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I. INTRODUCTION

This paper presents a dynamic stochastic general equilibrium monetary portfolio choice
model of a small open economy whose central bank targets the growth rate of base money.
Several of our assumptions are based on emerging markets environments. This includes the
introduction of a weak and plausible form of fiscal nonneutrality, which implies that the
uncovered interest parity condition is replaced with a portfolio balance equation and a fiscal
theory of the currency risk premium. In this environment the domestic nominal interest
rate becomes a second independent instrument of monetary policy and sterilized foreign
exchange intervention affects equilibrium allocations and prices.

The paper is motivated by a curious tension between economic theory and practice
on the question of sterilized intervention, most notably in emerging markets. In that
group of countries central bankers routinely conduct open market operations in domestic
currency debt with the intention of affecting interest rates and real activity. Their thinking
might be taken to reflect older, partial equilibrium versions of portfolio balance theory
such as Branson and Henderson (1985). But the economics profession, both theorists and
empiricists, has been challenging the validity of such models for some time. We begin by
summarizing this critique, and then go on to introduce our model.

The standard reference of modern open economy macroeconomics, Obstfeld and Rogoff
(1996), dismisses portfolio balance theory as partial equilibrium reasoning because it
does not take the government budget constraint into account. This point is made most
comprehensively in an important paper by Backus and Kehoe (1989)." They show that
under complete asset markets, or under incomplete asset markets and a set of spanning
conditions, changes in the currency composition of government debt require no offsetting

changes in monetary and fiscal policies to both meet the government budget constraint and

1 Other references include: Sargent and Smith (1988) on the irrelevance of open market

operations in foreign currencies; Chamley and Ptolemarchakis (1984), Sargent and Smith (1987),
and Wallace (1981) on the irrelevance of domestic open market operations.



leave private budget constraints unaffected. Consequently this ’strong form’ of intervention
is irrelevant for equilibrium allocations and prices. This result does not depend on Ricardian
equivalence, monetary neutrality, or the law of one price, and can be shown using only

an arbitrage condition. The authors then go on to argue that weaker forms of government
intervention in asset markets generally require changes in monetary and/or fiscal policy

to meet the government budget constraint. Because the impact of such "weak form’
interventions can as easily be attributed to these monetary and/or fiscal changes as to the
intervention per se, sterilized intervention cannot be considered a separate, third policy
instrument.

When the question of the efficacy of sterilized intervention is posed in this most general
form, the results of Backus and Kehoe (1989) are very powerful. However, as these
authors point out themselves, this leaves open the narrower but practically very important
question of precisely how *weak form’ interventions affect the economy. The answer to
this question requires taking a stance on the precise form of other government policies.
In this context, one important consideration is that fiscal policy is generally not used as
a short-term instrument to affect asset market equilibria. It is therefore plausible to rule
out fiscal behavior that can respond arbitrarily to asset market interventions, and instead
to consider only tax and spending rules whose form is independent of such interventions.
We can then ask how sterilized intervention affects equilibrium allocations and prices
conditional on the precise form of these rules. In other words, we ask whether sterilized
intervention is effective as a second independent instrument of monetary policy. This is
in fact a nontrivial exercise, because several important papers such as Obstfeld (1982) and
Grinols and Turnovsky (1994) have given a negative answer to that question. They show
that, once a monetary policy rule such as our money growth rule is specified, sterilized
intervention has no further effects on asset market equilibria. Domestic and foreign bonds
are perfect substitutes so that a version of uncovered interest parity holds. In this paper we

show that these results depend on the specific form of the fiscal policy rule used by these
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authors, namely lump-sum redistribution of all government net revenue. While this is a
convenient and frequently used assumption, it is also very strong, and we contend that in
many real world cases it is not very descriptive of actual government behavior. When it

is replaced by a weak and very plausible form of fiscal spending nonneutrality, sterilized
intervention becomes an effective second instrument of monetary policy. Our paper explores
the nature of its effects in general equilibrium.

The model assumes a stochastic money supply process which generates exchange rate
volatility. Domestic currency denominated government issued liabilities therefore generate
a stochastic seigniorage flow, and in partial equilibrium this would give rise to currency
risk for private asset holders. In general equilibrium the key assumptions concern the use
of this seigniorage by the government. In discussing the benchmark case of lump-sum
redistribution to households, we confirm that currency risk is indeed absent in general
equilibrium and that uncovered interest parity must hold. We then introduce fiscal spending
nonneutrality. In particular, the government adjusts its real spending plans according to the
realization of seigniorage shocks, in an economy where government spending does not enter
private utility. In this case domestic currency denominated assets are risky even in general
equilibrium. They are imperfect substitutes for foreign currency denominated bonds and
their portfolio share is determined by a portfolio balance equation.

The focus of this paper on emerging markets is also justified on empirical grounds. As
mentioned above, economists have questioned the effectiveness of sterilized intervention
not only theoretically but also empirically. Edison (1993) is a good summary of the latter,
but her evidence is limited to developed countries. The evidence for emerging markets
summarized by Montiel (1993) is thinner but it does suggest some effectiveness of sterilized
intervention. A key precondition for this is imperfect substitutability between domestic
and foreign currency denominated bonds. An important paper by Bansal and Dahlquist
(2000) presents valuable and more recent evidence on this question. These authors find high

currency risk premia in emerging markets, and show that country-specific risk factors such
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as per capita GNP, sovereign ratings and interest rate differentials are much more important
than systematic portfolio risk factors in explaining the cross-country variation is risk premia.
Our model explores one important country-specific risk factor, fiscal spending discretion in
response to unanticipated seigniorage flows. Gavin and Perotti (1997) document that Latin
American countries do indeed exhibit much more fiscal volatility than OECD countries.
Our paper is part of a large theoretical literature trying to explain nominal interest rate
risk premia. These are generally decomposed into default risk premia and ‘currency risk’
premia. While there is a well-established and growing literature on interest rate default
risk premia’, currency risk is a less straightforward notion. Engel (1992) and Stulz (1984)
show that in flexible price monetary models monetary volatility per se will not give rise
to a risk premium. Engel (1999), using the frameworks of Obstfeld and Rogoff (1998,
2000) and Devereux and Engel (1998), shows that sticky prices are required to generate a
risk premium. Specifically, the expected correlation of the exchange rate with the marginal
utility of consumption gives rise to a currency risk premium or discount, while volatility of
the exchange rate per se unambiguously gives rise to a discount due to a Jensen’s inequality
term. However both of these terms are generally empirically small. Closest in spirit to
the popular notion that currency risk gives rise to a significant positive risk premium is
the literature on the Peso problem, see e.g. Obstfeld (1987), which holds that high risk
premia can arise due to a very small risk of a very large devaluation under fixed exchange
rates. However, this notion is less applicable to today’s many emerging markets operating a
flexible exchange rate regime. Our theory suggests an alternative explanation that does not
depend on sticky prices but instead on a weak and very plausible assumption about fiscal
policy. An important difference to the sticky price model is that in our environment the
domestic nominal interest rate can be set by monetary policy independently of the path for

the primary nominal anchor.

2 The early contributions include Eaton and Gersovitz (1981) and Aizenman (1989). More
recent contributions include Kehoe and Perri (2001), Kletzer and Wright (2000) and Uribe (2001).
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The rest of the paper is organized as follows. Section II lays out the model for the
benchmark case of fiscal spending neutrality. Section III discusses the case of fiscal
nonneutrality. It contains the two main results. The first is a new, fiscal theory of currency
risk premia, and the second a general equilibrium portfolio balance relationship which
implies that sterilized intervention affects equilibrium allocations and prices. Section IV

concludes. Mathematical details are presented in a number of appendices.

II. THE BENCHMARK CASE: FISCAL NEUTRALITY AND
UNCOVERED INTEREST PARITY

Consider a small open endowment economy composed of a continuum of identical
infinitely lived households and a government. Households can hold three types of
non-state-contingent assets, domestic currency denominated money and bonds and foreign
currency denominated bonds. Capital is perfectly mobile internationally. The nominal
exchange rate F, floats. Aggregate exchange rate risk cannot be hedged through financial
instruments.” We will see that this may, but need not, imply that financial markets are
incomplete. All goods are tradable and the international price level ;" is normalized to one.
Assuming purchasing power parity, domestic goods prices P; therefore satisfy P, = E;.
Nominal variables are denoted by upper case letters and real variables in terms of tradable
goods by lower case letters.

We use a continuous time stochastic monetary portfolio choice model to derive

households’ optimal consumption and portfolio decisions.” In order to determine the

3 This requires that the risk of the domestic currency is too idiosyncratic to be internationally
diversifiable, or that that market is too small relative to transactions costs. Both are plausible

for emerging markets. Of course individual households can hedge domestically if there is
heterogeneity among them. But what matters is that households as a whole cannot hedge

their aggregate domestic currency exposure vis-a-vis their own government.

4 Useful surveys of the technical aspects of stochastic optimal control are contained in Chow
(1979), Fleming and Rishel (1975), Malliaris and Brock (1982), Karatzas and Shreve (1991), and
Duffie (1996). The seminal papers using this technique to analyze macroeconomic portfolio
selection are Merton (1969, 1971) and Cox, Ingersoll and Ross (1985). Other contributions
include Dumas and Uppal (2000), Grinols and Turnovsky (1994), and Stulz (1983, 1984, 1987, 1988).
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equilibrium portfolio share of domestic currency denominated bonds in a small open
economy, we follow Grinols and Turnovsky (1994) in assuming that these bonds are held
exclusively by domestic residents. This is not a restrictive assumption for many emerging
markets, where the vast majority of claims by foreigners tends to be denominated in dollars.

Figure 1 illustrates this for the case of Mexico.
5 -

Figure 1: Mexico - Foreigners’ Holdings of Peso Denominated Government Debt as % of

Total Peso Denominated Government Debt (Source: Banco de Mexico)

The only source of uncertainty in this economy is the growth rate of the nominal money
supply. We fix a probability space (2, F, P). A stochastic process is a measurable function
Q x [0,00) : — R. The value of a process X at time t is the random variable written as X.
The nominal money supply follows a geometric Brownian motion with drift process u; and
constant, exogenous diffusion :

dM;
M,
where B; is a one-dimensional Brownian motion. The tribe F tB includes every event

= p,dt + cMdB; | (1)

based on the history of the Brownian motion up to time ¢. We complete the probability space
by assigning probabilities to subsets of events with zero probability. We define F; to be the

tribe generated by the union of £ 2 and the null sets. This leads to the standard filtration
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F = {F::t > 0}. The nominal exchange rate process F; is endogenously determined as
a function of the money supply process. It follows a geometric Brownian motion, with its
drift process ¢; and diffusion process o to be determined in equilibrium:

B _ edt +oldB; . (2)
E;

We assume and later verify that the drift and diffusion are adapted processes satisfying
fOT let|dt < oo almost surely for each T and fOT (cf )2 dt < oo almost surely for each T'.

We note that o can in general be positive or negative.
A. Households

The representative household has time-separable logarithmic preferences over his

lifetime stochastic path of tradable goods consumption {c; }{2,:

EO/ ePIn(e)dt , 0<B<1, 3)
0

where [ is the rate of time preference. Logarithmic preferences are commonly assumed
in the open economy asset pricing and portfolio choice literature for their analytical
tractability, see e.g. Stulz (1984, 1987) and Zapatero (1995). Households are endowed with

a deterministic sequence of tradables {y,}:2,. We assume that y, = y V¢. Households can

invest in three non-contingent assets. High-powered money m; = %t pays a zero nominal

o
_ O

return, domestic currency denominated government bonds ¢ = £

pay a nominal interest
rate 4, and foreign currency denominated international bonds b, pay the real international
interest rate r;. We assume that r, = r Vt. Households finance their consumption from
the return on their portfolio of assets and their endowment income. International tradable
wealth is defined as the sum of international bond holdings and the present discounted value

of tradables endowments:?
Yy

- .

bt=5t+

5  Tradables endowments could therefore be dropped from the model without loss of generality.

We chose to retain them in order to follow the convention in much of the small open economy literature.
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Total private wealth therefore equals a; = b; + ¢ + m;. Portfolio shares of money and
domestic bonds will be denoted by n;* = 7* and n! = ‘—;f. Finally, households are subject
to a lump-sum tax d7; levied as a proportion of wealth and following an It6 process with
adapted drift process 7 and diffusion process o7 :

dT,
L = rdt+oldB;. 4)

Gy
The drift and diffusion terms will be determined in equilibrium from a balanced budget
requirement for the government. We assume that fOT |7¢|dt < oo almost surely for each T'
and [ (o7) ?dt < oo almost surely for each T', and will later verify that this is satisfied in

equilibrium. The household budget constraint is given by
day = a; [n*dr* + nldr] + (1 — n™ — nf)dr}] — c,dt — ay[redt + 07 dBy],  (5)

where ! is the real rate of return on asset <. Many monetary portfolio choice models
introduce money into the utility function separably because this preserves the separability
between portfolio and savings decisions found in Merton (1969, 1971). However, as pointed
out by Feenstra (1986), without a positive cross partial between money and consumption the
existence of money cannot be rationalized through transactions cost savings. We therefore
use a cash constraint instead, and show that it is nevertheless possible to obtain very elegant
analytical solutions. Specifically, consumers are required to hold real money balances equal

to a fixed multiple « of their consumption expenditures:
acy=my =nya; . (6)

The now very common treatment of the cash-in-advance constraint in Lucas (1990) has
two aspects, a cash requirement aspect and an in-advance aspect. Our own treatment goes
back to the earlier Lucas (1982), which uses only the cash requirement aspect. This is due
to the difficulty of implementing the in-advance timing conventions in a continuous-time
framework. In the continuous time stochastic finance literature, Bakshi and Chen (1997)

have used the same device. Finally, note that equation (6) could also be obtained as an
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optimality condition by assuming Leontief preferences over consumption and real balances,
Jo° e P In(min(c;, me /) )dt.
Using [t6’s lemma we can derive the real returns in terms of tradable goods on money,

domestic bonds and foreign bonds (see Appendix I):

dr™ = (—st + (atE)Q) dt — oPdB, | 7
drd = (z'g — et (af)g) dt — oPdB, | )
dr? =rdt . 9)

Note that the exchange rate affects returns in two ways. First, depreciation cfdB; > 0
reduces the ex-post real value of domestic assets in terms of tradables. Second, by Jensen’s
inequality, larger exchange rate volatility (atE ) ? increases their ex-ante real return.

The household’s portfolio problem is to maximize present discounted lifetime utility by
the appropriate portfolio choice {n*, ni},":

max {Eo/ e P n (n:”at/a) dt} s.t.
0

{rnt} .
t "t fe=0

da, = a; {(r — Ty)dt +nl [(z? + (05)2 — 71 —¢&y)dt — deBt]

1
+nl" [((05)2 —r—e - —> dt — adet] - a;‘rdBt} :
o
We will solve this optimal portfolio problem recursively using a continuous time Bellman
equation, as in Merton (1969, 1971). Let V(a;,t) = e #*J(ay, t) € C? be a solution of the
Hamilton-Jacobi-Bellman equation of stochastic optimal control. Let J = 9.J(ay, t)/0t.

Then the Hamilton-Jacobi-Bellman equation is

BJ—J = sup {ln(nTay/a)+ Jaa[(r —7¢) (10)

Nomy Tlqy
+n" ((05)2 —r— & — é) +nl (z? + (af)2 -7 — 5t)]

+-;-Jaaaf [(05)2 ((n;n)2 + (n9)* + 2n;"n3) + (6D + 207 0] (" + nf)} } ,
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with boundary condition

lim Ey[e™” |J(as7)]] =0. (11)

T—00

Optimality for n? requires

_Ja)(i§+(af)2—r—5t) ol (12)

nd+n =
Jaaat

and the first order condition for n" is:
(nMa/a) ™ = Jo(1+ adl) . (13)

The marginal utility of consumption equals the marginal utility of wealth J, times the
effective price of consumption, where the latter varies with the opportunity cost of holding
money balances for transactions purposes. A closed form solution for J, which is required

to get an explicit expression, will be derived in subsection C following the definition of

equilibrium.
B. Government

Monetary policy is characterized by the money supply process (1) and by

Qi
=Y (14)
Mo_(1+ ) (E%__Elo') —by—bo_=ho_ —hy . (15)

The government indirectly pursues an inflation objective through the control of the
growth rate u, of the nominal base money supply M; in (1). The diffusion process
oM however is assumed to be constant and exogenous to the government. Under these
assumptions the regularity conditions fOT |pe|dt < oo almost surely for each T" and
fOT ((fﬁ” )2 dt < oo almost surely for each T are trivially satisfied. Also, being an Itd
process, M; is continuous, which ensures exchange rate determinacy.

The central bank is assumed to be the sole issuer of domestic currency denominated

public debt. Rule (14) follows Grinols and Turnovsky (1994) in stating that it issues such
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debt in a constant proportion 1) to the base money supply and thereby determines the
portfolio share of domestic bonds from their supply side. The importance of this rule will
become clearer in our discussion of households’ equilibrium portfolio choices in subsection
C.

Discrete unanticipated policy changes will generally result in discontinuous jumps of the
nominal exchange rate on impact®, denoted £y — Ey_. Here 0_ stands for the instant before
the announcement of a new policy at time 0. At such points the government is assumed
to fully redistribute the associated net seigniorage revenue through a one-off transfer of
foreign bonds, as stated in equation (15). This ensures that private financial wealth remains
unchanged upon the impact of a new policy.

The relationship between fiscal policy rules and the possibility of more general rules
than (14) for domestic currency denominated public debt will play a key role in this paper.
In this section fiscal policy consists of net lump-sum taxes which ensure that budget balance
is maintained at all times while government spending is zero. Net taxes are proportional to
wealth and follow the rule (4). Let h; be the government’s stock of real net foreign assets,

or foreign exchange reserves. We have:

Assumption 1: The government redistributes all net revenues on its portfolio of assets
and liabilities to households through its net lump-sum taxes.

The government’s budget constraint is therefore

auTedt + a0l dBy + hedr? = mydr + qudr] (16)
Assumption 1 together with policies (14) and (15) imply that the government’s net

wealth W; = h; — m; — ¢; does not change over time:

dW, = dh; — dmy — dg; = agridt + a0l dB; + hedr? — mydr® — qidr] = 0

6 Subsequent discontinuous exchange rate jumps are ruled out by arbitrage.
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Therefore we have dh; = dm; + dg;. For simplicity we also assume the initial condition
Wo_ =0, 0or
ho- = mo- + qo- (17)
which implies that
hy=mi+q VYVt . (18)
This formulation treats government issued and central bank issued domestic currency
bonds as perfect substitutes, so that ¢; could represent either debt class. Condition (18)
therefore states that the consolidated government’s net domestic currency denominated
liabilities are fully backed by net foreign securities.” It should also be pointed out that,
given perfect international capital mobility, the assumption of instantaneous redistribution
in (16) is not restrictive. It is equivalent to redistribution over households’ infinite lifetime
combined with instantaneous capitalization by households of the expected redistribution
stream. Our treatment is notationally more convenient.
To determine the drift 7, and diffusion o of the tax process d7; we equate terms in (16)

using (7) - (9) and (18) to obtain the following:

Te=n" ((Jf)g—r—€t>+”’? (ig‘*’(gf)Q_r_Et) ’ (19)

of = —(n"+nNay . (20)
C. Equilibrium and Balance of Payments

We define a government policy as an initial net compensation hg— — ho and a list of
stochastic processes® {1, v;, 7¢, 07 }5°, such that, given exogenous constants r, y, P* and
oM initial conditions ag_, ko, Mo—, Qo— and E,_, an initial exchange rate jump Fo — Ey_,

and a list of stochastic processes {e;, 7%, d By, i}, ai }$°, the balanced budget conditions (19)

7 Note that g; could be negative and represent government claims on the private sector. In

that case h, could also be negative.
8 Inall policy experiments we will assume for simplicity that {;,, A¢ }, are deterministic sequences.
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and (20) and monetary policy rules (1), (14) and (15) hold at all times. Then equilibrium is

defined as follows:

Definition 1: For given r,y, P* and o™, an equilibrium is a set of initial conditions
ao—, ho—, Mo_, Qo and Eo_, an exogenous stochastic process {dB;},-,, an allocation
comsisting of stochastic processes {ct, ar, by, Qr, Mi}24, a price system consisting of
an initial exchange rate jump Ey — Eo- and stochastic processes {e,, of i1 172, and
a government policy such that given the initial conditions, the exogenous stochastic
process, the government policy and the price system, the allocation solves households’
problem of maximizing (3) subject to (5) and (6), resulting in optimality conditions
(12) and (13).

The condition h; = m; + ¢; Vt ensures that a; = b, + h; V¢, i.e. real tradable private
assets at any point are equal to the economy’s net foreign assets. Then the current account
can be derived by consolidating households’ and the government’s budget constraint (5) and
(16). Because all risk is between the government and the domestic private sector, the current

account does not contain stochastic terms:®
dat = T'Cltdt — Ctdt . (21)

Households’ lifetime budget constraint is identical to the economy’s aggregate budget

constraint:
o0

ce "t = ag . (22)
We are now ready to derive a cloged form expression for the household value function
V(az,t) = e % J(ay, t). The solution proceeds by first substituting (12), (13), (19) and (20),
which contain the terms J, and J,,, back into the Hamilton-Jacobi-Bellman equation. That
equation is then solved for J by way of a conjecture. Given our specification of the utility

function a good conjecture is

Vias,t) = e P J(as,t) = e X [In(a;) + In(Y (2))] (23)

9 The current account can also be written in a more familiar form by letting F; = hy + be:

dF; = rFidt + ydt — ¢, dt
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where X and Y (¢) are to be determined in the process of verifying the conjecture. We
allow for Y'(¢) to be a function of time. To understand this note that the value function
represents the present discounted value of future consumption streams. First-order condition
(13) together with conjecture (23) implies that consumption at any given point in time is
proportional to a; and decreasing in 7. We will consider policy experiments involving
anticipated time-varying rates of money growth. This will in general give rise to a
time-varying domestic interest rate 4; and therefore to a time-varying rate of consumption
out of current assets. In the transition to steady state the value function is therefore a
function of time.

In Appendix IT we show that X = 37!, which yields equilibrium portfolio shares of

m ap q m
L 4 = U 24
n, a z?) 5 gbnt , (24)

and an optimal consumption policy function of

= (25)
Equilibrium exchange rate volatility is shown in Appendix II to equal
of =oMvt . (26)
This yields the following relationship between domestic and foreign interest rates:
i =r+e— (M) . 27)

This is a version of the uncovered interest parity condition, the only difference to the
standard version being the Jensen’s inequality term (o—M ) ?. Domestic and foreign bonds
are therefore perfect substitutes, despite the presence of exchange rate risk and despite the
absence of financial markets to hedge against such risk. The reason is that markets are in
fact complete because the tax policy (20) fully insures agents against exchange rate risk.

Equation (27) also shows that an interest rate target is equivalent to an exchange rate
target in the current setting. Because an exchange rate target would have to make the money

supply endogenous it is incompatible with the money growth rate rule (1). Therefore the

16



nominal interest rate is endogenous and cannot be set by policy. This, together with the
fact that perfect asset substitutability implies an indeterminate private portfolio demand for
domestic currency denominated bonds, shows why pblicy rule (14) had to take the form of a
quantity supply rule anchored to the nominal money supply."

For ease of exposition of our results, we now rule out inessential dynamics by imposing
a condition on 3 that ensures a flat steady state consumption path." We denote steady state
quantities and prices by a bar over the respective variables. Let iz be the steady state growth
rate of money determined by government policy. From (21) and (25) a flat consumption
path requires ¢ = ra. Then from (6) steady state exchange rate depreciation must satisfy
£ = [i, and therefore by (27) we have 7 = r + i — (o™)2. By (25) this implies that 3 must
satisfy

B=r(l+am) . (28)

Therefore the optimal portfolio fractions for money and bonds in steady state are
n™ = ar and n? = ayr. Appendix II also derives the equilibrium differential equation
for }. This equation is shown to be unstable around the steady state, which establishes
uniqueness of perfect foresight equilibria. We have:

_1+adf

(ﬁ+®%”ﬂm—é : (29)

«

i

We finally verify that the regularity conditions posited earlier for &;, of, 7 and o7 hold.
The sequence {p,},-, will be assumed to be bounded by our specification of monetary
policy in subsection D. The explosive dynamics of 77 in (29), combined with (27), imply that
if and ¢; are unstable around the steady state. The equilibrium paths {z7, ¢, },-, are therefore
unique and bounded. Therefore they satisfy the conditions fOT les]dt < oo almost surely for
each T" and fOT |if| dt < oo almost surely for each T The process {of }Zo is constant at

o™ in equilibrium, and hence fOT (cf )2 dt < oo almost surely for each T holds trivially.

10
11

A determinate portfolio share is needed in Appendix II to solve for the closed form value function.
This condition is not strictly required because the transversality condition can be shown
to hold without it for a range of parameter values.
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The previous results, by (24), (19) and (20), imply that 7; and o7 satisfy fOT |7¢|dt < o0

almost surely for each T" and fOT (atT)2 dt < oo almost surely for each 7.
D. Monetary Policy

In discussing monetary policy we will distinguish between once-and-for-all unanticipated
stock operations on the one hand and policies with anticipated time-varying paths of interest
rates or money growth rates on the other hand. Stock operations in turn fall into three
categories. An unsterilized foreign exchange intervention is a sale or purchase of foreign
exchange reserves h in exchange for domestic money M. An open market operation is
a sale or purchase of domestic currency bonds () in exchange for domestic money M.
Such operations can be used to ’sterilize’ the effect of an unsterilized intervention on the
money stock. A fully sterilized foreign exchange intervention is therefore a sale or purchase
of domestic currency bonds () in exchange for foreign currency bonds h. For all stock
operations we assume that private asset holders are fully compensated by the government
for the effects of unanticipated initial jumps in the nominal exchange rate on the real value

of their assets. Compensation takes the form of foreign bond transfers.

a. Stock Operations

Unsterilized intervention can be effected through a once-and-for-all change in 1.
Consider a monetary contraction through a sale of foreign exchange reserves. Given full
compensation this has no effect on real wealth. Differentiating the optimality condition
(25) and the cash constraint (6) shows that the only stable solution is for exchange rate
depreciation and therefore the nominal interest rate to stay at its unchanged steady state
value. By the cash constraint the nominal exchange rate therefore appreciates in proportion
to the change in nominal money balances. All real allocations are unaffected. An open
market operation that fully sterilizes the previous operation by returning M to its old value

requires another one-off change in 1. By the same argument as above, the nominal exchange
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rate simply returns to its old value, the nominal interest rate does not change, and all real
allocations remain the same. Sterilized intervention therefore, being simply the sum of the
previous two operations, has no effects at all because it does not affect the nominal money
stock. It simply represents a contraction or expansion of both the asset and liability side of
the central bank balance sheet, with an offsetting switch between domestic currency and
foreign currency bonds in private portfolios. This is irrelevant because these asset classes
are perfect substitutes. For the same reason open market operations and unsterilized foreign
exchange interventions that involve the same change in M have the exact same effect and

are in fact indistinguishable operations.
b. Money Growth Policies
Given the foregoing results, it is clear that the effects of variations in y, are very similar

to those obtained in perfect foresight models featuring uncovered interest parity. Consider

as a simple example an unanticipated temporary step reduction in g, :

pe = pp fort € [0,7) |, p=p=pyg>p,fort>T . (30)
Figure 2 illustrates.
Domestic Interest Rate Exchange Rate Volatility
0 T T
xchange Rate Depreciation Consumption
i
u \
0 0 T

Figure 2 : Temporary Money Growth Reduction under Fiscal Neutrality
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The policy causes an instantaneous downward jump in the drift of the exchange rate &; at
time 0, followed by a slow convergence to iy by time 7T'. The path of the domestic nominal
interest rate 7 mirrors that of ; by (27). This is accompanied from (25) by an initial upward
jump in consumption, followed by a declining consumption path. The new steady state level
of consumption is permanently lower because of the period of current account deficits, see
(22). Note finally that a permanent reduction of y, would cause an immediate and equal

reduction of ¢;, without any real effects.

III. FISCAL NONNEUTRALITY AND PORTFOLIO
BALANCE

In this section we develop the main results of the paper. We highlight the importance
of nonneutral fiscal policy rules by contrasting the results with those of Section II. In
particular, we assume that the government only uses net lump-sum taxes to redistribute the
nonstochastic component of net income flows on its portfolio of assets and liabilities. Its real
ex-ante expenditure budget is fixed at zero in real terms, but all stochastic seigniorage shocks
lead to real spending adjustments. In particular, when exchange rate depreciation generates
additional seigniorage income the government spends the proceeds on goods which do not
enter household utility. And when the exchange rate appreciates the government reduces
spending to make extra goods available to households. The assumption of net zero spending
in the absence of exchange rate shocks is simply a convenient normalization.

This specification of fiscal policy is intuitively plausible for many emerging markets.
Also, it is precisely for these economies that Bansal and Dahlquist (2000) find large positive
currency risk premia, and we will now show that a fiscal spending nonneutrality is one way

to explain such premia.
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A. Government

The basic model specification is the same as in Section II, except for a different fiscal
policy rule and resulting changes in the set of possible monetary policies.

We begin with monetary policy. A target path for money growth {yu,},-, enters the
money evolution equation (1) as before. The domestic debt quantity rule (14) is however
replaced, based on the conjecture that we will find a determinate portfolio demand share for
domestic currency bonds n. In that case once-and-for-all changes in the market nominal
interest rate ¢ can be effected through once-and-for-all changes in the nominal bond
supply @, or equivalently through the setting of an exogenous policy interest rate 3. We
will consider ’Stock Operations’ in subsection D.a. below. But we also want to consider
time-varying target paths of monetary policy variables other than {yu,},-,, and here it is

most intuitive to think about an interest rate target path {7{},~,:"
A G1)

It will be verified below that the portfolio demand share n{ is indeed determinate, and
that therefore policy (31) is feasible in equilibrium. The specific interest rate policy we will

analyze is similar to (30) in that it has exactly one anticipated jump at a future time 7":
W=, forte0,T) , #=v"=%l<iffort>T . (32)

Finally, the compensation rule (15) must also change to reflect the fact that money and
domestic bonds are no longer issued in fixed proportions:

1 1

(Mo + Qo) (E—o— ~ —E—O) =by —bo- =ho_ —ho . (33)

Next we consider fiscal policy. The government is again required to balance its budget
period by period, but the budget now has an endogenous spending component dG; that

depends on stochastic seigniorage flows. Consequently households no longer face tax rule

12 This implies a contingent time path for the nominal bond stock @). Fixing a Q-path would

imply a contingent time path for the nominal interest rate 9.
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(4) but instead a rule without a stochastic component:

‘

et (34)

a

Assumption 1 is replaced as follows:

Assumption 2: The government redistributes all nonstochastic net revenues on its
portfolio to households through net lump-sum taxes. It changes its spending on goods
in response to unanticipated net revenue shocks.

The government budget constraint is therefore
a;Tedt + hydr? = qudr] + medr™ + dGy (35)

We continue to assume the initial condition (17). Assumption 2 together with policy (33)
again means that dh; = dm, + dq;, which implies the central bank balance sheet equality
(18). To determine the drift of the tax process 7; and the endogenous spending term dG; we

equate terms in (35) using (34), (7) - (9), (18), and Assumption 2. We obtain the following:
Te=n"(—r—g) +nl (il —r—c) (36)

AGy = au(n]* +nf) |~ (oF) dt + oFdB,] . (37)

Note that if agents hold positive amounts of domestic assets (n" + n?) > 0, expected

government spending is negative and decreasing in the volatility of exchange rates:"

E(dGy)
dt

- — (af)2at(n:” +n?) . (38)

The assumption that stochastic seigniorage flows are spent instantaneously is again
only for notational convenience. Deferred net spending would be capitalized at the real
international interest rate by households with perfect access to international capital markets,

leaving equilibrium allocations unchanged.

13 Expected steady state spending could be renormalized to zero by introducing an autonomous

spending component equal to (E{(dGy)/dt),, where the subscript ss stands for steady state.

88?2
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B. Households
With tax rule (34) the household budget constraint looks as follows:
da; = a; [n'dr]" + nldr] + (1 — n? — nf")dr}] — c,dt — a;7.dt . (39)

We can immediately proceed to the new Hamilton-Jacobi-Bellman equation, where the

only difference is the absence of the tax diffusion component:

BJ—J = sup {In(nla/a)+ Jua:[(r -7 (40)
1
b (14 (o) = —e) 4 (0 - r =2 - 1)

t

1
+§Jaaaf(af)2 [(nm)Q + (ng)Q + Qn:nnf)] } .
with unchanged boundary condition (11). Optimality for n? requires:

~Ja ) @+ (o) =7 — )
q mo_

In this economy the government has to pay a risk-adjusted premium on its interest rate,

it + (of )2 —r — & > 0, to persuade households to hold a positive amount (n? +n[") > 0
of these assets." The reason is that fiscal policy generates risk for holders of domestic
currency assets, but not of foreign currency assets. Finally, the first order condition for n"

has the same form as in Section 2, see (13):"
(nmar/a) " = Ju(1+aif) . (42)

C. Equilibrium and Balance of Payments

A government policy is now defined as an initial net compensation hg_ — hg and a list
of stochastic processes {p,, %, 7+, dG1 }$2, such that, given exogenous constants r, y*, P*
and o™, initial conditions ag_, ho—, Mo_, Qo and Ey_, an initial exchange rate jump

Ey — Ey_, and a list of stochastic processes {&¢, 0%, dBy, i}, ar, Qr, My }32,, the balanced

14
15

Provided of course that, as will be proved below, the value function is strictly concave in wealth.
The condition need not be identical to (13) because J, may differ.
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budget conditions (36) and (37) and monetary policy rules (1), (31) and (33) hold at all

times. Equilibrium is defined as follows:

Definition 2: For given r,y*, P* and o™, an equilibrium is a set of initial conditions
ao—, ho—, Mo_, Qo and Ey_, an exogenous stochastic process {d By} .-, an allocation
consisting of stochastic processes {c;, ar, Qi, My }i2,, a price system consisting of an
initial exchange rate jump Ey — Ey- and stochastic processes {e;,oF i1}, and

a government policy such that, given the initial conditions, the exogenous stochastic
process, the government policy and the price system, the allocation solves households’
problem of maximizing (3) subject to (39) and (6), resulting in conditions (41) and

(42).
By consolidating households’ and the government’s budget constraint (39) and (35), and

using (37), (41) and (18), the current account equation can be derived. It now contains a

stochastic term because real fiscal spending depends on the realization of money shocks:

da; = raudt — cdt — dGy

_ ;4 EN2 ..
= radt — cdt — a4 < Ja ) (% + (o)) r— &)

Jaat (of)?

[— (oF) dt + a{?dBt} (43)
The economy’s aggregate budget constraint becomes

Ey / (cee™™dt + dGee™™) =ag . (44)
0

Our conjecture for the functional form of the value function departs slightly from (23):

Via,t) = e P'J(as,t)
e P X [In(a;) + In(Y(T-)) 4+ e ?T=9 {In(Y(T)) — In(Y (T-))}] ,t < as)
e P X [In(a;) + n(Y/(T))] ,t>T ’

The logic for the inclusion of a time-dependent term Y'(¢) is the same as in our discussion
of (23). We conjecture that Y (¢) is piece-wise constant, with Y (¢) = Y(7_) for ¢t € [0,T),
and Y (t) = Y(T) for t € [T, o0). This is based on the conjecture that both p, and i} can

be set exogenously by the government, and that by (30) and (32) they only experience one
discrete jump at time 7" and are otherwise constant.
The solution for .J is derived in Appendix III. In the course of obtaining closed form

solutions we verify the above mentioned conjectures. As for the closed form solutions,
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we find as before that X = 3. The consumption policy therefore continues to be given

by equation (25). But the uncovered interest parity relationship (27) is now replaced by a

portfolio balance relationship derived from (41):

(6 + (o)’ — 1 — &)
(0F)?

In the following analysis, depending on the government’s choice of x and 2%, this

nd +n" = (46)
portfolio share could be anywhere between —oo and +oo. We find that the case of
(n?4n7") > 1is particularly interesting. In this case households borrow in foreign currency
in order to hold domestic currency denominated assets, a common phenomenon in emerging
markets. We will therefore analyze the model concentrating on this case, and leave an
analysis of the remaining possibilities to the reader. The first implication of (n?4-n)") > 1 s
negative expected government spending E(dG;)/dt < 0. To facilitate comparison with the
economy under fiscal neutrality we impose an unchanged assumption (28) on the discount
rate (. It is then clear by (25), (43) and E(dG,)/dt < 0 that this will generate an increasing
asset path and therefore an increasing consumption path.'®

The dynamic behavior of this economy is governed by two constraints on the
consumption path. The first is the cash constraint (6): ¢; = m;/c. The second is a resource
constraint through which fiscal spending is related to consumption. It consists of three
relationships, the consumption optimality condition (25), ¢; = a:3/(1 + «i}), the current
account equation (43), da; = ra;dt — c;dt — dG, and the government spending policy
(37), dGy = a(n™ + n?) [~ (cf )2 dt + of dBt} . Appendix III shows that the endogenous
exchange rate drift and diffusion ¢; and oZ can be determined as functions of exogenous
parameters and of the two policy variables u, and :7 by first differentiating the cash
constraint and the consumption optimality condition using (43) and (37), and then equating

drift and diffusion terms. For the drift term we obtain the following condition:

€t = pby + (E - 7’) ) (47)

ag

16 The autonomous spending assumption mentioned in footnote 12 would avoid this.
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where ¢;/a; = 3/(1 4+ «if). Therefore in steady state, by (28), we have e, = p;:
Because the rate of consumption out of assets equals the riskless rate r, the drift components
of nominal money balances and the nominal exchange rate are equal. Note however
that because FE(dG;)/dt < 0, the asset stock and therefore consumption actually grow
in expected terms. In other words, the expected real rate of return on assets 7 is higher
than r because of government spending, and therefore E(dc;/c;)/dt = 7 —r > 0in
steady state. This means that expected real money balances must grow at the same rate,
E(dmy/my)/dt = p, — &¢ + (05)2 — 0P0cM = — r > 0. As shown in Appendix I1I, the
equilibrium value of af ensures that this is indeed the case. When ¢;/a;, falls below r, e.g.
through an increase in 27 (see(25)), the consumption growth rate rises through faster asset
accumulation. Real balances must then increase over time, u, > &;.

The condition for the diffusion term o is:

E_M g

g, g :Mt+m—lgzr+5t—lg . (48)

This condition guarantees that the rate of net increase of real money balances o' — o’

and therefore of consumption following a nominal money shock dB; equals the rate of
net increase of total assets —(n"™ + n?)o{ and therefore of consumption. This is the basis
for Figure 3 below, which plots exchange rate diffusion o= against the domestic portfolio
share n® + n}. Equation (48) shows that perfect asset substitutability and uncovered
interest parity obtains as a limiting case - there is a choice of i and y, that achieves

if = r+ ¢, and oF = 0. In that case n}* + n} in (46) is indeterminate. Slight positive /
negative deviations from uncovered interest parity lead to near infinitely positive or negative
portfolio shares. Slight positive deviations from uncovered interest parity are associated
with (n}® + nl) > 1, and with a near zero but negative exchange rate diffusion coefficient
oF. Note that we can rewrite the portfolio share entirely in terms of policy parameters as
n®4+nd =1+ (i — p, — B/(1 + i) ™", which is decreasing in 7. The widening of the

interest differential due to higher 4} is therefore more than offset by rising exchange rate
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volatility, leading to a contraction of the portfolio share towards one. By combining (47)

and (48) we obtain the equivalent of equation (27):

it ofoe =r4e . (49)

This is an arbitrage condition for domestic asset holders faced with fiscal-monetary risks.
The nonzero and possibly time-varying risk premium —cof o™ in (49) and imperfect asset
substitutability in (46) are due to the fact that the fax mechanism no longer provides a hedge
against exchange rate risk. The absence of a financial market to hedge that risk therefore
matters.

The risk premium has a very natural interpretation. We continue considering the case
(n +nf) > 1and of < 0. Given the cash constraint (6), a positive money shock therefore
appreciates the exchange rate and increases real balances and consumption. This means that
the marginal utility of consumption is lowest at the times when the domestic asset has the
highest payoff. It therefore bears a higher interest rate. But this does not mean that a high
interest rate prices an exogenous risk. In our setting the opposite is true, the interest rate is
exogenous and exchange rate risk adjusts endogenously. We now turn to a more detailed
discussion of this fiscal-monetary exchange rate adjustment mechanism. |

Consider first a very large portfolio share n" + n{. Through the cash constraint a positive
innovation to money dB; > 0 ceteris paribus increases real money balances and therefore
desired consumption. But given the optimality condition (25), in order to be consistent with
higher equilibrium consumption this must be accompanied by an increase in wealth a;.
By (43) this in turn requires a decrease in government spending according to (37). This is
accomplished through an exchange rate adjustment, and it is in this sense that our theory is a
fiscal theory of the exchange rate (to be precise, of high frequency changes in the exchange
rate and therefore of the currency risk premium). The key to understanding exchange rate
volatility in this model is that the size of the exchange rate jump required to bring about a

given spending adjustment depends on the government’s net domestic currency exposure
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fo households. In particular, when the government has issued a large amount of domestic
currency denominated liabilities the exchange rate must appreciate to reduce spending so as
to offset the increase in the real value of government liabilities. As the domestic portfolio
share decreases with higher interest rates, a larger change in the exchange rate is necessary
to bring about any given adjustment in government spending. Because the volatility of
the nominal money supply process is constant, this must result in higher exchange rate
volatility. As exchange rate volatility goes to infinity, the volatility term in (46) dominates
and drives the portfolio share n]* + n{ towards 1. Higher interest rates therefore lead to
(potentially very large) increases in portfolio shares only if the increase takes rates from
below to above uncovered interest parity. Otherwise they unambiguously reduce portfolio
shares.

Higher interest rates increase the opportunity cost of holding domestic money and
thereby reduce the rate of consumption out of current assets according to (25). This
increases the rate of asset accumulation over time, an effect that is reinforced because, while
higher interest rates reduce the portfolio share n* 4+ n}, they can be shown to increase
volatility so much that they further lower already negative expected government spending.
Therefore higher interest rates increase the rate of growth of consumption.

We briefly remark on the empirical testability of our assumptions about fiscal behavior.
We have shown that an increase in current consumption requires an increase in wealth and
therefore a decrease in the present value of government spending. That wealth increase is
brought about by an instantaneous change in the exchange rate that reallocates real portfolio

wealth from the government to households.
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Figure 3 : Portfolio Shares and Exchange Rate Volatility

In our model the change in government spending is also modelled as instantaneous, but
as discussed above this is done only for notational convenience. Our theory therefore does
not imply that current government spending is countercyclical. It only implies that current
wealth including capitalized expected future net government spending is procyclical. This
is quite hard to test, and the main ground for accepting or rejecting our assumption has to be
its intuitive plausibility. We certainly do not believe, especially for emerging markets, that
the assumption of full lump-sum redistribution is more plausible.

We conclude by verifying that all integrability conditions are satisfied. Note first that the
policy variables i, and i{ are piece-wise constant by (30) and (32). The exchange rate drift
and diffusion £; and oF therefore satisfy the integrability conditions because, apart from
exogenous parameters and the exogenous r, they are functions only of y, and i} by (47) and
(48). The drift of the tax process 7; in equation (36) is absolutely integrable for a similar

reason - the optimal portfolio shares in that equation are functions only of 1, and 7.
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D. Monetary Policy

a. Stock Operations

The effects of stock operations involving M; and/or Q; can be seen most clearly by

expressing the key relationships in terms of nominal quantities:

M, af
i = 50
Et (8747 th T Oz’l,g 5 ( )
. g —\\2 g —
Mt+Qt _ Zg+ (O-tE‘(/L(tI?/‘L)) —r_gt(zghu) (51)

Ey (oF (i, 1))’

As in Section 2, full government compensation for exchange rate jumps in the form of
international bond transfers is assumed. This implies that a, is always constant on impact.
We also assume in what follows that y, is held constant at zi. Given M; and Q;, (50) and
(51) can then be solved for the two endogenous variables E; and 7;.

We start by discussing an unsterilized intervention that reduces M through a sale
of foreign exchange reserves h. This operation appreciates the nominal exchange rate
according to (50). But unlike in the fiscal neutrality case it also affects the nominal interest
rate. This is because the exchange rate effect reduces the real value of domestic currency
bonds so much that the overall portfolio share n}* + n{ rises. The interest rate ¢ must
therefore fall to maintain portfolio balance.

An open market purchase of domestic bonds, a decrease in () and an equal increase in M,
could be used to fully sterilize the effect of this intervention on the nominal money stock.
By (50) this depreciates the nominal exchange rate, which by (51) lowers the portfolio
share of domestic currency assets n}* + n{. The interest rate if must then rise to maintain
portfolio balance. This in turn implies lower desired real money balances, and therefore a
depreciation of the nominal exchange rate by proportionally more than the increase in the
nominal money supply.

The size of the exchange rate appreciation and interest rate drop following a given
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contraction in money now depends on the market through which that contraction is
implemented. The effects are larger if done through the domestic bond rather than the
foreign exchange market. This is because under open market operations the portfolio share
ny* + n expands not just due to a nominal appreciation but also due to an expansion of the
domestic nominal bond stock. This requires an even lower interest rate to establish portfolio
balance, and thus by (50) it requires an even more appreciated exchange rate.

Sterilized intervention is simply the sum of an unsterilized intervention and a domestic
open market operation that leaves the nominal money stock M; unchanged. Entirely unlike
in the fiscal neutrality case, it now has nominal and real effects. We continue the above
examples, where both 4; and ); contracted by equal amounts. To balance the portfolio for a
given nominal exchange rate, the interest rate 7{ must rise. This gives rise to a small nominal
depreciation, so that the equilibrium interest rate has to rise even further by (51). The higher

i¢ in turn leads to a consumption drop on impact by (25).

b. Money Growth and Interest Rate Policies

This subsection extends the above analysis by allowing for anticipated nonconstant paths
of either p, or ¢}, in particular policies (30) or (32). The former, illustrated in Figure 4,
allows a comparison with the results of Section II.

Slower money growth, from (48) and (47), lowers exchange rate depreciation and
diffusion. When we consider an initial steady state such that oZ < 0, this means that
exchange rate volatility increases. This lowers the portfolio share n* + n, but it can
also be shown that it further lowers already negative expected government spending
—ay (af )2 (n® + nj). Expected consumption growth therefore increases. This is very
different from the fiscal neutrality scenario of Figure 2. A change in money growth has a
much smaller effect on consumption because the domestic interest rate is unaffected. On
the other hand the reduction in inflation is more successful, it lasts until the end of the

stabilization episode.
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Figure 4 : Temporary Reduction in the Money Growth Rate

Policy (32), a temporary unanticipated increase in the nominal interest rate, is
summarized in Figure 5. Both ¢, and oZ fall. More importantly, there is an impact drop in
consumption by (25). For similar reasons as the reduction in money growth, higher interest
rates lower the portfolio share but further lower already negative expected government
spending. Together with the faster rate of asset accumulation due to a lower consumption
rate, this means that consumption growth increases for the duration of the policy. At the end
of the high-interest period consumption takes an upward jump to a permanently higher level
than before.

The idea that a central bank can use interest rates to reduce consumption demand
and inflation can be found in many monetary models, particularly the recent sticky price
literature on Taylor rules and inflation targeting."” What distinguishes our model is that
the interest rate can be chosen independently of the main nominal anchor, and therefore
at a long-run level that is independent of steady state inflation. It can therefore have a
much more sustained effect on consumption that is independent both of the degree of price

stickiness and of the output distortion caused by deviations from the Friedman rule.

17 In our model lower inflation would be preceded by a discrete nominal depreciation on

impact. This could be avoided if the initial drop in real money demand was accompanied
by a one-off unsterilized intervention at the outset of the new policy.
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Figure 5 : Temporary Increase in the Domestic Interest Rate

IV. CONCLUSION

We have studied a general equilibrium monetary portfolio choice model of a small open
economy with floating exchange rates. The model emphasizes the importance of fiscal
policy for the number of instruments available to monetary policy, including its ability
to affect allocations and prices through sterilized intervention. Conventional results were
shown to depend on a particular assumption about fiscal policy, full lump-sum redistribution
of stochastic seigniorage income. When such income is spent instead, two important results
are obtained.

First, uncovered interest parity fails to hold. Large positive risk premia are possible, and
are associated with a large portfolio share (greater than 1) of domestic assets in domestic
agents’ portfolios. However, the relationship between the portfolio share and the nominal
interest rate is not monotonic - further increases in the interest rate reduce the portfolio
share towards its limit of 1.

Second, the monetary authority can set the domestic nominal interest rate and the money
growth rate independently. Any intervention through domestic open market operations,

whether they take place in the domestic money market or in the foreign exchange market



as sterilized intervention, will generally affect both the interest rate and the level, growth
rate and volatility of the exchange rate. Interest rate policy is therefore effective for demand
management even under perfectly flexible prices. Changes in money growth are mainly

effective in changing the rate of exchange rate depreciation.
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APPENDIX 1

Returns on Assets

The foreign interest rate r is non-stochastic by assumption. Therefore the return on
foreign bonds is given by
dr? =rdt . (A.1)
The return on real money balances is derived using 1t6’s law to differentiate M,/ E,

holding M; constant:

. 1 ~1 1 2 -1
dr™ = Myd (E) = M, l—E—gatEt + 5(05)2133??} dt + M, {EQJ{EE;} dB;

which yields the return
dri* = (—e¢+ (o7)?) dt — o7 dB, . (A.2)

The real return on the domestic bond is given by its nominal interest rate 47, minus the

change in the international value of domestic money as in (A.2). We have

dri = (i} — s + (oF)?) dt — oFdB, . (A.3)
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APPENDIX IT

Value Function - No Aggregate Exchange Risk
This Appendix derives the closed form expression for the conjectured value function
V(at,t) = e P J(a,t) = e X[In(a;) + In(Y'(¢))]. Substitute the conjecture and the

government policy rules into the Bellman equation (10) to get:

BX In(a) + X In(Y(t)) — X (In(Y'(¢))) = In(ar) — In(X) — In(1 + asf)
+X [r-X"'1+af)7] .

Equating terms on In(a;) yields

X=p"t. (B.1)
Therefore
I5) af
=gt my = e Mg = YN, - B.2
¢ at(1+az‘§) T (1 + aid) ng, = 9Yn (B2)

We are left with a differential equation in Y (¢) as follows:
XY (@#)/Y(t) =Y () —In(8) —r/B+In(l +aif) + (1 +ai)) ™" .  (B3)

To verify our conjecture that Y (¢) is a function only of exogenous parameters, including
{4, and of time, we need to first solve for the equilibrium path of ¢}. Note that equation (B.2)
shows that consumption is not stochastic, because a; in the current account equation (21)
evolves deterministically. Then by (6) demand for real money balances does not fluctuate
with stochastic shocks. This result can be used to determine the variance of exchange rate
shocks. We use 1td’s lemma to determine the evolution of the real money supply m; = %ﬁ
as

dmy = my(p, — 1 + (Uf)2 — oPo™)dt +my(o™ — oF)dB;
The above argument implies that the diffusion of the exchange rate process must be a

constant and equal to the diffusion of the money supply:
cf =cMvt . (B.4)
We therefore obtain
my Gt

=2 =(u~e) . (B.5)

g Ct
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APPENDIX II

At the same time differentiation of ¢; in (B.2) generates
ét dt « g
— —_— 'q 2 y
Ct ai 1+ Qi

which when combined with (B.2), (B.5), (21) and (27) produces the following differential

equation for the nominal interest rate:

14 adf
Zt Ead

(i + (M) =) -2 B.6)

87
As discussed in the text, we choose a value for the discount rate 3 such that consumption
is constant in steady state, so that & = [i. Noting that (¢} + (o™ )2 — ) =T e — s
equation (B.6) exhibits uniqueness of equilibrium paths because

0if 1+ a7t

+r>0 . (B.7)

Equation (B.6) shows that the path of i can be computed as the solution of a nonlinear
first order differential equation that depends only on exogenous terms, so that i{ is a function
of only these exogenous terms and time. The terminal condition is i+ = r + gy — (O’M )2.
Consequently the path for Y'(¢) can be obtained from equation (B.3) as a function of
exogenous terms and time, with terminal condition Y (T') = r.

We have now solved for a candidate value function V' (ay, t) and the associated feedback
controls (n{", ny**) and wealth process a}. As is common in this literature it is not possible
to state general sufficiency conditions for this approach. Instead we proceed by verification.

Note first that our solutions solve the problem

sup {In(n{*a;/c) + DJ(as, t)} =0 (B.8)

m 5
" ng

where

1 .
DJ(as,t) = Jo(as, t)g(as, n]", nd) + §Jaa(at,t)h(at,n:”,nf) — BJ(ag, t) +J

where the functions g(., .,.) and A(., .,.) for our specific problem are
gla,n",n?) = a (7‘ _ o ) ,

o
h(a:,n",n?) = 0
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Now let (nf, n/) be an arbitrary admissible control for initial wealth o, and let a; be the

associated wealth process. By [t6’s formula

t t

e P J(ap,t) = J(ag,0)+ / e P DJ(as,s)ds + / e P dB, (B.9)
0 0

where ¢, = Ja(as, t)h(as,nl",nd)

We proceed to take limits and expectations of this equation. As shown in Duffie (1996),
a crucial step in the following argument is to demonstrate that £ ( fot e‘ﬁszpsst) = 0.
To do so one needs to demonstrate that fot e P51 d B, is a martingale, which requires the
condition F [ Iy (e7%,) ? ds} < oo. In the present context this is trivially satisfied because
h(.,.,.) = 0 and therefore 1, = 0 V¢. Therefore we have

12
ltlim Ey {e—ﬁtj(at,t)} = tlim Ey {J(ao, 0) + / e P DJ(as, s)ds}
—0Q0 —o0 0

= J(ap,0) + / e ?DJ(as, s)ds .
0

The left-hand side is zero by the transversality condition (11). Because the chosen

control is arbitfary, (B.8) implies that

In(n}a;/a) < —=DJ(as,t)

and therefore
J(ag,0) > / T s In(n™as/a)ds . (B.10)
Our candidate solution for the Valueoﬁmction therefore dominates the value obtained
from any other admissible control process. Then the optimal control processes in (B.2),
ni(at), ni*(a:), can be combined with (21) to obtain the associated path of a;. This can in
turn be used to obtain paths for the control processes (nj", n/**) themselves. For these paths

we have, by construction

J(ao,O)z/ e P In(n™a}/a)ds . (B.11)
0
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Value Function - Aggregate Exchange Risk
We use conjecture (45), including piece-wise constancy of Y'(¢). Substitutions of

the optimal policies into the Hamilton-Jacobi-Bellman equation (40) now produce the

following:

BX In(a;) + BX In(Y (¢))

= In(a;) — In(X) — In(1 + aid)
1 G (o) —r—e)
2 (0F)?

+X [+ (6P — e, = XM 1+ i)Y -
t

Equalizing coefficients on In(a;) we get:

X=p"1 . (C.1)
Furthermore,
1
Y(t) = hﬂﬁ) + 3 (ig +(6f) — & — m) (C.2)
L (i +(of) —r—e)
28 (cF)?

We now show that Y () is indeed piece-wise constant for ¢t € [0,T) and ¢ € [T, c0) as
conjectured. To do so we demonstrate that our result for X and the fact that ¢} and p, are
piece-wise constant implies that ; and o are piece-wise constant. Using the result for X

we obtain the consumption policy function as

p
= Q% C3
= T ol (€3)
Now differentiate this function, again using the fact that 7 is piecewise constant:
de;  day q B2 I} (i + (o8 —r — &)
A — & — ———— | dt— dB; Vt#0_,T_
o y Zt + (O-t ) £t (1 + alg) JtE t # ]
(C4)

Recall the evolution equation for real money balances:
d d
T B (= e+ (0F) = oBoMYdt + (6 — 0F)dB, VtAO0_,T_. (C.5)

my Ct
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We equate dt and dB; terms in (C.4) and (C.5) and solve for ; and oF as functions of

the exogenous variables as follows:

8
_ __ C.6
£ py + A ad) o, (C.6)

e = ("t+<1+az“z)‘“?)

This verifies that if ¢f and p are piecewise constant government policies then ¢, and o
are piecewise constant as well. Substituting (C.6) into (C.2) we validate the conjectured
form for the value function, including the piece-wise continuity, with a jump at T', of Y (¢).

Verification proceeds as in Appendix II. It amounts to verifying the validity of
E [fot (e‘ﬁsdzs)Q ds] < 00, where ¢, = J,a?(aB)2(n™ + nf)2. At the optimum we know
(n* +ni) = %2)7;‘) and J, = (Ba;)"!. We recall that o7, i{, &, are piecewise
constant and have bounded jumps at discontinuities. Further the process a; follows a

geometric Brownian Motion, which makes it log-normally distributed with bounded

variance. Therefore the square integrability condition is satisfied.
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