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I. INTRODUCTION

The changes in the supervisory framework, as put forward in the Basel II capital accord,
which try to bridge the gap between regulatory capital and economic capital, are requiring
regulators and supervisors to communicate with market participants using new language and
new tools. In fact, the development of the internal rating system (IRB), as envisaged in the
new regulations, and the more systematic collection of detailed data on exposures and
recovery rates are expected to allow more and more financial institutions to evaluate their
risk profile and to manage it based on these concepts.

Over the last ten years, we have witnessed major advances in the field of modeling credit
risk. There are now three main approaches to quantitative credit risk modeling: the “Merton-
style” approach, the purely empirical econometric approach, and the actuarial approach.'
Each of these approaches has, in turn, produced several models that are widely used by
financial institutions around the world.

All these models share a common purpose: determining the probability distribution of the
losses on a portfolio of loans and other debt instruments. Being able to compute the loss
distribution of a portfolio is critical, because it allows the determination of the credit Value at
Risk (VaR) and, therefore, the economic capital required by credit operations.

In this paper we present the theoretical background that underpins one of the most frequently
used models for loss distribution determination: Credit Risk+. This model, originally
developed by Credit Suisse Financial Products (CSFP), is based on the actuarial approach,
and has quickly become one of the financial industry’s benchmarks in the field of credit risk
modeling. Its popularity spilled over into the regulatory and supervisory community,
prompting some supervisory authorities to start using it in their monitoring activities.” There
are several reasons why this model has become so popular:

o It requires a limited amount of input data and assumptions;

o It uses as basic input the same data as required by the Basel II IRB approach;
o It provides an analytical solution for determining the loss distribution; and

o It brings out one the most important credit risk drivers: concentration.

We illustrate our implementation of the model and suggest that it could be used as a toolbox
in the different monitoring activities of the IMF. We also analyze the problems that may arise
by directly applying Credit Risk+, in its original formulation, to certain portfolio
compositions. Consequently, we propose some solutions.

! See Koyluoglu and Hickman (1998) and Crouhy, Galai, and Mark (2000) for more details.

* See Austrian Financial Market Authority and Oesterreichische Nationalbank (2004).



The paper is organized as follows: initially, we present the setting and basic definitions
common to all the model specifications used in this paper. Then, we gradually proceed from
the simplest model based on Bernoulli-distributed default events and default probabilities
known with certainty to the fully-fledged version of Credit Risk+. The latter is based on the
Poisson approximation and uncertain default probabilities determined by mutually
independent risk factors. We then go beyond Credit Risk+ by presenting a specification that
allows for correlation among risk factors as in Giese (2003). We also apply the implemented
models to a specific portfolio of exposures to illustrate their characteristics and discuss in
detail the results. Finally, we present some conclusions.

II. THE BASIC MODEL SETTING

In this section, we present the setting and basic definitions common to all the model
specifications used in the paper. We consider a portfolio of N obligors indexed by
n=1,...,N . Obligor n constitutes an exposure £, . The probability of default of obligor

n over the period considered is p, .

A. Default Events

The default of obligor n can be represented by a Bernoulli random variable D, such that the
probability of default over a given period of time isP(Dn = 1) = p, , while the probability of

survival over the same span is P(Dn = 0) =1-p, . Then, the probability generating function
(PGF) of D, is given by:’

G, (2) :;p(z)n = x)-2".

Since D, can only take two values (0 and 1), G, (z) can be rewritten as follows:

GD’W(Z):(l—pn)-ZO+pn-z1 :(l—pn)+pn-z.
B. Losses

The loss on obligor n can be represented by the random variable L, = D, - E . The probability
distribution of L, is given by P(L, = E, )= p,and P(L, =0) =1- p, . The total loss on the

portfolio is represented by the random variable L :

N N
L=>L =YD, E,.
n=1 n=1

The objective is to determine the probability distribution of L under various sets of
assumptions. Knowing the probability distribution of L will allow us to compute the VaR
and other risk measures for the portfolio.

? Probability concepts are reviewed in the appendix.



C. Normalized Exposures

When implementing the model it has become common practice to normalize and round the
individual exposures and then group them in exposure bands. The process of normalization
and rounding limits the number of possible values for L, and hence reduces the time
required to compute the probability distribution of L. When the normalization factor is small
relative to the total portfolio exposure, the rounding error is negligible. Let ' be the
normalization factor.* The rounded normalized exposure of obligor » is denoted v, and is

defined by
v,=ceil(E,/F). (1)

D. Normalized Losses

The normalized loss on obligor # is denoted by A and is defined by

/1n = Dn ’ Vn ’
where D, is the default and v, is the normalized exposure for obligor n. Hence, 4 is a
random variable that takes value v, with probability p, , and value 0 with probability 1-p, .
The total normalized loss on the portfolio is represented by the random variable A :

N
A=Y2,.
n=1

Finding the probability distribution of A is equivalent to finding the probability distribution
of L.

E. Exposure Bands

The use of exposure bands has become a common technique used in the literature to simplify
the computational process. Once the individual exposures have been normalized and
rounded, as shown in equation (1), common exposure bands can be defined in the following
manner: the total number of exposure bands, J, is given by the highest value of the

normalized individual exposures, J = max {vn }:/:1 . Let j represent the index for the
exposure bands. Then, the common exposure in band j is v; = j . The distribution of

obligors among exposure bands is done such that each obligor 7 is assigned to band j if
v, =v; = j. Then, the expected number of defaults in band j, u;, is given by

Hi= D Py

nv,=j

Consequently, the total expected number of defaults in the portfolio, x, is given by

* In a portfolio with high variation of the exposure levels, the smallest exposure could be chosen as the
normalization factor.
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J
H= 4

J=1

III. MODEL 1: A SIMPLE MODEL WITH NON-RANDOM DEFAULT PROBABILITIES

In this section we present a simple model with Bernoulli-distributed default events and non-
random default probabilities. The advantage of this model is that it relies on the smallest set
of assumptions. As a result, the loss distribution in this model can be efficiently computed as
a simple convolution, without making any approximation for the distribution of default
events. This approach is particularly appropriate when default probabilities are high, and
when there is little uncertainty concerning the values of these probabilities.

The key assumptions of the model are that individual default probabilities over the period
considered are known with certainty, and that default events are independent among obligors.
The objective is to determine the probability distribution of the total normalized loss, 4 or,
equivalently, the PGF of 4. Given the assumption of independence among obligors, the PGF
of the total normalized loss, 4, can easily be computed from the PGF of the individual
normalized loss, A, . Since A, can only take the values 0 and v, , the PGF of A, is given by

G,,(z2)=P(2=0)-2"+P(A=v,)-z" =(1-p,)+p,-2".

Taking into account that A is the sum of A, over n and since default events are independent
among obligors, the PGF of A is simply given by

N N

G, (Z)=HGM(Z):H[(1—pn)+pn 'ZV"].

n=l1 n=1

This product of the individual loss PGF is a simple convolution that can be computed using

the Fast Fourier Transform (FFT), from the Convolution Theorem:

N

G,(z)=IFFT (H{FFT[GM (z)]}] =G,,(z),

n=1
where IFFT is the Inverse Fast Fourier Transform. This algorithm can be efficiently implemented as long as the
portfolio does not contain more than a few thousand obligors.’ This is about as far as the model can be
analytically developed under the assumption that the probability distributions of default events are Bernoulli
distributions. In order to find a closed-form solution for the PGF of A, when default events are represented by
Bernoulli random variables, it is also necessary to assume that default events are independent among obligors,
and that default probabilities are known with certainty (non-random). If, instead, probability of default is
assumed to be random, computing the loss distribution requires the use of Monte Carlo simulation.®

5 See Section X for more details.

% See Section XI for an example.
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Finding an analytical solution when probabilities are random and default events are no longer independent
implies using an approximation for the distribution of the default events. This is precisely the path taken by the

Credit Risk+ model when deriving closed-form expressions for the PGF of A .
IV. INTRODUCING THE POISSON APPROXIMATION

In this section we describe in detail one of the essential assumptions of the Credit Risk+
model: the individual probabilities of default are assumed to be sufficiently small for the
compound Bernoulli distribution of the default events to be approximated by a Poisson
distribution. This assumption makes it possible to obtain an analytical solution even when the
default probabilities are not known with certainty.

Under the assumption that default events follow Bernoulli distribution, the PGF of obligor‘s
n default is

Gy, (z):(l—pn)ern z=1+p, (z—l).
Equivalently:
Gy, (2)= exp[ln(GD,n (z))} =exp [ln(l +p,(z —1))} : (2)
If we assume that p, is very small, then p, (z—1) is also very small under the

assumption that |z| <1. Defining w= p, ( z— 1) , we can perform a Taylor expansion of
In(1+w) in the vicinity of w=0:

2 3
w

w
Inl+w)=w——+—
(I+w) >3

Neglecting the terms of order two and above and going back to the original notation yields
In[1+p,(z-1)]~ p,(z-1) (3)
The assumption that justifies neglecting the terms of order two and above is that p, is
“small”: the smaller p, , the smaller the (absolute) difference between In [1 +p, (z - 1)]
and p, (z—1).
Going back to equation (2) and using the approximation from equation (3), we have:
Gy, (z)~exp| p,(z-1)].

Performing again a Taylor expansion of exp[ D, (z — 1):| in the vicinity of p =0 finally
yields

Gy, (z)zexp[pn (z—l)]=exp(—pn)i%zx. 4)

The last member of equation (4) is the PGF of a Poisson distribution with intensity p, .
Therefore, for small values of p, , the Bernoulli distribution of D, can be approximated by a

Poisson distribution with intensity p, .
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Using the Poisson approximation, the probability distribution of D, is then given by

P(D, =x) :exp(—pn)%.

A new expression for the PGF of the individual normalized loss 4, can also be derived using
the Poisson approximation (4). The PGF of 4 is defined by

G, (Z)IE(ZA”)IE(ZD”V"), (5)

where E is the expectation operator. Since v, is not random, equation (5) can be written as:

G)”n (Z) = ZP(Dn = x)-anvn = ZGXP(—pn). I;C”' -(Z"n )x . (6)
x=0 x=0 .
Since D, takes only two values (0 and 1), we can express the PGF of A as:
G,,(2)=(1+p,2" Jexp(-p,). (7)

The second term of the right side in equation (7) is the first order Taylor expansion of
exp( p,z" ); that is, exp( p,z" ) ~1+ p, z" . Therefore, for small values of probabilities p, ,

the PGF of the individual normalized loss, 4,, can be approximated by:
G/l,n (Z) = eXp|:pn (ZV” _1):| : (8)

V. MODEL 2: THE MODEL WITH KNOWN PROBABILITIES REVISITED

In this section, we apply the Poisson approximation to the basic model with known default
probabilities, as presented in Section III. Hence, we derive a new expression for the PGF of

the total normalized loss on the portfolio, G, (z), based on the expression for G, , (z) from

equation (8). Individual default probabilities are still assumed to be known with certainty
(non-random), and default events are still assumed to be independent among obligors.

Since individual losses are mutually independent, G, (z) is simply the product of the
individual loss PGF, as in Section III:

Gﬂ(z)=lleLn(z). ©)

Replacing G, , (z) in equation (9) with the expression from equation (8), we have:

G,(z) zljexp[pn (= —1)]
_ exp{nzjilpn (" —1)}
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Using the definition of the exposure bands, as presented in Section II, subsection E, G, (z)
can be written as follows:

Jj=lny,=v;

G,(z)= exp[i > p, (z”/ —1)} :

This expression can be finally simplified using the definitions of the expected number of
defaults in band j, #;, and the expected total number of defaults in the portfolio, x:

G,(z) =exp i,uj (zv/ —1)}

J=1

LM
=exp ,U(Z—’z’ —IJ (10)
BRNER

=G, rep(2)
Equation (10) defines the probability distribution of the total loss on the portfolio when
default events are mutually independent, default probabilities are known with certainty, and
Poisson distributions are used to approximate the distributions of individual default events.

V1. MODEL 3: THE MODEL WITH RANDOM DEFAULT PROBABILITIES

In this section we present the full-fledged version of Credit Risk+. We do so by removing the
assumptions used so far, that is, that the default probabilities are known with certainty, and
that default events are unconditionally mutually independent.

Instead, we assume that individual default probabilities are random, and are influenced by a
common set of Gamma-distributed systematic risk factors. Consequently, the default events
are assumed to be mutually independent only conditional on the realizations of the risk
factors. Under these assumptions, the use of the Poisson approximation still allows us to
obtain an analytical solution for the loss distribution.

The alternative, using the Bernoulli defaults, would be to compute the loss distribution by
Monte Carlo simulation. We provide an example of this procedure in Section XI, and report
the results in Figure 4.

Let us assume that there are K risk factors indexed by k. Each factor £ is associated with a
“sector” (an industry or a geographic zone, for example) and is represented by a random
variable y, . The probability distribution of y, is assumed to be a Gamma distribution with
shape parameter «, =1/ o} and scale parameter 3, = o; . Therefore, the mean and the
variance are given by

E(Vk):ak B =1

Var(y,)=a, B =0}
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The moment generating function (MGF) of y, is the function defined by:

M, (z)= E[exp(;/k z)} =(1-8,-z) “ = (l—a,f -z)fl/akz :

The random variables y, are assumed to be mutually independent. In addition, the default
probability of obligor n is assumed to be given by the following model:

p, =D, [vaj (11)

k=1
where p, is the average default probability of obligor 7, and @, , is the share of obligor 7 ’s

exposure in sector k (or the share of obligor n’s debt that is exposed to factor k) .
According to this model, the default probability of obligor » is a random variable with mean

pn'

It is important to note that exposure to common risk factors introduces unconditional
correlation between individual default events. Consequently, default events are no longer
unconditionally mutually independent.” However, individual default events—and therefore
individual losses—are assumed to be mutually independent conditional on the set of factors

Y =(Vioee s Vs Vi) -

As in Sections IV and V, D, is assumed to follow a Poisson distribution with intensity p,,

and the PGF of the individual normalized loss 4, is assumed to be

G,,(z)= exp[pn (z”" —1)} :
Using the multi-factor model for p, defined in equation (11), G, , (z) can be written as

follows:

G, exp{ (ka@ ]( )}
- ﬁexp[ﬁm% (2 -1)]

k=1

Let G, (z| )/) be the PGF of the total normalized loss, conditional on y . Since individual

losses are mutually independent conditional on y, G, (z| }/) is simply the product of the

individual loss PGF conditional on y :

7 An approximate method for computing the correlation matrix of individual default events is
presented in CSFP (1997).



If we define P, (z)as:

P(z)=Y P, (2" 1), (12)

then G, (z| ;/) can be written as
K
G, (zlr)= eXP{Zn B (2)]
k=1

Let E, denote the expectation operator under the probability distribution of y, and let
E, , denote the expectation operator under the probability distribution of y, . The

unconditional PGF of the total normalized loss, denoted by G, (z) , is the expectation of

G, (z]y) under y °s probability distribution:

G, (2)=E,[G,(z]r)]
on S

Define P(z) =[P(z),...,B.(2)...., P (2)]. Using the definition of the joint MGF of ,

1
M, we can write G, (z) as follows:

G,(z)=E, {exp[P(z)-}/']}=My [P(z)] (13)
It is important to note that this equation does not rely on the fact that the y, s are mutually
independent.

Let us consider now a vector ¢ = (g“ 1reeesGaaeensGy ) of auxiliary variables such that
0<¢, <1 forall k=1,...,K . The joint MGF of the vector y is given by:

M, ($)=E,[exp(¢7)]=E, {GXP[;’;Q -nﬂ =E, {ﬁeXp(Q 2 )] (14)

Recall that the MGF of y, is defined by:
—l/o’,f
My,k(é/k):Ey,k[eXp(j/k'é,k)]:(l_o-lf'é/k) .
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Since variables y, are mutually independent, M, (é’ ) can be rewritten as follows:

M},(():ﬁE%k Iiexp(é/k '7k)]

1

= M7,k (gk)

k=
K
k=1

Therefore, setting ¢, = F,(z), G,(z) is given by
K
G, (2)= HMM I:Pk (Z)]

K o (15)
=13[1—of-a(z>] K

Equation (15) can be further transformed as follows:

G,(z)= exp[ln(Gi (z))] = exp{—io_ikzln[l ~-o}-P, (z):l} =G, . (2).

Hence, we obtained the PGF of the total normalized loss on the portfolio for the Credit
Risk+ model, G, ., (z). It is worth noting that G, ., (z) was obtained under the following

assumptions: default probabilities are random; the factors that determine default probabilities
are Gamma-distributed and mutually independent; and default events are mutually
independent conditional on these factors.

VII. THE LATENT FACTORS ASSUMPTION

In Credit Risk+ the factors y, are treated as latent variables. That is to say that the factors
that influence the default probabilities are assumed to be unobservable. It is further assumed
that the means and standard deviations of the default probabilities, as well as their
sensitivities to the latent factors, are known or can be estimated without using observations of
the factors y, .

The latent factors approach is required by the linear multi-factor model for the default
probabilities (equation (11)). This model has the advantage of enabling the derivation of an
analytical solution for the loss distribution. However, unlike a probit or logit model, this
model has little empirical relevance, because it allows default probabilities to exceed 1 (albeit
with very low probability). If equation (11) were to be estimated using empirical
observations of the factors y, , it is likely that the default probabilities implied by the

econometric model would often fall outside the interval [0,1]. To avoid having to deal with

unreasonable values for the default probabilities, instead of estimating equation (11) using
observations of the factors y, , these factors are treated as unobserved latent variables.
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In Credit Risk+, the means of the latent factors can be normalized to one without loss of
generality. As a result, the latent factors only play a role via their standard deviations after
normalization (o,, k =1,...,K ), which can be estimated from the means, standard deviations

and sensitivities of the default probabilities.

Therefore, when Credit Risk+ is implemented in practice, the inputs of the model are: the
mean individual default probabilities, denoted by p,, n=1,..., N ; the standard deviations of

the individual default probabilities, denoted by o,, n=1,..., N ; and the matrix of weights
{a)k,n} for k=1...K, n=1...N, representing the exposure of each obligor n to each factor

k. Then, the o, are estimated from the o, .

Let us assume that some of the obligors in the portfolio are exposed to a single factor. For
example, consider an obligor » who is only exposed to factor «:
o, =1, k=«

®,,=0,k+x

The default probability of this obligor is given by
pn = ﬁn ’ 7/1( °

Therefore,
O-"I = pn ' O-

P

Note that this equation implies that the ratio o, /p, is the same for all obligors such that
o, , =1. Nevertheless, since this relationship holds for any obligor » such that w; =1, o,

can be computed from o, as follows
1 o

o,.=— -
K —_
NK n,wl=1 P,

where N, is the number of obligors such that @, , =1. In the case where all obligors are

exposed to more than one factor, the original Credit Risk+ implementation uses weighted
averages of o, to estimate o :

1 & 1 & _ o,
O-k :_Zwk,n .Gn :_za)k,n 'pn —
/uk n=1 ;le n=1 n (16)

S

N
Wlth luk = Za)k,n '1_7’7

n=1
This expression is actually not consistent with the linear multi-factor model for individual
default probabilities used in Credit Risk+, and it results in an underestimation of o, .

However, in practice, it gives reasonably accurate results, as it will be shown in Section XI.
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An alternative is to use least squares to estimate o, from o, . According to the multi-factor

model for the default probabilities, O',f s are solutions of the following linear system:
K
7t =p(Sot o, | notn
k=1

If N> K, then a solution to this system can be found using constrained least squares.
However, there is no way to guarantee that o, k =1... K will all be strictly positive. The
least squares method and the weighted average method are compared in Section XI.

VIII. MODEL 4: EXTENSION OF CREDIT RISK+ WITH CORRELATED FACTORS

One of the limitations of Credit Risk+ is the assumption that the factors determining the
default probabilities are mutually independent. In this section, following the approavh
developed by Giese (2003), we allow for some form of correlation among factors.

In Credit Risk+, the & -th factor y, follows a Gamma distribution with non-random shape
and scale parameters (&, and p, , respectively). In other words, Credit Risk+ assumes that
the means and variances of the y, s are non-random. Giese (2003) introduces an additional
factor, which will be denoted by I', that affects the distributions of all the y, s, thereby

introducing some correlation between the factors. I"is assumed to follow a Gamma
distribution with shape parameter o =1/ ¢ and scale parameter S = o~ . Consequently, the
mean and variance are given by

E(T)=a-B=1
Var(F):a'ﬂ2=O'2

Now variables y, are assumed to be mutually independent conditional on T".

The probability distribution of y, is still a Gamma distribution with shape parameter ¢, and
scale parameter £, . However, while f, is still constant, ¢, is now a function of I', and
hence a random variable,

a=I«a,

where ¢, is a constant.

Let E. denote the expectation under I'’s distribution, and let £, , denote the expectation
under y, ’s distribution conditional on I'". Similarly, let Var. denote the variance under I"’s

distribution, and let Var, , denote the variance under y, ’s distribution conditional on I".

The expectation of y, conditional on I'is given by:
Ey,k(Vk |F): - p=T-a,p.
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The unconditional expectation of y, is given by:
E(yk) =E; [Ey,k (7k |r):| =E; (ak 'ﬂk):Er (r'a_k ﬂk)

Since @, and f, are not random, E(y,) can be rewritten as follows:
E(r,)=a,-p,-E-(T)=a,-p,.

The unconditional expectation of y, is assumed, without loss of generality, to be equal to 1,

so that S, =1/, . The variance of y, conditional on I"is given by

O',f =Vary,k(7k|l“)=ak~ﬂk2 =F~§k~ﬁkz =I'/e,.

The unconditional variance of y, is given by

Var(y,)=E; | Var,, (7.|0) |+ Var | E,, (#,]T) ]

Er[_i-r]+Varr(r-&k -B)

a,
r

B, E.(D)+@&, -, -Var (T) = p, +o°

The unconditional covariance between any two factors y, and y, is given by

COV(7k9yl):E(7/k '71)_E(7k)'E(71)
= F[Ey,k,l(yk Vi |r):|_E(7k)'E(]/I)
Since y, and y, are independent conditional on I', this expression becomes:
COV(7ka71):Er [E}/,k (7k |F)'Ey,k (7k |F):|_E(7/k)'E(7I)
@ poa p (BT
=, f,-@- f-| Var(D)+ E(T) -1]
Since @, - f, =@, f, =land E(T )2 =1, the unconditional covariance between y, and y, is

simply given by
Cov(}/k,}/l) =0’>0.

Consider a vector Z =(z,,...,z,,...,z, ) of auxiliary variables such that 0<z_<1 for
k=1,...,K . The joint MGF of y is the function M defined by

M (Z)=E, {exp(g mﬂ.

Using the properties of conditional expectations, M, (Z ) can be rewritten as follows:
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M, (Z)=E, {E {exp(i “sz

k=1

r}}

Since the y, s are mutually independent conditional on I, M, (Z ) can be further rewritten

where E is the expectation under y’s joint distribution.

as follows:

M, (Z)=E, Di[ E, [exp(7,2,)] rﬂ
=E, mMM (z,JF)}

where M, (|F) is the MGF of y, conditional on I":
M, (T)=E, [exp(y,-2)[T ]=(1-B,-2) “ =(1-B,-z) " ™.
M (Z) can now be rewritten as follows:

M (2)=E {exp[log{ﬁM (z,JF)D}:Er{exp[glog[M%k(zAF)}j}

k=1

{exp[ gr n(1- 4, Zk)} E, {exp{—r.:lﬂik.ln(l—ﬂk.zk)}

Define a new auxiliary variable ¢:
K

t:—;ﬁi-ln(l—ﬂk.zk).

k

Using 7, M, (Z)can be rewritten as the MGF of I, denoted by M, :
1
M,(Z)=E[exp(Tt)]|=M ()= —?ln(l—az 1),

Replacing ¢ with its expression gives us the final expression for M (Z ):

M, (Z)= exp{—iln{l+a zzln (1- 5, zk)}}

k=1
Recall equation (13) established in SectionVI:

=M Y |:P(Z ):'
This equation is still valid in the context of this section and, when M, is replaced with its

new expression, it gives us the PGF of the total normalized loss in the model with correlated
sectors

6. (2)=exp| -t 1507 S (1= 2.2 =G,

k=1 Mk
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with:

= iﬁna),f (zv" —1) .

n=1
IX. MODEL SUMMARY

In this section we provide a summary presentation for the loss distributions of the various
models described so far. The following equations show the four expressions for the PGF of
the normalized loss on the portfolio. Each expression corresponds to the PGF of a particular
model.

Model 1: G, ,(z)= IFFT(IE[{FFT[GM (z):l}j.

n=1

J
Model 2: G“,XED(z)zexp[ {zi ¢ —1H.
Jj=1 ILI

In[1-07 - P(z)]}.
Model 4: GMRR(Z)_exp{—iln{na zzln(l B, P (z ))}}.

k=1

K
Model 3: Gmm(z):exp{ >

1
2
k=1 O

J G, »(z) is the PGF of the normalized loss on the portfolio in the “basic” model with

Bernoulli defaults events and non-random default probabilities;

J G, rixep(2) 18 the PGF of the normalized loss on the portfolio in the model with fixed

default probabilities as approximated by a Poisson distribution;

J G, cz.(2) is the PGF of the normalized loss on the portfolio in the model with
random probabilities and mutually independent factors—this is the Credit Risk+
model;

J G, corr(2) 1s the PGF of the normalized loss on the portfolio in the model with

random probabilities and correlated factors—this is an extension of Credit Risk+
model.

The basic model with Bernoulli defaults events and non-random default probabilities is the
only one that does not rely on the Poisson approximation. Both G, ,(z) and G, ,,,(2)
were derived under the assumption that default probabilities are non-random. The Poisson

approximation is the only source of discrepancies between the resulting loss distributions in
these two models. Therefore, the accuracy of that approximation can be evaluated by

comparing G, .., () and G, ,(z).
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X. NUMERICAL IMPLEMENTATION

In this section we discuss numerical issues that arise in the implementation of the models
described above, and then we present two algorithms that address these problems.

As explained in Section 11, the PGF of the portfolio loss in the basic model with Bernoulli
default events and fixed probabilities is a simple convolution of the individual loss PGFs.
The models based on the Poisson approximation (including Credit Risk+) are implemented
using more sophisticated algorithms.

The original algorithm proposed by CSFP (1997) to implement the Credit Risk+ model is
based on a recursive formula known as the Panjer recursion.® In the context of credit risk
models, the usefulness of the Panjer recursion is limited by two numerical issues. Both issues
arise from the fact that a computer does not have infinite precision.

First, the Panjer recursion cannot deal with arbitrarily large numbers of obligors: as the
expected number of defaults in the portfolio increases, the computation of the first term of
the recursion becomes increasingly imprecise; and above a certain value for the expected
number of defaults in the portfolio, the value found for the first term of the recursion
becomes meaningless.’

Second, the Panjer recursion is numerically unstable in the sense that numerical errors
accumulate as more terms in the recursion are computed. This can result in significant errors
in the upper-tail of the loss distribution, and hence, in the computation of the portfolio’s VaR.

This section briefly presents two alternative algorithms that can be used to implement Credit
Risk+ and the other models based on the Poisson approximation.'’

The first algorithm is an alternative recursive scheme introduced by Giese (2003). Haaf, Reis
and Schoenmakers (2003) have shown that this algorithm is numerically stable, in the sense
that precision errors are not propagated and amplified by the recursive formulas. This
algorithm can provide a unified implementation of all versions of the model. However, like
the Panjer recursion, this algorithm can fail for very large numbers of obligors.

The second algorithm is due to Melchiori (2004). It is based on the Fast Fourier Transform
(FFT), and it can deal with very large numbers of obligors. It can easily be applied to the
model with non-random default probabilities, and to the model with random probabilities and
uncorrelated factors.

¥ See CSFP (1997).
? A criterion to determine whether the Panjer recursion can be applied is provided below.

1 Gordy (2002) presents a third algorithm based on saddlepoint approximation of the loss distribution. That
algorithm only computes the cumulative distribution function of the loss distribution—not the probability
distribution function. Furthermore, it is much more accurate for large portfolios than for small ones.
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A. Alternative Recursive Scheme
Recall the definition of the PGF of the total normalized loss on the portfolio:
G,(z)= ZP(/’L =x)-z".
x=0

G, (z) is a polynomial function of the auxiliary variable z . The coefficients of this

polynomial are the probabilities associated to all the possible values for 4.

One way to implement a particular version of the model is to derive a polynomial
representation for the corresponding version of G, (z) , and to compute the coefficients of

that polynomial.

Note that all three versions of G, (z) derived using the Poisson approximation involve

exponential and/or logarithmic transformations of polynomials in z." The first step in the
computation of G, ,,\,,(2) is the computation of the coefficients of G,(z). Similarly, the

first step in the computation of G, ., (z) and G, ., () is the computation of the
coefficients of P, (z), for k =1,...,K . Once these coefficients have been determined,

exponential and logarithmic transformations of G,(z) and/or P, (z) must be computed.

Exponential and logarithmic transformations of polynomials can be computed using
recursive formulas derived from the power series representations of the exponential and
logarithm functions.

Consider two polynomials of degree x,, in z, Q(z)and R(z):

0(z)=3a.%

‘max

If R(z)= exp[Q(z)} , the coefficients of R(z) can be computed using the following
recursive formula:

r, =exp(q,)
m i

’/;n = ' qu ' 7/;11—s

s=1

' See Section XI.
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If R(z)= ln[Q(z)] , the coefficients of R(z) can be computed using the following recursive

formula:
nh= In (% )
1 wls
rm = qm - - qS : rm—s
9 { sZ:I: m }

These recursive formulas can be used to compute the coefficients of G, 1, (2), G, e, (2)
and G, co (2)-

This algorithm produces accurate results for portfolios such that:

N
Yl b, <™ ~750  k=1..K. (17)
n=1

For example, if K =5, p, =0.05 for all obligors, and w,, =0.2 for all obligors and all

sectors, then the maximum number of obligors in the portfolio is approximately 75,000.

B. FFT-Based Algorithm

To describe the FFT-based algorithm proposed by Melchiori (2004), we will use the PGF of
the portfolio loss for the model with Poisson default events and non-random default
probabilities:

d ,U vV
G/I,FIXED(Z) =eXp {U[z_jz P11
=1 M
Define the function G,(z) as follows:
GI(Z) = z_jzv’f .
=l H
Note that G,(z) can be interpreted as the PGF of a random variable / such that:

E7Z'j.

P(l=v,)= o
U
Using the definition of G,(z), G, 4, (2) can be rewritten as follows:

GZ,FIXED(Z):exp{ﬂ[Gl(Z)_l]} . (18)

The characteristic function of a random variable X is defined as :
D, (z) =k, [exp(i-X-z)] =G, [exp(i~z)], 0<z<l,

where E, is the expectation under X ’s probability distribution, and G, is the PGF of X.

Using equation (18) and this definition, we obtain the following expression for the
characteristic function of the normalized portfolio loss:
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(D)L,FIXED (Z) = GA,FIXED [exp (i : Z)]
:exp{y[G, (exp(i.z))_l]} (19)
= exp{,u[q), (z)—l]}

where @, (z) is the characteristic function of /.

The characteristic function of a random variable can also be defined as the Fourier transform
of its density. This fact and equation (19) suggest a simple and efficient algorithm for
computing the portfolio loss distribution.

Let IT denote the vector of probabilities representing the distribution of 4, and let
= (7[1,. s T pyeees T J) denote the vector of probabilities representing the distribution of /. IT

can be computed as follows:
M= IFFT[exp{y[FFT(n)—l]}},

where FFT is the Fast Fourier Transform, and /FFT is the Inverse Fast Fourier Transform.

This algorithm can easily be extended to the model with random default probabilities and
uncorrelated factors. It has been successfully applied to a portfolio containing 679,000
obligors.

XI. NUMERICAL EXAMPLES USING THE CREDIT RISK TOOLBOX

We have implemented in MATLAB all the models discussed in this paper. In this section, we
present a short description of the capabilities of the toolbox, and then we offer some
numerical examples. To illustrate the models presented in this paper, we use the same
portfolio as in the Credit Risk+ demonstration spreadsheet from CSFP.'” This portfolio is
presented in Table 1.

In order to run the basic model with fixed probabilities, whether the distribution of the
default events is assumed to be Bernoulli or Poisson, one needs to have a set of individual
exposures and a set of individual default probabilities.” These correspond to the first two
columns in Table 1. If data are only available in aggregate form for different classes of
obligors, the programs can still be used by making additional assumptions. For example,
obligors can be classified according to exposure, rating, or type (corporate vs. individual, for

12 See http://www.csfb.com/institutional/research/credit_risk.shtml.

" There are three main approaches to estimating the probabilities of default. One approach is to use historical
frequencies of default events for different classes of obligors in order to infer the probability of default for each
class. Alternatively, econometric models such as logit and probit could be used to estimate probabilities of
default. Finally, when available, one could use probabilities implied by market rates and spreads.


http://www.csfb.com/institutional/research/credit_risk.shtml
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instance). When the average exposure and the average default probability are the only data
available in each class, then the program assumes that all obligors in a given class have the
same exposure and the same default probability. Computation time for the model with
Bernoulli default events and fixed probabilities is determined by three variables: the number
of obligors, the total normalized exposure, and the granularity of the exposure bands. The last
two factors can be adjusted to reduce computation time, at the expense of accuracy.
Generally speaking, the convolution can be efficiently computed in MATLAB as long as the
number of obligors does not exceed a few thousands. This model has the advantage of being
the most accurate when the default probabilities can be treated as non-random. As it will be
shown later on in this section, this is an important consideration when the default
probabilities are relatively high. The model of Section V with fixed probabilities and Poisson
default events has been implemented using both algorithms presented in Section X.

When running the Credit Risk+ model as described in Sections VI and VII, one needs to have
available the mean individual default probabilities, the standard deviations of the individual
default probabilities, and the matrix of weights, representing the exposure of each obligor »
to each factor k. As mentioned above, if individual data are not available, the programs can
use aggregate data for different classes of obligors by making additional assumptions. Credit
Risk+ has also been implemented using both algorithms presented in Section X.

When running the Credit Risk+ model with its extension as described in SectionVIII, in
addition to the data required to implement Credit Risk+, this model requires a value for the
inter-sector covariance. Thus, one needs to have available the mean individual default
probabilities, the standard deviations of the individual default probabilities, the matrix of
weights, and a value for the inter-sector covariance. As mentioned above, if individual data
are not available, the programs can use aggregate data for different classes of obligors by
making additional assumptions. The model with correlated factors of Section VIII has been
implemented using the numerically stable recursive algorithm. Consequently, it presents a
limitation on the total number of obligors it can handle."

14 See Section X, subsection A for more details.
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Table 1. Credit Swiss Financial Product Reference Portfolio

(In percent)

Obligor Mean Standard Factor weights
exposure  Default rate deviation of
defaultrate  Sector 1 Sector 2 Sector3 Sector4  Total

358,475 30.00 15.00 50 30 10 10 100
1,089,819 30.00 15.00 25 25 25 25 100
1,799,710 10.00 5.00 25 25 20 30 100
1,933,116 15.00 7.50 75 5 10 10 100
2,317,327 15.00 7.50 50 10 10 30 100
2,410,929 15.00 7.50 50 20 10 20 100
2,652,184 30.00 15.00 25 10 10 55 100
2,957,685 15.00 7.50 25 25 20 30 100
3,137,989 5.00 2.50 25 25 25 25 100
3,204,044 5.00 2.50 75 10 5 10 100
4,727,724 1.50 0.75 50 10 10 30 100
4,830,517 5.00 2.50 50 20 10 20 100
4,912,097 5.00 2.50 25 25 25 25 100
4,928,989 30.00 15.00 25 10 10 55 100
5,042,312 10.00 5.00 25 25 30 20 100
5,320,364 7.50 3.75 75 10 5 10 100
5,435,457 5.00 2.50 50 20 10 20 100
5,517,586 3.00 1.50 50 10 10 30 100
5,764,596 7.50 3.75 25 25 20 30 100
5,847,845 3.00 1.50 25 10 10 55 100
6,466,533 30.00 15.00 25 25 20 30 100
6,480,322 30.00 15.00 75 10 5 10 100
7,727,651 1.60 0.80 25 25 20 30 100
15,410,906 10.00 5.00 50 20 10 20 100
20,238,895 7.50 3.75 75 10 10 5 100

The exposures in Table 1 correspond to the E s in this paper; the mean default rates
correspond to p, in the case with non-random default probabilities, and to p, in the case
with random default probabilities; the standard deviations correspond to the values of o, in
the models with random probabilities.

The toolbox treats the factors as latent variables and the values for o, are estimated from the
values of o,. Two estimation methods are compared: least squares (LS) on one hand, and the
weighted averages used by CSFP on the other hand.

The standard deviations and the sector weights are only required to implement the models
with random default probabilities; the models with non-random default probabilities only use
the exposures and the mean default probabilities. Also, in general, individual exposures and
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default probabilities are not required to run the model; aggregate data per class of obligor can
be used instead by making additional assumptions.

The loss distribution for the CSFP sample portfolio has been computed using four models.
The assumptions underlying these models are summarized in Table 2.

Table 2. Summary of the Assumptions Used in the Different Models

Model Default Default Correlated Latent glf
events probabilities factors factors estimation
method
1 Bernoulli Fixed N/A N/A N/A
2 Poisson Fixed N/A N/A N/A
3a Poisson Random No Yes Averages
3b Poisson Random No Yes LS
4 Poisson Random Yes Yes Averages

Model 3 is CSFP’s Credit Risk+. By default, the CSFP implementation treats sector 1 as a
special sector representing diversifiable idiosyncratic risk. This cannot be done in the model
with correlated factors. Therefore, all the models discussed in this section treat sector 1 as a
regular sector (which is also an option in CSFP’s Credit Risk+).

The portfolio loss distribution was also computed by Monte Carlo simulation under the
following assumptions: Bernoulli default events, random default probabilities, and

independent Gamma-distributed factors, with o s estimated by least squares.

This loss distribution computed by Monte Carlo simulation constitutes a benchmark. It can
be used to assess the impact of the Poisson approximation and of the o estimation method

on the models’ accuracy.

A. Effects of Poisson Approximation: Non-Random Default Probabilities

To assess the impact of the Poisson approximation, we first compare models 1 and 2. The
only difference between these two models is the distribution of default events: Bernoulli for
model 1, Poisson for model 2. Figure 1 and Figure 2 present the portfolio’s loss distributions
for these two models, and the VaR at the 99 percent level for each model.

The VaR is 8.67 percent larger in the model with Poisson defaults than in the model with
Bernoulli defaults. This is the error introduced by the Poisson approximation for this
particular portfolio with 25 obligors and with default probabilities ranging from 3 percent to
30 percent.

The Poisson approximation generally results in an overestimation of the VaR. This result has
been observed for portfolios with very different structures.
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Figure 1. Model 1: Fixed Probabilities, Bernoulli Defaults
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Figure 2. Model 2: Fixed Probabilities, Poisson Defaults
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An additional numerical experiment was performed to illustrate the relationship between the
magnitude of the default probabilities and the error due to the Poisson approximation. This
experiment uses the same exposures as in the CSFP portfolio, but it assumes that all obligors
have the same default probability. The ratio between the VaR, , when the defaults are

assumed to follow a Bernoulli distribution, and the VaR . when the defaults are assumed to
follow a Poisson distribution, (VaR, / VaR,), is computed for multiple values of the common

default probability, ranging from 1 to 30 percent. The results of this experiment are presented
in Figure 3. One can see that VaR, / VaR, decreases steadily from 1 to 0.86 as the common

default probability increases from 1 to 30 percent. In other words, as could be expected from
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the derivation of the Poisson approximation, the error due to this approximation increases
with the magnitude of the default probability.

Figure 3. Ratio of Bernoulli VaR to Poisson VaR for CSFP Portfolio
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B. Random Default Probabilities, Uncorrelated Factors

This section compares the loss distributions for models 3a and 3b to the loss distribution
computed by Monte Carlo simulation.

Models 3a and 3b only differ by the method used to estimate the o, s: model 3a uses the

CSFP weighted average; model 3b uses least squares. With CSFP’s portfolio, the o7 s

estimated by least squares are all strictly positive. Both models assume Poisson default
events and random default probabilities driven by Gamma distributed factors.

The Monte Carlo simulation was used to estimate the loss distribution of a model with
random default probabilities driven by Gamma-distributed factors, but with Bernoulli
default-events. The Monte Carlo simulation was required because there is no analytical
solution for the loss distribution when Bernoulli defaults are combined with random default
probabilities.

To perform the Monte Carlo simulation, the o, s were estimated from the o, s using least
squares. 5000 random draws of the y, s were then performed to determine the p, s. For each
set of y, s, 5000 random draws of the D, s (the Bernoulli random variables representing

default events) were then generated. Therefore, overall, 25 million random combinations
were used for the Monte Carlo simulation. The loss distribution computed by Monte Carlo
simulation is presented in Figure 4. The loss distributions for models 3a and 3b are presented
in Figures 5 and 6, respectively.
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Figure 4. Bernoulli Defaults, Random Probabilities, Monte Carlo Simulation
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Figure 5. Model 3a: Poisson Defaults, Uncorrelated Factors, Weighted Average
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Figure 6. Model 3b: Poisson Defaults, Uncorrelated Factors, Least Squares
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The VaR for model 3b is 9 percent higher than the VaR computed by Monte Carlo
simulation. This is more evidence of the fact that the Poisson estimation results in an
overestimation of the VaR: the only difference between model 3 and the model used for the
Monte Carlo simulations is the distribution of default events.

The VaR in model 3a (which does not use a rigorous method to estimate the o, s) is only 1
percent higher than the VaR computed by Monte Carlo simulation. This result is actually not
surprising. Using weighted averages of the o, s to estimate the o, s leads to an
underestimation of the o, s, and hence, to an underestimation of the VaR. However, this
underestimation partially offsets the overestimation resulting from the Poisson
approximation. Overall, using the simple method suggested by CSFP to estimate the o, s

gives a value for the VaR that is very close to the value computed by Monte Carlo
simulation.

Note that the VaR is higher in all the models with random default probabilities than in the
models with non-random probabilities. This reflects the additional risk resulting from the
uncertainty concerning the default probabilities.

C. Random Default Probabilities, Correlated Factors

In this section we present the portfolio loss distribution computed using model 4, that is,
using the model with random default probabilities and correlated factors described in Section
VIII.

The only difference between model 4 and model 3a is the presence of the common factor I".
This common factor affects the distributions of the y, s. In particular, it introduces some

correlation between these factors.
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The portfolio loss distribution was computed for two different values of the variance of "
(which is also the covariance between any two factors): 0.1 and 0.2. The results of these
numerical experiments are presented in Figure 7 and Figure 8.

Not surprisingly, the VaR is higher in model 4 than in model 3a, and it increases with the
variance of I". This reflects the additional risk of incurring a large loss resulting from the
positive inter-sector correlation, as well as the increased uncertainty concerning the default
probabilities.

Figure 7. Model 4: Correlated Sectors, Inter-Sector Covariance = 0.1
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XII. CONCLUSION

Each of the models presented here has specific features that make it useful in a particular
situation. The basic model with known probabilities and Bernoulli-distributed default events
is useful when there is little uncertainty concerning default probabilities, when default
probabilities are relatively high, and when the portfolio does not contain more than a few
thousand obligors.

At the cost of some approximations, Credit Risk+ and its extensions provide quasi-
instantaneous solutions—even for very large portfolios—when default probabilities are
influenced by a number of random latent factors. The alternative to using these models is to
perform time-consuming Monte Carlo simulations. For our sample portfolio, the results of
Credit Risk+ are very close to those of Monte Carlo simulations, even though this portfolio
only contains 25 obligors with default probabilities as high as 30 percent.

Therefore, this paper provides a toolbox that can be used in the Financial Sector Assesment
Program to determine several credit risk measures, including expected losses and credit VaR.
The latter is the fundamental risk measure used to determine the economic capital required
by a certain portfolio. This measure will play an increasingly important role in the Basel II
framework to be used in the IMF’s surveillance activities. In fact, in the future, the IMF will
increasingly face the need to understand how the gap between regulatory and economic
capital could be bridged. The instruments presented in this paper add a rigorous quantitative
dimension to this process.
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PROBABILITY AND MOMENT GENERATING FUNCTIONS

Consider a discrete random variable X that can take non-negative integer values. The
Probability Generating Function (PGF) of X is the function G, defined by

GX(Z)ZE(ZX)ZZ.O:P(XZX)-ZX :

with 0 <z <1,if zis real, and |z| <1,1f zis complex. G, (z) is simply a polynomial whose

coefficients are given by the probability distribution of X . A PGF uniquely identifies a
probability distribution: if two probability distributions have the same PGF, then they are
identical.

Consider a second discrete random variable Y that can take non-negative integer values. If
X and Y are independent, then the PGF of X +7Y is given by

Gy.y (z) =G, (z2)-G, (z)
The Moment Generating Function (MGF) of X is the function defined by

MX(Z):E(eZX):%P(X:x)-eZX.

As its name indicates, the MGF of X can be used to compute the moments of X . The m -th
moment of X about the origin is given by the m -th derivative of M , valued at 0. This

implies in particular that E(X)=M, (0)and Var(X)=M, (O)—[MX (0)]2 :

The joint MGF of two random variables X and Y is defined as:
MX,Y (szz) _ E(ezl-X+zz~Y) ,
where z, and z, are two auxiliary variables with the same properties as z .
If X and Y are two independent random variables, then the MGF of X + Y is given by
M.y (Z):MX (Z)’MY (Z) ’
and the joint MGF of X and Y becomes:
M,, (zl,zz) = E(ez"X).E(eZZ‘Y) =M, (21)'My (zz).
If z, =z,,thenM , (zl,zz) =M,., (z) .
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