412

N=2000
  Mean 6.479 6.808 7.088 6.777 6.592 6.971 6.240 6.200 6.881
  Variance 14.244 19.297 15.844 18.505 18.891 18.147 15.645 17.566 15.194
  Q1 3.144 3.526 3.811 3.035 2.826 3.642 3.159 2.873 4.086
  Median 6.616 6.500 6.892 6.597 5.822 6.714 5.359 5.223 6.078
  Q3 9.657 8.884 10.054 9.258 9.360 10.253 9.033 8.732 9.433

Notes: 
1. For the idiosyncratic error term, η i  ~ N(0,σ η

2 ) where σ η = 0.10.
2. The error term is normally distributed νit  ~ N(0,σ ν

2 ).

0.30

Table 2. Posterior Probability Ratio of True Model/Best Among the Other Models 
Summary statistics using LIBMA estimation for various n, α, and σν

0.95 0.50
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α
σν 0.05 0.10 0.50 0.05 0.10 0.50 0.05 0.10 0.50

Sample

N=200
   % Correct 74 78 74 83 73 65 76 76 65

N=500
   % Correct 91 87 83 83 84 83 85 82 87

N=1000
   % Correct 91 92 90 90 91 91 91 92 90

N=2000
   % Correct 94 93 97 92 94 92 92 94 97

Notes: 
1. For the idiosyncratic error term, η i  ~ N(0,σ η

2 ) where σ η = 0.10.
2. The error term is normally distributed νit  ~ N(0,σ ν

2 ).

0.50 0.300.95

Table 3. Probability of Retrieving the True Model
Summary statistics using LIBMA estimation for various n, α, and σν
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α
σν 0.05 0.10 0.50 0.05 0.10 0.50 0.05 0.10 0.50

Sample

N=200
  Mean 0.344 0.318 0.240 0.349 0.328 0.262 0.332 0.319 0.252
  Variance 0.017 0.015 0.017 0.014 0.021 0.017 0.017 0.018 0.019
  Q1 0.273 0.223 0.127 0.284 0.231 0.145 0.229 0.212 0.146
  Median 0.379 0.321 0.244 0.370 0.355 0.278 0.360 0.349 0.253
  Q3 0.454 0.414 0.342 0.449 0.453 0.356 0.435 0.433 0.366

N=500
  Mean 0.476 0.470 0.437 0.474 0.460 0.479 0.478 0.501 0.470
  Variance 0.025 0.020 0.026 0.019 0.027 0.018 0.022 0.017 0.021
  Q1 0.410 0.397 0.378 0.393 0.373 0.386 0.388 0.454 0.402
  Median 0.523 0.499 0.463 0.515 0.518 0.534 0.528 0.538 0.510
  Q3 0.604 0.594 0.567 0.585 0.588 0.580 0.585 0.603 0.584

N=1000
  Mean 0.532 0.538 0.549 0.549 0.564 0.553 0.564 0.578 0.567
  Variance 0.031 0.031 0.028 0.026 0.023 0.022 0.027 0.028 0.020
  Q1 0.406 0.451 0.509 0.493 0.492 0.497 0.516 0.525 0.518
  Median 0.603 0.578 0.595 0.597 0.605 0.587 0.624 0.642 0.610
  Q3 0.664 0.675 0.668 0.662 0.672 0.657 0.674 0.692 0.669

N=2000
  Mean 0.598 0.633 0.606 0.626 0.657 0.667 0.651 0.668 0.660
  Variance 0.039 0.019 0.028 0.034 0.021 0.016 0.020 0.014 0.018
  Q1 0.506 0.580 0.513 0.562 0.624 0.627 0.598 0.630 0.638
  Median 0.669 0.669 0.657 0.699 0.710 0.717 0.708 0.706 0.699
  Q3 0.742 0.734 0.737 0.756 0.753 0.752 0.742 0.751 0.746

Notes: 
1. The error terms are constructed using discrete distributions (see section IV.A.).

0.30

Table 6. Posterior Probability of the True Model 
Summary statistics using LIBMA estimation for various n, α, and σν
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α
σν 0.05 0.10 0.50 0.05 0.10 0.50 0.05 0.10 0.50

Sample

N=200
  Mean 2.282 2.040 1.659 2.323 2.242 1.798 2.175 2.080 1.820
  Variance 1.981 2.000 1.606 1.726 2.321 1.629 1.803 1.932 1.822
  Q1 1.230 0.867 0.690 1.304 0.949 0.730 1.047 0.873 0.707
  Median 2.111 1.823 1.353 2.196 1.908 1.522 2.152 2.047 1.461
  Q3 3.502 3.050 2.417 3.348 3.466 2.475 3.213 3.064 2.690

N=500
  Mean 3.738 3.567 3.175 3.563 3.596 3.681 3.704 3.882 3.504
  Variance 5.286 4.471 4.485 4.499 5.716 4.507 4.530 4.605 4.756
  Q1 1.784 1.809 1.526 2.031 1.564 1.797 1.651 2.021 1.572
  Median 3.809 3.196 2.959 3.128 3.430 3.899 3.860 3.682 3.570
  Q3 5.677 5.719 4.581 5.223 5.279 5.189 5.422 5.816 5.368

N=1000
  Mean 4.482 4.651 4.645 4.578 5.034 4.693 4.995 5.686 4.969
  Variance 9.738 10.456 8.166 8.924 9.303 9.957 8.401 11.604 8.523
  Q1 1.634 1.813 2.436 2.232 2.226 2.468 2.657 2.674 2.826
  Median 4.213 3.746 4.760 3.775 4.945 4.029 5.106 5.878 4.703
  Q3 6.376 7.137 6.650 6.789 7.405 6.868 7.220 8.211 7.094

N=2000
  Mean 6.061 5.997 5.740 6.569 7.008 7.180 6.699 7.293 6.669
  Variance 18.867 14.406 16.746 19.530 15.723 15.063 14.792 16.717 13.738
  Q1 2.663 2.953 1.912 3.268 4.008 4.345 3.288 3.937 3.740
  Median 5.228 5.302 5.160 6.278 6.977 7.028 6.701 6.917 6.427
  Q3 9.679 8.340 8.646 9.696 9.771 10.033 9.571 10.203 9.015

Notes: 
1. The error terms are constructed using discrete distributions (see section IV.A.).

0.30

Table 7. Posterior Probability Ratio: True Model/Best Among the Other Models 
Summary statistics using LIBMA estimation for various n, α, and σν
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α
σν 0.05 0.10 0.50 0.05 0.10 0.50 0.05 0.10 0.50

Sample

N=200
   % Correct 78 70 65 82 72 71 76 70 66

N=500
   % Correct 87 87 81 90 84 88 85 91 83

N=1000
   % Correct 82 88 89 88 91 87 87 90 92

N=2000
   % Correct 88 94 89 89 92 92 96 97 96

Notes: 
1. The error terms are constructed using discrete distributions (see section IV.A.).

0.50 0.300.95

Table 8. Probability of Retrieving the True Model
Summary statistics using LIBMA estimation for various n, α, and σν



α
σν True

Sample Model Median Variance Median Variance Median Variance Median Variance Median Variance Median Variance Median Variance Median Variance Median Variance

N=200
  yt-1 1 1.00000 0.00645 0.99999 0.00020 1.00000 0.00000 1.00000 0.00000 1.00000 0.00276 1.00000 0.00000 1.00000 0.00000 0.99999 0.00298 0.99974 0.00428
  x1 1 1.00000 0.00464 0.99999 0.00003 0.93729 0.04238 1.00000 0.00000 1.00000 0.00000 0.95587 0.04862 1.00000 0.00000 1.00000 0.00000 0.93931 0.04225
  x2 0 0.17454 0.02173 0.17474 0.01661 0.17118 0.01707 0.18556 0.00762 0.17447 0.02088 0.18673 0.02439 0.17292 0.01695 0.17668 0.01679 0.16842 0.01449
  x3 0 0.17667 0.02116 0.19481 0.01840 0.18169 0.02376 0.19783 0.01477 0.17500 0.02482 0.19002 0.01603 0.18012 0.01559 0.17240 0.01023 0.17422 0.02975
  x4 1 1.00000 0.00001 1.00000 0.00005 0.99655 0.02350 1.00000 0.00000 1.00000 0.00000 0.99874 0.01165 1.00000 0.00000 1.00000 0.00000 0.99580 0.00891
  x5 0 0.17948 0.01703 0.19036 0.02538 0.17095 0.00980 0.17557 0.01284 0.17196 0.01868 0.18045 0.00763 0.18280 0.02120 0.19580 0.03906 0.19070 0.01876
  x6 1 1.00000 0.00264 1.00000 0.00001 0.99933 0.00683 1.00000 0.00000 1.00000 0.00000 0.99965 0.00122 1.00000 0.00000 1.00000 0.00000 0.99897 0.00719
  w1 0 0.16520 0.01047 0.17782 0.02025 0.21088 0.03771 0.18629 0.02511 0.19334 0.03158 0.19282 0.03017 0.19512 0.02774 0.17923 0.02152 0.18846 0.03213
  w2 1 1.00000 0.00004 0.99999 0.00008 0.99896 0.01245 1.00000 0.00000 1.00000 0.00000 0.99871 0.01455 1.00000 0.00000 1.00000 0.00002 0.99905 0.01706

N=500
  yt-1 1 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000
  x1 1 1.00000 0.00000 1.00000 0.00000 0.99998 0.00070 1.00000 0.00000 1.00000 0.00000 0.99998 0.00009 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000
  x2 0 0.12089 0.01624 0.12964 0.01162 0.12260 0.01910 0.12530 0.01152 0.12395 0.01814 0.11977 0.01275 0.12902 0.01562 0.11685 0.01298 0.11901 0.01519
  x3 0 0.11402 0.00929 0.13206 0.01191 0.13164 0.01376 0.12678 0.01312 0.11890 0.02294 0.12262 0.01901 0.11613 0.00696 0.11594 0.00213 0.12111 0.02191
  x4 1 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000
  x5 0 0.11929 0.02669 0.11284 0.02250 0.12951 0.03295 0.12776 0.02185 0.12074 0.01966 0.13283 0.01079 0.12515 0.01542 0.11329 0.01032 0.11822 0.01197
  x6 1 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000
  w1 0 0.11260 0.01555 0.12982 0.01207 0.13208 0.02213 0.12110 0.00725 0.12079 0.01688 0.11993 0.01018 0.11700 0.02356 0.12405 0.01790 0.12476 0.01897
  w2 1 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000

N=1000
  yt-1 1 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000
  x1 1 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000
  x2 0 0.08629 0.01338 0.08669 0.01975 0.09677 0.01757 0.09342 0.01974 0.09442 0.00916 0.09734 0.00960 0.08971 0.00402 0.08278 0.00666 0.09309 0.01893
  x3 0 0.09391 0.01813 0.08700 0.01796 0.09776 0.01077 0.09500 0.02258 0.10320 0.02065 0.08946 0.01944 0.08979 0.01938 0.08941 0.01775 0.09020 0.01212
  x4 1 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000
  x5 0 0.09265 0.02334 0.09357 0.01437 0.08951 0.01987 0.08936 0.01272 0.08673 0.00974 0.09722 0.01832 0.09423 0.01871 0.08965 0.02386 0.09219 0.00721
  x6 1 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000
  w1 0 0.08340 0.02110 0.09592 0.01865 0.10312 0.01823 0.08615 0.00752 0.08598 0.00875 0.09037 0.00482 0.08845 0.01810 0.08504 0.01168 0.08700 0.00789
  w2 1 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000

N=2000
  yt-1 1 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000
  x1 1 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000
  x2 0 0.06555 0.01849 0.06911 0.00717 0.07534 0.01617 0.06574 0.01595 0.06419 0.01371 0.07118 0.00780 0.06999 0.01023 0.06780 0.00451 0.06292 0.00453
  x3 0 0.07132 0.01704 0.07693 0.00665 0.06512 0.00897 0.06166 0.01239 0.07266 0.00357 0.06714 0.00657 0.06812 0.00899 0.06538 0.00607 0.07263 0.02124
  x4 1 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000
  x5 0 0.07611 0.02266 0.06596 0.00551 0.06860 0.01023 0.07207 0.01844 0.06466 0.01515 0.06562 0.00570 0.06948 0.00422 0.06723 0.00586 0.06441 0.00261
  x6 1 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000
  w1 0 0.06935 0.02144 0.07806 0.01694 0.07013 0.02338 0.06401 0.01526 0.06688 0.00465 0.06322 0.00984 0.06317 0.01193 0.06128 0.00944 0.06257 0.00458
  w2 1 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000

Notes: 

1. The error terms are constructed using discrete distributions (see section IV.A.).
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Table 9. Model Recovery: Medians and Variances of Posterior Inclusion Probability for Each Variable
True model vs BMA posterior inclusion probability for various n, α, and σν
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α
σν True True True

Sample Value Median Variance Median Variance Median Variance Value Median Variance Median Variance Median Variance Value Median Variance Median Variance Median Variance

N=200
  yt-1 0.95 0.95000 0.00586 0.94907 0.00024 0.95641 0.00136 0.50 0.51392 0.00056 0.50828 0.00227 0.53691 0.00200 0.30 0.31301 0.00058 0.32632 0.00151 0.33918 0.00299
  x1 0.07 0.07003 0.00004 0.07037 0.00002 0.06381 0.00081 0.07 0.07016 0.00001 0.07107 0.00002 0.06747 0.00074 0.07 0.06952 0.00001 0.07038 0.00002 0.06403 0.00066
  x2 0.00 0.00004 0.00000 0.00001 0.00000 -0.00081 0.00009 0.00 -0.00003 0.00000 0.00003 0.00001 0.00066 0.00015 0.00 0.00007 0.00000 -0.00010 0.00000 0.00009 0.00008
  x3 0.00 0.00001 0.00000 0.00002 0.00000 -0.00042 0.00016 0.00 0.00000 0.00000 -0.00008 0.00001 0.00000 0.00009 0.00 0.00000 0.00000 0.00007 0.00000 -0.00057 0.00015
  x4 -0.09 -0.09019 0.00003 -0.09031 0.00001 -0.08839 0.00079 -0.09 -0.08976 0.00001 -0.08976 0.00002 -0.09138 0.00070 -0.09 -0.09083 0.00001 -0.09052 0.00002 -0.08948 0.00055
  x5 0.00 0.00008 0.00000 0.00002 0.00001 -0.00009 0.00005 0.00 0.00001 0.00000 -0.00003 0.00000 0.00060 0.00004 0.00 0.00003 0.00000 -0.00015 0.00001 -0.00016 0.00010
  x6 0.10 0.09953 0.00003 0.09898 0.00002 0.09978 0.00068 0.10 0.10044 0.00001 0.10002 0.00002 0.10080 0.00045 0.10 0.10020 0.00001 0.09973 0.00002 0.09942 0.00060
  w1 0.00 0.00028 0.00001 0.00059 0.00003 0.00132 0.00040 0.00 0.00022 0.00001 0.00036 0.00002 -0.00073 0.00024 0.00 0.00026 0.00001 0.00016 0.00001 0.00007 0.00032
  w2 -0.10 -0.09635 0.00127 -0.09712 0.00006 -0.10031 0.00041 -0.10 -0.09567 0.00003 -0.09692 0.00006 -0.09428 0.00028 -0.10 -0.09809 0.00004 -0.09405 0.00004 -0.09610 0.00035

N=500
  yt-1 0.95 0.95000 0.00001 0.95010 0.00001 0.95674 0.00048 0.50 0.50875 0.00023 0.50203 0.00065 0.51779 0.00070 0.30 0.30944 0.00020 0.31437 0.00044 0.32502 0.00072
  x1 0.07 0.07012 0.00000 0.06996 0.00001 0.06880 0.00018 0.07 0.06966 0.00000 0.07034 0.00001 0.06715 0.00017 0.07 0.07011 0.00000 0.06975 0.00001 0.07337 0.00014
  x2 0.00 -0.00001 0.00000 0.00004 0.00000 -0.00031 0.00004 0.00 -0.00001 0.00000 0.00002 0.00000 -0.00017 0.00002 0.00 0.00003 0.00000 -0.00007 0.00000 -0.00015 0.00003
  x3 0.00 -0.00004 0.00000 0.00009 0.00000 -0.00018 0.00002 0.00 0.00002 0.00000 -0.00008 0.00000 -0.00009 0.00003 0.00 0.00001 0.00000 -0.00003 0.00000 -0.00060 0.00003
  x4 -0.09 -0.09016 0.00000 -0.09064 0.00001 -0.09000 0.00014 -0.09 -0.09021 0.00000 -0.09006 0.00001 -0.09240 0.00017 -0.09 -0.09063 0.00000 -0.09086 0.00001 -0.08872 0.00017
  x5 0.00 0.00003 0.00000 0.00001 0.00000 0.00015 0.00007 0.00 -0.00004 0.00000 0.00008 0.00000 0.00003 0.00002 0.00 0.00002 0.00000 -0.00005 0.00000 -0.00013 0.00002
  x6 0.10 0.10020 0.00000 0.09925 0.00001 0.10256 0.00016 0.10 0.10023 0.00000 0.09945 0.00001 0.10119 0.00015 0.10 0.09986 0.00000 0.09960 0.00001 0.09951 0.00016
  w1 0.00 0.00005 0.00000 0.00019 0.00000 0.00058 0.00004 0.00 0.00008 0.00000 0.00008 0.00000 -0.00012 0.00001 0.00 0.00017 0.00000 0.00004 0.00000 0.00007 0.00003
  w2 -0.10 -0.09861 0.00001 -0.09897 0.00002 -0.10023 0.00004 -0.10 -0.09774 0.00001 -0.09811 0.00002 -0.09741 0.00002 -0.10 -0.09876 0.00002 -0.09795 0.00002 -0.09770 0.00003

N=1000
  yt-1 0.95 0.95008 0.00000 0.94962 0.00001 0.95328 0.00024 0.50 0.50535 0.00012 0.50579 0.00023 0.51277 0.00026 0.30 0.30580 0.00010 0.30667 0.00022 0.31089 0.00027
  x1 0.07 0.07005 0.00000 0.07035 0.00000 0.06885 0.00006 0.07 0.07000 0.00000 0.07026 0.00000 0.07080 0.00009 0.07 0.06988 0.00000 0.06904 0.00000 0.07201 0.00009
  x2 0.00 0.00002 0.00000 0.00002 0.00000 -0.00019 0.00001 0.00 0.00002 0.00000 0.00004 0.00000 -0.00002 0.00001 0.00 0.00002 0.00000 -0.00001 0.00000 -0.00015 0.00002
  x3 0.00 -0.00002 0.00000 0.00007 0.00000 -0.00021 0.00001 0.00 0.00002 0.00000 -0.00009 0.00000 -0.00002 0.00002 0.00 0.00000 0.00000 0.00004 0.00000 -0.00035 0.00001
  x4 -0.09 -0.09038 0.00000 -0.09047 0.00000 -0.08988 0.00007 -0.09 -0.08995 0.00000 -0.08961 0.00000 -0.09250 0.00006 -0.09 -0.09011 0.00000 -0.09005 0.00000 -0.08765 0.00008
  x5 0.00 0.00004 0.00000 0.00000 0.00000 -0.00007 0.00002 0.00 -0.00003 0.00000 0.00000 0.00000 -0.00016 0.00001 0.00 0.00002 0.00000 -0.00002 0.00000 -0.00011 0.00001
  x6 0.10 0.10008 0.00000 0.09951 0.00000 0.10166 0.00007 0.10 0.10034 0.00000 0.10010 0.00000 0.10064 0.00008 0.10 0.10022 0.00000 0.09948 0.00000 0.09632 0.00008
  w1 0.00 0.00004 0.00000 0.00021 0.00000 0.00058 0.00002 0.00 0.00001 0.00000 -0.00002 0.00000 -0.00019 0.00000 0.00 0.00001 0.00000 -0.00002 0.00000 0.00000 0.00001
  w2 -0.10 -0.09959 0.00001 -0.09913 0.00001 -0.10109 0.00002 -0.10 -0.09808 0.00001 -0.09848 0.00001 -0.09808 0.00001 -0.10 -0.09876 0.00001 -0.09915 0.00001 -0.09837 0.00001

N=2000
  yt-1 0.95 0.94994 0.00000 0.94972 0.00000 0.95469 0.00011 0.50 0.50489 0.00004 0.49944 0.00011 0.51104 0.00011 0.30 0.30273 0.00006 0.30012 0.00010 0.31344 0.00015
  x1 0.07 0.07026 0.00000 0.07036 0.00000 0.06932 0.00004 0.07 0.06967 0.00000 0.07018 0.00000 0.07050 0.00003 0.07 0.06978 0.00000 0.06914 0.00000 0.07292 0.00004
  x2 0.00 0.00000 0.00000 0.00000 0.00000 -0.00037 0.00001 0.00 0.00000 0.00000 0.00002 0.00000 -0.00002 0.00000 0.00 0.00001 0.00000 -0.00002 0.00000 -0.00004 0.00000
  x3 0.00 -0.00003 0.00000 0.00006 0.00000 -0.00013 0.00000 0.00 0.00002 0.00000 -0.00005 0.00000 -0.00004 0.00000 0.00 -0.00001 0.00000 0.00003 0.00000 -0.00031 0.00001
  x4 -0.09 -0.09020 0.00000 -0.09000 0.00000 -0.09002 0.00003 -0.09 -0.09004 0.00000 -0.08991 0.00000 -0.09076 0.00003 -0.09 -0.09018 0.00000 -0.09040 0.00000 -0.08852 0.00004
  x5 0.00 0.00005 0.00000 0.00000 0.00000 -0.00006 0.00000 0.00 -0.00002 0.00000 0.00001 0.00000 -0.00005 0.00000 0.00 0.00002 0.00000 -0.00002 0.00000 -0.00007 0.00000
  x6 0.10 0.10012 0.00000 0.09952 0.00000 0.10034 0.00004 0.10 0.10052 0.00000 0.09990 0.00000 0.09883 0.00003 0.10 0.10024 0.00000 0.09974 0.00000 0.09679 0.00003
  w1 0.00 0.00001 0.00000 0.00013 0.00000 0.00022 0.00001 0.00 -0.00002 0.00000 -0.00001 0.00000 -0.00006 0.00000 0.00 0.00003 0.00000 -0.00002 0.00000 -0.00003 0.00000
  w2 -0.10 -0.09988 0.00000 -0.10014 0.00000 -0.10043 0.00001 -0.10 -0.09849 0.00000 -0.09920 0.00000 -0.09881 0.00000 -0.10 -0.09941 0.00000 -0.09969 0.00000 -0.09884 0.00000

Notes: 

1. The error terms are constructed using discrete distributions (see section IV.A.).
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Table 10. Model Recovery: Medians and Variances of Estimated Parameter Values
True model vs BMA coefficients' estimated values for various n, α, and σν
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Appendix A

Notes: 

1. For the idiosyncratic error term, η i  ~ N(0,σ η
2 ) where σ η  = 0.10.

2. The error term is normally distributed νit  ~ N(0,σ ν
2 ).

Figure 1: Posterior Densities for the Probabilities in Table 1
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Notes: 

1. For the idiosyncratic error term, η i  ~ N(0,σ η
2 ) where σ η  = 0.10.

2. The error term is normally distributed νit  ~ N(0,σ ν
2 ).

Figure 2: Posterior Densities for the Probabilities in Table 2
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Notes: 

1. For the idiosyncratic error term, η i  ~ N(0,σ η
2 ) where σ η  = 0.10.

2. The error term is normally distributed νit  ~ N(0,σ ν
2 ).

Figure 3: Box Plots for Parameters in Table 5
BMA coefficients' estimated values for α=0.95, σν=0.1 and various N
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Notes: 
1. The error terms are constructed using discrete distributions (see section IV.A.).

Figure 3: Posterior Densities for the Probabilities in Table 6
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Notes: 
1. The error terms are constructed using discrete distributions (see section IV.A.).

Figure 4: Posterior Densities for the Probabilities in Table 7

42

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.95, σ_ν=0.05

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.95, σ_ν=0.10

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.95, σ_ν=0.50

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.50, σ_ν=0.05

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.50, σ_ν=0.10

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.50, σ_ν=0.50

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.30, σ_ν=0.05

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.30, σ_ν=0.10

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.30, σ_ν=0.50

N=200

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.95, σ_ν=0.05

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.95, σ_ν=0.10

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.95, σ_ν=0.50

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.50, σ_ν=0.05

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.50, σ_ν=0.10

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.50, σ_ν=0.50

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.30, σ_ν=0.05

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.30, σ_ν=0.10

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.30, σ_ν=0.50

N=500

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.95, σ_ν=0.05

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.95, σ_ν=0.10

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.95, σ_ν=0.50

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.50, σ_ν=0.05

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.50, σ_ν=0.10

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.50, σ_ν=0.50

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.30, σ_ν=0.05

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.30, σ_ν=0.10

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.30, σ_ν=0.50

N=1000

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.95, σ_ν=0.05

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.95, σ_ν=0.10

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.95, σ_ν=0.50

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.50, σ_ν=0.05

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.50, σ_ν=0.10

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.50, σ_ν=0.50

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.30, σ_ν=0.05

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y
α=0.30, σ_ν=0.10

0

4

8

12

16

0 4 8 12 16 20

Fr
eq

ue
nc

y

α=0.30, σ_ν=0.50

N=2000



43

Notes: 
1. The error terms are constructed using discrete distributions (see section IV.A.).

Figure 6: Box Plots for Parameters in Table 10
BMA coefficients' estimated values for α=0.95, σν=0.1 and various N
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