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I. Introduction

Canwe rationalizethe shapeof yield curvesby consumersoptimal behavior? Sincethe shape
of yield curvesis characterizedy risk premiumson long-termbonds(i.e., term premiums)on
averagethis questionfalls into the extensivditeratureto rationalizethelevel of risk premiumsby
consumersbptimization! Rationalizingterm premiumsis, howeversomewhamorechallenging
than otherrisk premiumsin severalways. First, sincelong-termbond pricesare influencedby
inflation, the modelmustbe consistentot only with realeconomicactivity butalsowith inflation
dynamicsandtheir co-movementvith realeconomicvariables.Secondthe modelmustconsider
the policy behaviorof centralbanksin additionto consumersbptimizationbecausehe shortend
of yield curvesis entirelysetby thecentralbankin mostcountries.In particular,sinceinterestrate
policieshavebeenrecentlyconstrainedby the zerolowerbound(ZLB) underalow growthandlow
inflation environmenin many advanced economies)derstandingvhatthe theorypredictsabout
theequilibriumyield curveunder such a policgonstrainis a criticalissue for policymakers.

This papertriesto addresshosequestionsy analyzingthe equilibriumyield curvein amodel
with optimalsavingsasa buffer stock.In the model,consumersvith the Epstein-Zin-Weilprefer-
ence optimizeéheir consumptiompath under an exogenoiuscomeand inflationprocess as well as
nominalinterestratessetby amonetarypolicy rule,andtheequilibriumyield curveis derivedto be
consistentvith consumersbptimization.Thecontributionof this paperto theliteratureis twofold.
First, it showsthatthe shapeof yield curvescanberationalizedoy consumersboptimizationunder
theincomeandinflation processestimatedy data. Specifically,the modelsuccessfullyaccounts
for a realisticupwardslopingyield curvein US andUK evenunderthe positive associatiorbe-
tweenincomeandinflation overthe businesxycle(i.e., the Phillips curve). Secondijt showsthat
amonetarypolicy responseo inflationis a key to accountingor the shapeof yield curves.Given
this importanceof monetarypolicy behaviorin shapingyield curves,a counterfactuasimulation
indicateghata permanentlyow growthandlow inflation environmen(thelow-for-longeconomy,
hereafterwould beassociateavith flatteryield curvesdueto changesn monetarypolicy behavior
around theZLB.

While term spreadsn mostadvancedeconomiesare positive on average the positive term
premiumsarenoteasyto betheoreticallyrationalizedundertheempiricallyobserveao-movement
betweeninflation andreal economicactivity. A maintakeawayin the previousfinanceliterature

1The most actively investigated issue in this literature is the equity premium puzzle. For an extensive survey on
this literature, see Cochrane (2017).



is that, to theoretically rationalize the positive term premiums, inflation and consumption growth
should benegativelycorrelated. To see why, let us think about the two-period nominal bond price,
()2, Based on the Euler equation, it can be decomposed into the discounted value of the expected
one-period bond price and the term premium,

QQ,t == Et (Ql,t+1Mt,t+1)
= Ei(Qu41)/Re + cov(1/Ryy1, Mygq1)

whereM, ;. is the nominal stochastic discount factor (SDF). This asset pricing formula implies
that the term premium is positive if the correlation between the reciprocal of nominal interest
rates and the SDF is negative, i.eop(1/R:1, Miy1) < 0. Since the central bank increases
nominal interest rates in response to inflation, the correlation betwegn ; and inflation has
to be negative. Hence, given that the SDF is negatively correlated with consumption growth by
definition, a negative correlation between inflation and consumption grewth(r;, Ac;) < 0,
is necessary fotov(1/R;1, M:+11) < 0 and the positive term premium. Intuitively, if inflation
and consumption growth are negatively correlated, long-term bonds become a poor hedge against
a consumption decline because their prices decline in response to inflation, thus leading bond
investors to require risk premiums.

Although this argument in the finance literature does not contain any inconsistencies per se, a
macroeconomic model witthdogenousonsumption usually faces difficulty reconcilingrr (m;, Ac;)
with one of the stylized facts in the macroeconomics literature, namely the “Phillips curve.” While
there are many variants of the Phillips curve in the literature, they basically establiplodhe
tive association between inflation and real economic activity including income, consumption, and
employment over the business cycle, thus making it difficult for most consumption-based asset
pricing models to account for positive and sizable term premiums under the empirically observed
co-movement between inflation and consumption (the “bond premium puzzle”). Hence, a chal-
lenging but critical issue for the macro-finance literature is to account for the positive term premi-
ums induced by the negative correlation between inflation and consumption growth, while preserv-
ing the positive association between inflation and real economic activity over the business cycle
established in the Phillips curve literature.

This paper shows that decomposing the income process into a stationary and a non-stationary

2Given the negative correlation between consumption growth and inflation observed in most economies, some
macro-finance models witbxogenougonsumption growth can account for positive term premiums (e.g., Piazzesi
and Schneider (2007) and Bansal and Shaliastovich (2013)).
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part (cyclical income and long-run income) is a key to reconciling the arguments in the finance
and macroeconomics literature, which appear to be inconsistent with each other. By estimating the
income and inflation process using US and UK data, the empirical analysis indicates that inflation is
negativelycorrelated with long-run income growth bpiwsitivelycorrelated with cyclical income

over the business cycle. Hence, since consumption is mainly driven by long-run income rather
than cyclical income under the permanent income hypothesis, consumption growth is negatively
correlated with inflation, thus leading to positive and sizable term premiums. Along with the
positive and sizable term premiums, income fluctuations over the business cycle are positively
correlated with inflation just because of the positive association between the stationary part of
income and inflation, which is consistent with the Phillips curve literature. Those quantitative
results are clear and simple but in contrast with the previous literature. For instance, Rudebusch
and Swanson (2012) assume all variables are stationary in their model and account for positive
term premiums by assuming the negative correlation between inflation and real economic activity
over the business cycle, which is inconsistent with the empirical findings in the Phillips curve
literature.

Finally, a quantitative analysis emphasizes the importance of monetary policy behavior to ac-
count for sizable term premiums observed in data. Given the importance of monetary policy behav-
ior, this paper conducts a counterfactual simulation to examine what the model predicts about the
equilibrium yield curves in the economy with permanently low growth and low inflation as argued
by, for instance, the secular stagnation hypothesis. A counterfactual simulation via comparative
statics shows that in the low-for-long economy, the equilibrium yield curve would not only shift
downward but also significantly flatten mainly due to the changes in monetary policy behavior near
the ZLB of nominal interest3.

Literature Review

This paper is closely related to the literature on the equilibrium yield curve in the consumption
based asset pricing model. The early literature shows that replicating a realistic upward sloping
yield curve is not easy under the empirically observed consumption and inflation process (e.g.,
Campbell (1986), Backus et al. (1989), Boudoukh (1993) and den Haan (1995)), and it is called
the “bond premium puzzle.” Subsequently, Piazzesi and Schneider (2007) replicate some key fea-

3As is discussed in IMF (2017), this result implies that the low-for-long economy may be associated with a higher
financial stability risk due to the lack of bank profits adequate to build capital buffers, given that the maturity transfor-
mation is a main sources of banks profits.



turesin the U.S. term structureusing a modelwith the recursivepreferenceand Brangeret al.
(2016)investigatesnfluenceof the ZLB in a similar model. Thosemodels,however,aredifficult
to beusedfor counterfactugpolicy analysedecaus¢heyassumanexogenousonsumptiorpath.
Anotherstrandof this literatureis the onethataccountdor the shapeof yield curveby a general
equilibrium modelwith endogenousonsumption(andinflation) (e.g., Rudebuscltand Swanson
(2008,2012),De Paolietal. (2010)Andreaser{2012),vanBinsbergeretal. (2012),Dew-Becker
(2014),and Swansorn(2016)). Ngo and Gourio (2016) andNakataand Tanaka(2016) arepartic-
ularly relatedto this paperbecausehey investigatethe effect of the ZLB of interestrateson risk
premiums.Comparedo this strandof researchthe presenpapertakesa morestylizedapproach
in the senseéhatincomeandinflation aredeterminedy exogenougrocessedut insteadfocuses
moreon theempiricalconsistencyncludingthe Phillips curve? In termsof the methodologythis
paperusesa modelwith buffer-stocksavingspioneeredoy Deaton(1991)andCarroll (1992). In
the financeliterature, Heatonand Lucas (1996, 1997) usethis type of modelto investigateeq-
uity premiumsandportfolio choicesandAoki etal. (2014)incorporatanflation to investigatehe
moneydemand.As far asl know, however,this is the first paperto apply this frameworkto the
termstructureof interestrates.Finally, the presenpaperis alsorelatedto the macroeconometrics
literatureusinganunobserved@omponenmodelto decomposéhe cyclical andtrendcomponent.
The mostcloselyrelatedworks in this literatureare Kuttner (1994) and Domenechand Gomez
(2006).As in the presenpaperthosetwo paperaisethe unobservedomponenmodelto decom-
posethetrendandcycle andestimatedynamicsof inflation andrealeconomicactivitiesincluding
thePhillips curve.

Therestof papemproceedasfollows. Section2 describeshe modelto analyzetheequilibrium
yield curve,and Section3 estimateghe incomeand inflation processand providesquantitative
analysesConcludingremarks are givem Section 4.

II. Model

The modelis an endowmentconomywith optimal savingsas a buffer stock. In the model, a

representative consumeptimizesits consumptiorpathunderanexogenous incomandinflation

4Also, the stylized approach makes it possible to analyze the yield curve in the low-for-long economy. A new

Keynesian model faces inflation indeterminacy when interest rates hit the ZLB so often.
5The seminal papers in the early literature on this issue are Harvey (1985) and Clark (1987).
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processas well as nominalinterestratessetby a monetarypolicy rule. Then, the equilibrium
yield curveis definedto be consistentvith thefirst-orderconditionsfor consumersintertemporal
optimization.

A. Budget Constraint

In everyperiod,the consumerbtainsrealincome,Y;, asanendowmentandallocatest for con-
sumption,C;, andsavingsasaform of one-periochominalbonds,B;, or n-periodnominalbonds,
B,... Hence, the budgeonstraintfor the consumer is formulatess

B B
P,Cy + 4 Z QntBni +© (—t) =PBY,+ B+ Z Qn—1,tBni—1 (1)

R R
t n>1 t n>1

whereP, is a price level,R; is a nominal interest rate, argl, , is an-period bond price in period
t. Note that, by definitionQ), ; = 1/R; andQ,; = 1. Here, a tiny cost for bond holding®y-),

satisfying
B, B,
(= |>0andd”" (=) >0
() > oo (5)
is assumed to exist in order to avoid the divergence of bond holdinigsuitively, the cost of
bond holdings represents a risk premium associated with too much issuance of government bonds,
including fiscal risks.

The consumer’s real incomé&;, is assumed to consist of the non-stationary componghnt,
and the stationary component,

log(Y;) = log(y;) + log(y:), 2)

and the growth rate of the non-stationary compongnst ;" /y;_,, and the stationary component,

yt, follow a stationary process with(g;) = ¢* andE(log(y;)) = 0. Hence, the growth rate

of household’s income fluctuates around the constant level of potential growthytand the
cyclical part,y,, fluctuates around the non-stationary part of incogjiepver the business cycle.
Hereafter,y; is called “income gap” because it is constructed by an analogous way to construct
output gap, andy; is called “long-run income” according to the literature of the long-run shock
pioneered by Bansal and Yaron (2004). Similarly, the gross inflation rate is defindd as

5This type of “risk premium” for bond holdings is common in a model with exogenous interest rates, typically a
small open economy model. See Schmitt-Grohe and Uribe (2003) for more discussion on how to avoid the divergent
path in a small open economy model.



P,/P,_4, and is assumed to consist of a non-stationary compongrdnd a stationary component,
7, as in Cogley and Sbordone (2008),

log(Ily) = log(m) + log(m) (3)

where ¢= 7} /7;_, and 7 follow an exogenous stationapyocess. Hereafter;*, andr, are called
“trend inflation” and “inflation gap,” respectively.

B. Monetary Policy

As in a standard monetary model, the central bank sets the nominal intere& ratea policy rule
responding to inflation. More specifically, the central bank is assumed to set the nominal interest
rate at the neutral interest rate (the trend inflation plus the potential groithgs = ¢*, when
inflation is equal to trend inflation (i.e., the inflation gap is equal to zero), and increase (decrease)
the nominal interest rate in response to the positive (negative) inflationrgap]l, /7;. That is,

the central bank sets the nominal interest rate following a policy rule,

H ¢7r
% (%)
Ty

Note that the nominalinterestrateis assumedo dependon the last period’'sinterestrate, R, 1,

17(257‘

Rt = Rf:1 (4)

asin the previousliterature,suggestinghatthe centralbanktendsto smoothlymakechangesn
monetarypolicy. Here,¢, and¢, areparametersepresentinghedegreeof interestratesmoothing

and responses to inflatigaps.

C. Household’sOptimization and Equilibrium Yield Curve

The householdchoosestheir optimal consumptionpath so as to maximize their discounted
lifetime utility. More specificaly, the householdmaximizesthe following valuefunctionbasedon
the Epstein-Zin-Weipreference,

Vi = {Clm + BE, Vi) }

subject tathe budget constraint (1), the exogenous process of real income and inflatzodI1;,
and the nominal interest rate set by the monetary policy rule (4). Heard« are parameters for
the inverse of IES and the CRRA coefficient, respectively.



The equilibrium is characterized by the Euler equation with respect to one-period nominal bond
holdings,B;,
RtEt[Mt,t+1] =1

and the Euler equations with respecttgeriod nominal bond holding$;,, ;,
EQn-1t41 M 11] = Qny, V> 1.

Here, M, ., is the nominal stochastic discount factor (SDF) from petitalt + 1,

M _ B Ci1\ ° Vit
b 44 Cy R
E, (Vin®)

og—Qx

The equilibrium nominal yield curve is formulated byperiod bond pricesy),, +,

1

Rn,t = Qn,?a

and the nominal term premium for theperiod bond;/?,, is defined as,

n,t?

¢N = Rn,t - Rn,t

n,t —

Whereant is an-period bond return for risk-neutral agents. As in the previous literature, the
n-period bond prices and returns for risk-neutral age@,g, ananvt, can be defined as,

1 .- . . 1 \"
E]Et[@nfl,ﬂrl] =Qn: and R, = ( ~ > ,Vn > 1
t n,t

because risk-neutral agents are not concerned about the covariance risk.
In a similar vein, the real interest rate, and then-period real bond pricey, ;, are determined
by the asset pricing formula,
T’tEt[mt,tH] =1
and
EiGn-1441mu141] = @ng, Y0 > 1

wherem, ;. is the real SDF from periotito ¢ + 1,7

" _ 3 (Ct-i-l)_a Vit
t,t4+1 Ct ]Et (‘/t}s—_a) ﬁ

"The real interest rate and long-term real bond prices are formulated using the real SDF and standard asset pricing

o—x

formula based on the Euler equations. Those Euler equations, however, can be derived by assuming that real bonds
are available for the household and the household optimally chooses the amount of real bond holdings.
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Then, the equilibrium real yield curve is formulated#yperiod bond prices, ;,

1

—_— n
Tnt = qnt »

and the real term premium for theperiod bondy)%,, is defined as,

n,t?
R __ A~
77Z)n,t =Tnt —Tnt

wherer,, , is an-period real bond return for risk-neutral agents. Theeriod real bond prices and
returns for risk-neutral agent$, , andr,, ;, are defined as,

1
1 R R R 1\~
_Et[Qn—l,t—l-l] = (ns and 7, = <A—> ,Vn > 1

Tt Qn,t

as in the case of nominal bond prices. Finally, the inflation term prem'ﬂjm,is defined as a gap
between nominal and real term premiums,

I _—_ | N R
¢n,t = wn,t - Ynt

Note that while the all term premiums are zerofioe 1 (i.e.,y{ , = ¢, = ¢{', = 0) by definition,
it does not mean there is no inflation risk premium for the one-period nominal bond. That is, unless
Cov(Il441, Myyi) = Ois satisfiedr, = R,/E;[I1,;,] is not satisfied and so the breakeven inflation
is not equal to inflation expectations due to the inflation risk premium in the nfodel.

To make the model quantitatively tractable, it is assumed that the supphpefiod bond for
n > 1 is equal to zero in equilibrium without loss of generality, and consequently one-period
nominal bonds are the only choice of savings for consumers in equilibrium. Moreover, to make
the model stationary, all non-stationary variables should be detrended By Byand/ory;, and
all equations including the budget constraint, the monetary policy rule, and the Euler equations
should be reformulated by the detrended variables. See Appendix A for the detrending procedure
and all relevant equations after detrending. Then, since the model consists of two endogenous,
(B;-1, R;_1), and four exogenous state variablés, &, v, 7;), it is computationally solvable. In
the later section, the model is solved quantitatively under the estimated process of income and
inflation, and used for examining whether the equilibrium yield curve in the model can account for
the empirical features of yield curve in US and UK and for investigating what the model predicts
about the equilibrium yield curve in the low-for-long economy.

8See Ngo and Gourio (2016) for more discussion on inflation risk premiums and how they change around the ZLB
of nominal interest rates.
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III. Quantitative Analysis

This sectionconductsa quantitativeanalysisbasedon the modeldescribedn Section2. Specif-
ically, the quantitativeanalysisin this sectionasks: Canthe modelquantitativelyrationalizethe
shapeof yield curves particularlypositiveandsizabletermpremiumsundertheestimategrocess
of incomeandinflation? Whatis therole of monetarypolicy in shapingyield curves?In addition
to analyzingthe baselinecasewith the stochastidrend, g;, the equilibriumyield curvein atrend-
stationarymodelis alsoexaminedfor comparisorpurpose given that analyzingthe equilibrium
yield curvein thetrend-stationarynodelis muchmorecommonin theliterature(e.g.,Rudebusch
and Swansof2012)).

The outline of the quantitativeanalysisis asfollows: first, theincomeandinflation processs
estimatedusingUS andUK databothin the stochastidrendcaseandin thetrendstationarycase.
Then, giventhe incomeandinflation processcalibratedby the estimationresult,the consumer’s
optimal policy functionsin the model are quantitativelycomputedby a recursivemethod. The
equilibriumyield curvein the modelis computedby pluggingestimatednflation andincomese-
guencesnto theoptimalpolicy functionof consumptionAfter examiningwhethertheequilibrium
yield curvescanaccountfor the shapeof yield curvesin data,a counterfactuapolicy experiment
is conductedo examinewhat the modelpredictaboutthe slopeof yield curvesin the economy
with permanentlyjow growth and low inflation.

A. Estimation of Income and Inflation Process

In the model,incomeandinflation are assumedo consistof a trendand cyclical componenias
describedn (2) and(3). The goal of this subsections to estimatethe parametersor theincome
andinflation processn US andUK by usinga Bayesianmethodof anunobservableomponent
model, and, in the stochastidrend model, simultaneouslydecomposéhe incomeand inflation
processnto thetrendandcyclical component.Theincomeandinflation processestimatedn this
subsectiowill be usedfor calibratingthosein the modelto conducta quantitativeanalysisin the
nextsubsection.

Econometric Specification and Data

To estimatethe incomeandinflation processfirst, we needto specifythe functionalform of the
incomeandinflation process.In the trendstationarymodel,on the onehand,the cyclical part of
incomeandinflation, y; andr;, areassumedo jointly follow areducedorm VAR(1). Thatis, the

12



vector of an income gap and an inflation gap,= [log(v;), log(m;)]’ follows a VAR(1):

Xiy1 = A1 X +exi, exarr ~ N(0,Xx)
where:
Pyy  Pyr

ag g
vy ym
7EX = )
Pry  Prr Oyr Onn

In the trend-stationary model, since the growth rate of long-run incgmes assumed to be con-

Alz

stant aty*, the stochastic process @gfdoes not need to be specified. In the above VAR(1) setting
for income and inflation gaps, inflation is assumed to be possibly non-neutral contemporaneously
(oyr # 0) as well as with lagsi,, # 0 andp,. # 0). While the inflation non-neutrality is expected

to entail the positive association between income and inflation over the business cycle according
to the Phillips curve literature, those parameters will be estimated by data with improper priors.
Finally, growth of trend inflations; = =} /7;_,, is assumed to follow AR(1):

log(&;) = pelog(&i—1) + ¢ Whereeg, ~ iidN (0, o) (5)

When setting the prior distribution for estimation, a very persistent process with very small vari-
ance is assumed for the trend inflation process to capture its slow-moving feature.

In the stochastic trend model, on the other hand, since growth of the non-stationary income,
g+ = vy /yi_,, is also a stochastic variable in addition to income and inflation gaps, the functional
form for the process o§; should be specified, too. Here, it is assumed thdollows an AR(1)
process and that the shockdgois possibly correlated with the shock to inflation, which can entail
another inflation non-neutrality in the stochastic trend model, in addition to the one induced by
the correlation between income gaps and inflation gaps. The assumption of AR(1) proggss for
is a little bit non-standard in the literature of the unobserved component model in sense that most
models in the previous literature assume thas a white noise (i.ey; follows a random walk).
However, given that the long-run shock literature pioneered by Bansal and Yaron (2004) empha-
sizes the importance of a persistent and non-stationary shock for asset pricing, | assume that the
income process possibly contains a hon-stationary component more persistent than a random walk
process her& Given this specification fog, in the stochastic trend model, the vector of an income

9Note that the general AR(1) process fphere includes a random walk process as a special case, and so a random
walk process can be chosen as a result of estimation. Furthermore, assuming a random walk process for the non-
stationary component of income has a risk to overestimate the role of a non-stationary component. See Quah (1992)
for more theoretical discussion on the trend and cycle decomposition assuming that the non-stationary component
follows a general ARIMA process.
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gap, an inflation gap, and growth of non-stationary incoes= [log(y:), log(m:), log(g:)]" jointly
follows a VAR(2):

Xiv1 = Ao+ A1 Xy +exq1, exrr ~ N(0,Xy)

where:
0 Pyy Pyr 0 Oy Oyr 0
AO = 0 7A1 = | Pry Prrm 0f,Yx = Oyn Onxx Ogr | >
(]‘ - pg)g* 0 0 Pg 0 Ogn Ogg

where the average of income growth rate is equaj*tovhich can be interpreted as a long-term
potential growth rate in the econortfyFinally, growth of trend inflation,, is assumed to follow
a AR(1) process as in the trend stationary model in (5).

Then, to estimate the parameters in the above income and inflation process by a Bayesian
method, we set the prior distributions as follows. First, for identifying between trend and cycle
in inflation, it is assumed that: (1) the prior distribution for the AR(1) parameter of trend in-
flation is centered around a very high persistence (Beta[0.95, 0.03]), and (2) volatility of trend
inflation is assumed to be very small and equal to 1.0 percent of the volatility of inflation gap,
i.e.,0¢/0, = 0.01. That s, the trend inflation is identified by defining it as a very persistent and
less volatile component of inflation by assumption. Second, in the stochastic trend model, a tight
prior distribution (Beta[0.80, 0.05]) is assigned for the AR(1) parameter of the incomepgap,
for identifying between trend and cycle in the income process. That is, the income process in the
stochastic trend model is decomposed into a trend and cyclical component by assuming that the
cyclical part of income is a stationary process near the business cycle frequency. In the trend sta-
tionary model, on the other hand, it is not necessary to decompose the income process into a trend
and cycle component because, as stated below, the observable variapls tbe income process
detrended by the HP filter and so expected to capture the business cycle component by construc-
tion. Hence, in the trend stationary model, a more standard and flatter prior distribution is assumed
for p,. Third, an improper and flat prior distribution, Uniform [-1,1], is assigne@d,tQ pxy, 0y,
ando, for the stochastic trend model apg, p.,, ando, for the trend stationary model, imply-
ing that those parameters are estimated purely by data without any restrictive prior assumptions.
Since the co-movement between income and inflation is strongly influenced by those parameters,

0Here, the correlation between the shocks to a stationary and a non-stationary component of income, the left-
bottom and the right-upper component of the covariance matrix, is assumed to be zero. While this assumption is a bit
restrictive, it is necessary to identify and decompose the trend and cycle component of income. See Harvey (1985) for
more details on this assumption.
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the co-movement implied by the estimated inflation and income sequences can be also interpreted
as estimated purely by data without any prior restrictions. Finally, other prior distributions are set
to conventional ones.

With the above prior distributions, | estimate the eleven parameters

(1097 Pyys Prrs Pyrs Prys Pe> Oggr Oyys Oy Oyms Ugﬂ>

for the stochastic trend model and the eight parameters

(pyya Prms Pyms Prys Pes Oyyy Oy O-y7r>

for the trend stationary model by a Bayesian method using US and UK data. For inflation, “PCE
deflator (chain price index)” is used for US and “Long Term Price Indicator of Consumer Goods

and Services” is used for UK. Also, for the real income data, “Personal Income” is used for US and
“Real Household Disposable Income” is used for UK. The sample periods are 1959Q2 - 2017Q4
for US and 1959Q2 - 2017Q4 for UK. In the stochastic trend model, the observation equations in
the state space representation are:

Alog(H?ata) = &AM - T

Alog(Y,"") = g+ y —
where A(Y;) is real income growth and log(Il;) is changes in inflation in each country. To
estimate the income and inflation process in the trend stationary model, on the other hand, first,
the data for income gapy, is constructed by extracting the business cycle component of income

using the HP filter, as in a standard business cycle analysis. Then, the observation equations in the
state space representation are formulated as:

AIOg(HtDam) = §+m - T
log(Y,P"") =

wherelog(Y,P%) here is a business cycle component of income extracted by the HP filter.

Estimation Results

Thefirst two columnsof Table1 showthe posteriormeanand90 percentconfidencentervalsfor
the stochastidrend case,alongwith the prior distributions. Thereare somenoteworthyfeatures
in the estimationresultsfor the stochastidrend case. First, the estimationresult pointsto the
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existence of the Phillips curve, i.e., the positive association between income gap and inflation gap
over the business cycle. In both US and UK, the lagged income gap (inflation gap) is positively
correlated with inflation gap (income gap),{ > 0 andp,, > 0), and the shock to income gap

is also positively correlated with the shock to inflatien.( > 0).}' Figure 1 shows the scatter

plots of estimated inflation gap and income gap in the stochastic trend case, pointing to a strongly
positive correlation between inflation and income gap in US and UK. Second, the estimation result
shows that inflation is negatively correlated with long-run income growth. The table shows that
the shock to the growth of long-run income is negatively correlated with the shock to inflation
gaps ¢., < 0), and due to the negatively correlated shocks, inflation gaps and growth of long-
run income are strongly and negatively correlated, as shown by the scatter plot in Figure 2. In
sum, the estimation result for the stochastic trend case implies that inflation is positively correlated
with income gap but negatively correlated with growth of long-run income. It is worth noting that
improper and flat prior distributions, Uniform [-1,1], are applie@}Q, p-y, 0x4, ando,, implying

that the estimated co-movement between inflation and income is interpreted as the one estimated
purely by data without any prior restrictions.

These estimation results for the stochastic trend case are in line with the previous empirical
literature on macroeconomic fluctuations. First, the positive association between income gap and
inflation over the business cycle is consistent with the Phillips curve literature. That is, given
that income gap can be interpreted as one of variables to represent real economic activity over
the business cycle, the above estimation result is consistent with the positive correlation between
real economic activity and inflation over the business cycle, which has been long argued in the
literature (e.g., Kuttner (1994) and Stock and Watson (1999)). Second, the negative correlation
between inflation and growth of non-stationary income is consistent with the past VAR literature
on the identification of supply and demand shock. Blanchard and Quah (1989) identify the supply
and demand shock by assuming that the supply shock has a permanent effect on output while the
demand shock does not, and shows that the supply and demand shock has a positive and negative
effect on unemployment rates, respectively. Given the negative correlation between inflation and
unemployment rates as argued in the Phillips curve literature, Blanchard and Quah (1989)’s result
implies that inflation is positively correlated with a stationary part of output but negatively corre-

"The estimation result fop,, > 0 seems a bit strange at the first glance because it seems to imply that lagged
high inflation causes high income. This interpretation is, however, not appropriate because the VAR in this paper is
just a reduced form VAR rather than a structural VAR. Hence, we would need an identification assumption to know
the marginal effect oéxogenoushift of lagged inflation on income.
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latedwith growth of non-stationarypartof output,which is consistentith the estimatedncome
and inflationprocesses in Figure 1 and 2.

Thelasttwo columnsof Table1 showthe posteriormeanand90 percentconfidencantervals
for the trend stationarycase,alongwith the prior distributions. Thereare somekey differences
from the stochastidrendcase.First, while the laggedincomegaphaspositive effectson inflation
(ppy > 0), thelaggedinflation hasnegativeeffectsonincomegap(p,,, < 0). Thus,it canbeinter-
pretedthatthefirst equationin the VAR(1) represents demandcurvewhile the secondequation
in the VAR(1) represents supplycurve(or, the Phillips curve). Secondhe correlationbetween
the shocksto incomeandinflation gapis estimatedasnegative(o ., < 0). While thosenegatively
correlatedshocksareconsistentvith the modelsettingby Rudebuscland Swansor(2012)where
the economyis mainly driven by supply shocks,it appeargo be inconsistentwith the Phillips
curveliteraturewhich argueghatcorrelationbetweerinflation andrealeconomicactivity overthe
businesgycleis positive. However,evenwith the negativecontemporaneousorrelationbetween
the shocks,the scatterplot for inflation gapsandlaggedincomegaps(w; andy; ) in Figure3
pointsto a positive associatiorbetweenthosetwo variablesover the businesscycle, suggesting
thatakind of thePhillips curveexistsalsoin thetrendstationarymodel.In thenextsubsectionywe
calibratetheincomeandinflation processn thetrendstationarymodelusingthis estimatiorresult
andcompareheequilibriumyield curvesin thetrendstationarymodelwith thosein the stochastic
trendmodel.

B. Simulation Exercisefor Term Structure of Interest Rates

In the simulationexercisefor term structureof interestrates,first, the policy functionsunderthe
estimatedncomeandinflation procesarecomputedy thetime iterationmethodwith discretized
grids proposedn Coleman(1991). Then,the equilibriumyield curvein the modelis computed
by pluggingthe sequencef ¢, y;, £, andr; estimatedn the previoussubsectionnto the policy
functionsfor each country

Calibration

First, the processof incomeand inflation by countryis approximatedoy a first-order Markov

chain with discretizedgrids. More specifically,the VAR for income gaps,inflation gaps,and
growth of long-runincome, X; = [log(y), log(m),log(g:)]’, is approximatedasfollows. First,

the statespacefor log(y:), log(m;), andlog(g;) is discretizedby gridsof G, € R™, G, € R"~,
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andG, € R whereN,, N, and N, are the number of grids for income gap, inflation gap, and
long-run income growth. Then, the VAR(1) is approximated by a first-order Markov chain over
Gx € RM x RN« x RNs py the method proposed in Terry and Knotek Il (20321 )Note that the
VAR(1) process in the trend stationary model is also approximated by a first-order Markov chain
in the same manner just by assuming that there is only one grid ferg*. The AR(1) process for
growth of trend inflationg,, is also approximated by a first-order Markov chain by the Tauchen’s
method.

Second, other parameter values are calibrated to standard values. For preference parameters,
the discount rat¢ and the inverse of IES;, are set to 0.9985 and 2.0, which are standard values
in the literature. The steady state value for bond holdingsis set to 4.8 based on the average
asset-income ratio in the U.S., but it barely influences the quantitative results. For the cost of bond
holdings, first, its functional form is assumed to be quadratic,

bt> m(bt b*)2~
@ —_ = — _—— — R,
(Rt 2 \r, R) "

andsetthe parameterg,, to anarbitrarysmallnumber0.001 justfor avoidingdivergenceof bond
holdings.Notethatthevalueof thebondholdingcostbarelyaffectstheresults too. Fortheparam-
etersof the monetarypolicy rule, the interestrate smoothing,¢,, is setto 0.8 for both countries,
andthedegreeof responseo inflation, ¢,, is setto 2.0for US and1.0for UK, basedn the previ-
ousDSGEliteratureincludingNegroetal. (2013)for US andDiCecioandNelson(2007)for UK.
As for the degreeof responseo inflation, however,the sensitivityanalysiswill be conductedn
the nextsubsectiorbecauset is oneof the key parametersn shapingthe equilibriumyield curve
asshownlater. Finally, the CRRA parameterx will be chosenso thatthe level of averageterm
premiumsfits the dataasshownin the nextsection.Table2 summarizeshe calibrationvaluesin
thebaselinecase.

Equilibrium Yield Curve and Its Driving Force

Beforediscussinghe simulationresults,| briefly touchon stylizedfactsaboutyield curves.Table
3 showsthe averageshapeof yield curveandthe volatility of interestratesfor the overnightrate,
the5-yearrate,andthe 10-yearratein US andUK. Thetableis basedonthe datafor government
bondsin eachmaturity for 1959Q1-2017Q%or US and1957Q1-2017QXor UK. The valuesin
parenthesefor thelevel of interestratesarethe averagespreadselativeto the short-terminterest

12| thank the authors for kindly sharing the Matlab code.
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rates, which ar¢heoretically close to term premiums for 5-year and 10-year bonds, and the values
in parentheses for the volatility are the volatility of long-term interest rates relative to the volatility
of the short-term interest rates. The table shows two stylized facts shared across US and UK. First,
the yield curve is upward sloping on average. For instance, the spread for the 10-year interest rate
is 1.07% and 0.84% in US and UK, respectively. Since the spread between the long-term interest
rate and the short-term interest rate is determined by term premiums on average in the long run,
those upward sloping yield curves imply that term premiums are positive and larger for longer-
term interest rates in datd. Second, volatility of long-term interest rate is slightly smaller than
volatility of short-term interest rates but almost at the same level. As is investigated later, it is
theoretically puzzling that the long-term interest rate has almost the same level of volatility. In
what follows, | will explore whether the model can account for those stylized facts and what is the
economic intuition behind it.

Figure 4 shows the equilibrium yield curves in the stochastic trend model (the baseline model)
and the trend stationary model, along with the average level of term spreads in actual data for US
and UK. In this simulation, the CRRA coefficient is setdo= 40 for US anda = 20 for UK
to quantitatively fit the simulation results to data. The main takeaway from the figure is that the
baseline model (the bold blue lines) can successfully account for the upward sloping yield curves
in both countries under the estimated process of income and inflation. Furthermore, the figure also
shows that the equilibrium yield curve in the trend stationary model (the red lines with x-mark)
obviously fails to generate sizable term premiums and thus the equilibrium yield curve in the trend
stationary model is too flat to fit the data. Hence, while the trend stationary model is more common
than the stochastic trend model in the literature, the figure indicates that the equilibrium yield curve
in the trend stationary model cannot solve the “bond premium puzzle” if the income and inflation
process is calibrated to be consistent with déata.

Why can the baseline model generate positive and sizable term premiums and account for the

3An implicit assumption here is that thelmave been no substantittucturalbreaks in the bond marked perma-
nently change the levelf termpremiums, and that afiolicy changes associatedth the bond markeincludingthe
guantitativeeasing after the global financiafisis, are cyclicapolicy changes.

while the value of CRRA coefficientquantitativelyinfluencesthe slopeof yield curveasis well known, notethat
the qualitativeresultof positive andsizableterm premiumsis preservedor a relatively wide rangeof CRRA coeffi-
cientsasshownby arobustnessheckin AppendixB, andthatvaluesof CRRA coefficientenoughfor replicatingthe
empirically comparablesize of term premiumsare muchmore modestandrealisticthanthosein previousliterature.
Moreover,term premiumsin the trend stationarymodelare almostzerofor broadvaluesof CRRA coefficient,sug-
gesting thathe performancef the stochastitrend model relativéo the trend stationamnodel does not depend on
the value of CRRA coefficient.
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upward sloping yield curve, even while preserving the Phillips curve as shown in Figure 1? Since
the negative correlation between consumption growth and inflation is a necessary condition for
obtaining positive term premiums in any consumption-based asset pricing models, this question
can be rephrased as: Why can the model replicate the negative correlation between consumption
growth and inflation even though income and inflation are positively correlated over the business
cycle? Given the estimation result in the previous section, a key to understanding the mechanism
behind the equilibrium yield curve is the difference between the cyclical income and the long-run
income in their relation to inflation. On the one hand, the stationary part of income (income gap)
entails the Phillips curve just because it is positively correlated with inflation gaps over the busi-
ness cycle, as shown in Figure 1. On the other hand, growth of long-run income is negatively
correlated with inflation as shown in Figure 2. Since consumption growth is more influenced by
long-run income than income gaps under the permanent income hypothesis, the negative corre-
lation between growth of long-run income and inflation induces the negative correlation between
consumption growth and inflation in the model, thus leading to positive and sizable term premiums,
while preserving the positive association between income and inflation over the business cycle.
While the mechanism is simple and clear, this result is in quite contrast with the previous
literature. For instance, Rudebusch and Swanson (2012) investigate the equilibrium yield curve in
a standard DSGE model where all variables are trend stationary and there is no non-stationary long-
run shock, and show that the model can account for an upward sloping yield curve under standard
calibration values. However, to replicate the negative correlation between consumption growth and
inflation in their model, they implicitly assume that the output gapegativelycorrelated with
inflation over the business cycle by assuming that the economy is mainly driven by productivity
shocks, which contradicts the empirical fact regarding the Phillips curve. As shown by the trend
stationary model in Table 4, if we calibrate the income and inflation process in the trend stationary
model based on the estimation result, it is quite challenging for the model to replicate positive
and sizable term premiums, implying the importance of long-run income shocks in resolving the
“bond premium puzzle” similarly to resolving the equity premium puzzle in Bansal and Yaron
(2004)*® However, as emphasized by Rudebusch and Swanson (2012), incorporating a long-run
income shock into a standard DSGE model is tricky because a positive long-run income shock
usually leads to positiverather than negative response of inflation in DSGE models, thus making
it difficult for them to replicate the negative association between long-run income growth and

15See also Bansal and Shaliastovich (2013) for the relationship between long-ruto réstcgyenous consumption
growthand the bond premium puzzle.
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inflation shownin Figure2. Replicatingthe relationshipof stationaryandnon-stationaryncome
with inflation by usingamicro-foundedSGEmodelis, of course aninterestingandcritical issue,
but | focuson the assefpricing implicationsby taking the relationshipasgivenin this paperand
leavethe issue for future research.

Monetary Policy and Equilibrium Yield Curve

Table4 showsrealtermpremiumsin the baselinemodelalongwith nominaltermpremiums.The
tableindicatesthata substantiapartof nominalterm premiumss accountedor by realterm pre-
miumsparticularlyin US, andthatterm premiumsassociatedavith inflation risk premiumsdo not
play adominantrole for explainingthe upwardslopingyield curvel® Thisresultof decomposition
is in contraswith theprevioustheoreticafinanceliterature which argueghatinflationrisk premi-
umsratherthanrealterm premiumsarea dominantpartof nominaltermpremiums(e.g.,Piazzesi
andSchneide(2007)),butit is consistentvith the empiricalfinanceliteratureon term premiums.
Forinstance Abrahamsetal. (2016)decompos@ominalterm premiumsin US by estimatingthe
affineterm structuremodelandshowthatrealterm premiumsaremuchlargerthaninflation term
premiums.

Theresponsef monetarypolicy to inflation playsa key role for generatinghe positiveand
sizablereal term premiums. To understandvhy, let us think aboutthe 2-periodreal bond price,
¢2+- By the Eulerequationwith respecto realbondsin eachmaturity,the 2-periodrealbondprice

is decomposeds,

Q2t = E, (Q1,t+1mt,t+1)

= Ei(qus1)/re + cov(1/rier, myisq)

wherem; is the real SDF and, is a real interest rate in periad This equation implies that real

term premiums are positive if and onlydév(1/r.1,m::+1) < 0. In the model, real interest rate
increases in the face of inflation hike because the central bank is assumed to aggressively increase
nominal interest rates in response to inflation. Furthermore, the real"8DRlso increases in
response to inflation because consumption growth and inflation are negatively correlated in the
model. Taken together those two observations, the real interest rate and the real SDF are positively
correlated, thus leading t@v(1/7.11, m:41) < 0 and positive real term premiums. Intuitively, if

18This result does not mean that there are little inflation risk premiums. Inflation risk premiums are positive and
significant in this model, but there is not large difference in inflation risk premiums for the short- and the long-term
interest rates, suggesting that term premiums associated with inflation risk premiums are not large.
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the real interest rate increases in response to inflation, the real bond is not a good hedge against a
decline in consumption caused by inflationary shocks, thus leading to positive real term premiums.

The significant effect of monetary policy behavior on term premiums is confirmed by compar-
ative statics with respect to the degree of monetary policy response to inflatidrigure 5 shows
that the equilibrium yield curves with different degrees of monetary policy responses to inflation
(¢p- = 1.0,2.0 and 3.0). The figure indicates that the more aggressively the central bank responds
to inflation, the steeper the equilibrium yield curve becomes. The economic intuition behind this
result is simple: The more aggressively the central bank responds to inflation, the more negatively
nominal (and real) bond prices are correlated with inflation, thus making nominal (and real) bonds
riskier assets due to the negative correlation between consumption growth and inflation.

This result of comparative statics, therefore, suggests that differences in the term structure of
nominal interest rates across countries are perhaps explained by differences in the monetary policy
rule. In the baseline calibration in this paper, the degree of monetary policy response is set to
¢r = 2.0 in US while it is set togp, = 1.0 in UK. As explained in the calibration part, this
calibration value of monetary policy response to inflation in each country is based on the previous
empirical macroeconomic literature, but the smaller monetary policy response to inflation in UK is
also justified by volatility of nominal interest rates relative to volatility of inflatiéTable 5 shows
the relative volatility of interest rates to inflation in data as well as in the modelgyita 1.0, 2.0
and 3.0, respectively. The table indicates that while the ratio of interest rate volatility to inflation
volatility is much larger than one and close to the case,of 2.0 in US, it is less than one and
close to the case af, = 1.0 in UK, which is consistent with the baseline calibration in this paper.
Hence, the results of comparative statics in Figure 5 imply that such a small response of monetary
policy to inflation in UK is a key to replicating the moderate level of term premiums in the model,
particularly the moderate share of real term premiums as shown in Table 4, even in the face of the
very large volatility of inflation in UK.

The very low inflation responsiveness of UK monetary policy was probably caused by the fact that the monetary
policy in the UK was often Treasury-led and subject to political cycles during 1959-1996. Hence, since the Bank
of England independence in 1997 and inflation targeting, the parameters of monetary policy response might possibly
change and influence the level of term premiums in UK. While the sample since 1997 is too short to discuss the long-
term level of term premiums, the effect of such structural breaks in the monetary policy behavior is an interesting topic
for future research.
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Term Structure of Interest Rate Volatility

This subsectiorexamineghe term structureof interestratevolatility in orderto furtherverify the
validity of themodel. The previoussubsectiorshowsthatthe modelcansuccessfullyaccountfor
thelevelof thelong-terminterestrateunderthe observedncomeandinflation processbutit does
not necessarilyneanthatit canalsoaccountfor the volatility of long-terminterestrate relative
to thatof short-terminterestrate(i.e., the term structureof interestratevolatility). Table3 shows
thatvolatility of 5-yearand10-yearinterestratesin US andUK is slightly lower thanshort-term
interestrates. From a theoreticalperspectivethis slightly lower volatility for long terminterest
ratesis puzzling: Theoreticamodelspredictmuchlower volatility for longterminterestratesthan
whatwe observein data. The economicintuition for “the excessvolatility of long terminterest
rates”in datais simple. Long terminterestratesarebasicallyan averageof currentandexpected
future short-terminterestratesplus term premiums. Hence,if shortterminterestratesfollow a
meanreverting stationaryprocessand term premiumsdo not fluctuatea lot, long term interest
ratesdo not significantlyrespondto fluctuationsin shortterm interestratesandthushavemuch
smallervolatility than the short-term interesdtes do.

Figure 6 showsthe relative volatility of long term interestratesin data(the black lines with
circles)andin themodel(thebold bluelines). Thefigureindicateghatwhile therelativevolatility
for long terminterestratesis still alittle bit lower thandata,the modelcansuccessfullyeplicate
arelatively large volatility for long terminterestrates. A key to understandinghis resultis the
time-varyingtrendinflation, 7;. To seethe marginaleffectsof time-varyingtrendinflation onthe
relative volatility of long term interest rates, Figure 6 also shows the relative volatility of long term
interest rates for the case of fixed trend inflation (the dashed blue lines). The figure indicates that
if the trend inflation is fixed at a constant value, the relative volatility of long term interest rates
would be much smaller as in a standard model, suggesting that the time varying trend inflation is
a main driver for the volatility of long term interest ratésThe reason why the time varying trend
inflation boosts the volatility of long term interest rates is as follows: Both short- and long-term
interest rates are cointegrated with trend inflation, but since trend inflation follows very persistent
non-stationary process, trend inflation influences the long-term interest rates more than short-term
interest rates by changing the long-term inflation expectations, thus increasing the volatility of long
term interest rates relative to the volatility of short term interest rates.

BInterestingly as shown in the robustness check in Appendix B, the level of term premiums is almost the same
between the economy with time varying and time invariant trend inflation. See Appendix B for more discussion about
the effects of trend inflation on the level of term premiums.
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To further support the hypothesis that the slow-moving trend inflation is a key to understand-
ing the relatively large volatility of long term interest rates, Figure 6 also shows the volatility of
detrendedong-term interest rates relative to the volatility détrendedshort-term interest rates
(the dashed blue lines with circles). The detrended long- and short-term interest rates are com-
puted by taking the deviation from the HP filter trend for each sequence. The figure indicates that
the relative volatility of detrend long term interest rates is much smaller and close to the relative
volatility of long-term interest rates in the model without time-varying trend inflation. This result
supports the hypothesis because it suggests that the relatively large volatility of long term interest
rates in data is mainly driven by non-stationary and slow-moving components such as trend infla-
tion, which captured by the HP filter trend, and that the volatility of long-term interest rates over
the business cycle, which is captured by the detrended components, is much smaller than that of
short-term interest rates as in a standard model without time varying trend inflation.

The results in Figure 6 have several implications for both the finance and macroeconomics
literatures. For the finance literature, the above result implies that the volatility of term premi-
ums may not play a significant role to account for the excess volatility of long term interest rates.
This result is consistent with the empirical work by Fuhrer (1996), which shows that the excess
volatility for long term interest rates can be accounted for by changes in monetary policy behavior
including long-term target inflation. It is also consistent with the recent empirical work by Kur-
mann and Otrok (2013), which shows that most fluctuations of term spreads are accounted for by
the fact that short term interest rates are more volatile than long-term interest rates over the busi-
ness cycle. This result is basically good news for the finance literature because it implies that the
relatively large volatility of long term interest rates can be attributed to trend inflation rather than
term premiums, thus making it unnecessary to generate large volatility of term premiums in the
model. For the macroeconomic literature, on the other hand, the above result implies that short-
and long-term interest rates should be modeled as non-stationary variables cointegrated with each
other. The macroeconomic literature usually models interest rates as stationary and mean revert-
ing variables mainly for tractability even though the empirical time series literature usually treats
short- and long-term interest rates as non-stationary and cointegrated with each other (See, for
instance, Wooldridge (2012)). The above result suggests that macroeconomic models possibly
describe such a cointegrated relationship between short- and long-term interest rates by assuming
that trend inflation is time-varying and cointegrated with interest rates.
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MacroeconomicMoments for Consumption Growth

Sincethe size and sign of term premiumsare mostly determinedby consumptiongrowth and
its relationto inflation asshownin previoussectionsjt is necessaryo checkif macroeconomic
momentgegardingconsumptiorgrowthdo notoutrageouslyleviatefrom thedata.ln otherwords,
if thosemomentsarevery differentfrom data,theywill castdoubtontheresultsfor theequilibrium
yield curvebecauseéheyarepossiblygeneratedby counterfactuatonsumptiorgrowthmovements
and theirrelationto inflation.

Table6 showsmacroeconomienomentsregardingquarterly,yearly, and 2-yearconsumption
growth. The table suggestghat the momentsare broadly consistentwith data, particularly for
longerterm growth of consumption.While somemomentsfor quarterlydatadoesnot fit well to
data,it is worth notingthatthemomentdor longertermconsumptiorgrowthsuchasyearlygrowth
or 2-yeargrowth aremorerelevantto term premiumsfor longermaturitieslike 5-yearbondsand
10-yearbonds. Hence,we canconcludethat the modelcanaccountfor both the shapeof yield
curvesand the keynacroeconomienoments of consumptiogrowth simultaneously

C. Equilibrium Yield Curve in the Low-for-Long Economy

What doesthe modelpredictaboutthe equilibriumyield curvein the economywith permanently
low growthandlow inflation? Amid the recentlow growth andlow inflation environmenin ad-
vancedeconomiesthe low-for-long economyis a real risk for many countries. This subsection
triesto addresshis questionby conductinga counterfactuasimulationfor the low-for-long econ-
omy. In the counterfactuasimulation,the permanentlyfow growth andlow inflation economyis
describedy settinglog(g*) = 0 andlog(w;) = 0. Furthermorethe ZLB of nominalinterestrate
is takeninto accountto considerthe changesf monetarypolicy behavioraroundthe ZLB. More
specifically,the monetaryolicy rule is changed to,

* % Ht i
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t

andsetg* = 1 andn; = 1 for all . Under those assumptions, the equilibrium yield curves are

1_¢7‘
Ry = max ¢ 1.0, Rfjl

computed by the optimal policy functions for consumption and compared with the baseline case
through comparative statics.

The last two rows in Table 4 show the equilibrium nominal and real yield curves in the low-
for-long economy in US and UK. The table indicates that the low-for-long economy would be
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associated with a flatter yield curve in addition to lower level of interest rates: Both in US and
UK, the model predicts that the term spreads for 5-year and 10-year bonds would be almost half
in the low-for-long economy. Furthermore, the table shows that the decline in real term premiums
account for almost all of the decline in nominal term premiums, and that inflation risk premiums
are almost unchanged (or slightly higher) in the low-for-long economy.

A key to understanding the result of comparative statics is how the response of real interest
rates to inflation changes under the low-for-long economy due to the ZLB of nominal interest
rates. Above the ZLB, the return of real bonds,/ ., increases (i.e., the price of real bonds
decreases) in response to an inflation hike because the monetary policy is assumed to respond to
inflation by aggressively increasing nominal interest rates. On the other hand, around the ZLB, the
return of real bonds possibly decreases rather than increases in response to an inflation hike because
the central bank cannot aggressively respond to inflation due to the ZLB. Hence, the positive
correlation between the real SDF and real interest rates would be weakened around the ZLB, thus
leading to lower real term premiums in the low-for-long economy. Intuitively, long-term bonds
become more like insurance rather than risky assets in the low-for-long economy because inflation
decreases consumption growth but at the same time possibly increases real (and nominal) bond
prices, thus making long-term bonds a good hedge against a risk for inflation and consumption
decline around the ZLB.

The above result implies that a permanently low interest rate environment potentially poses a
risk to financial stability. IMF (2017) shows that commercial banks are expected to face lower
profitability even without the flattening of yield curves due to, for instance, the decline in net in-
terest margins caused by the ZLB of deposit rates. The results of the counterfactual simulation for
the low-for-long economy imply that the low profitability problem in the low-for-long economy
might be more severe than expected due to the flattening of yield curves, given that the maturity
transformation is a key source of their profits. Since sustainable profits are necessary for commer-
cial banks to build capital buffers, the low profitability problem in the low-for-long environment
potentially poses a risk to financial stability. Hence, while the low-for-long economy is still only
one of the risks in a limited number of advanced economies, commercial banks and policy makers
should keep in mind the risk to financial stability in the low-for-long economy caused by the flatter
yield curves.
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IV. Conclusion

This paperexaminegheequilibriumyield curvein amodelwith optimalsavingsasa buffer stock.
The contributionof this paperto the literatureis twofold. First, it showsthat the shapeof yield

curvecanberationalizedby consumersbptimizationunderthe empirically observedncomeand
inflation dynamicsancludingtheir positiveassociatioroverthe businessycle,namelythe Phillips
curve. By estimatingthe incomeandinflation processusingUS and UK data,this papershows
inflation is negativelycorrelatedwvith long-runincomegrowth but positively correlatedwith cycli-

cal incomefluctuations thusenablingthe modelto replicatepositiveandsizableterm premiums
on averagealongwith the Phillips curve over the businessycle. Second|t showsthata mon-
etarypolicy responsdo inflation is a key to accountingfor the shapeof yield curves. Giventhe
importanceof monetarypolicy behaviorin shapingyield curves,a counterfactuahnalysisshows
thata permanentljyow growthandlow inflationenvironmentvould beassociateavith flatteryield

curvesdueto changesn monetarypolicy behavioraroundthe ZLB of nominalinterestrates.This

resultof comparativestaticsimplies thata permanenthjow interestrate environmenipotentially
posesarisk to financialstability, giventhatthe maturity transformations a key sourceof commer-
cial banks’ profits.

Thereare severalavenuedor the future works following this paper. First, while this paper
assumetheexogenousncomeandinflation processes promisingbutmoredemandingproposal
is to modelthosevariablesasendogenousnesin a generalequilibrium modelandreplicatethe
key featuresin yield curvesat the sametime!® This is animportantfuture work, considering
the fact that the incomeand inflation relationshipin this paperis estimatedby a reducedform
regressiorandsucharelationshipis subjectto changean the future dueto somestructuralbreaks.
Sincethis papershowssomenecessargonditionsfor a stationaryandnon-stationarycomponent
of incomeandtheir relationto inflation to accountfor the shapeof yield curves,thoseconditions
aregoodreferencdor constructinga generakquilibriummodel. Secondwhile this paperfocuses
onthesteady-statéevel of termpremiumsn thelong run,themodelproposedn this papercanbe
potentiallyappliedto the analysisof changesn the shapeof yield curvesovertime. For instance,
potentialapplicationsncludeananalysisof the predictabilityof excesdondreturnsidentifiedby
CochraneandPiazzesi(2005),aswell asan analysison dynamicsof term premiumsaroundthe
existfrom low interestratepoliciesas investigateth Nakata and Tanak@016). Thosetopics are
importantones buteft for future research.

®Hsuet al. (2016) is one of recent studies in this direction.
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Appendix I: Detrending

To makethe modelstationary,all non-stationaryariablesin the modelshouldbe detrendedy
by P, 7} and/ory;, and all equations including the budget constraint, the monetary policy rule,
and the Euler equations should be reformulated by the detrended variables. In what follows, this
appendix shows how to detrend the non-stationary variables in the model.

First, the amount of nominal bond holdings is detrended as,

by = By/(Py;7) and b, ; = B,/ (Pyim;").

whereb, andb,, ; are the detrended bond holdings for one-period bonds:.getiod bonds. Nomi-

nal bond holdings are detrended by a price level and long-run income because they are cointegrated
with those variables on the balanced growth path as in a standard growth model. In addition, nom-
inal bond holdings should be detrended by the trend inflatipnbecause the bond return is coin-
tegrated with it. That is, the detrended nominal interest rate:gmeriod bond pricesg, and@mt,
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are defined as,
Rt = Rt/ﬂ': and th = W:ant.

Note that then-period bond holdingspB,, ;, and prices(, ., should be detrended by the trend
inflation powered by its maturity;;", because all spot and forward rates up to its maturity should
be detrended by the trend inflation. Finally, the detrend consumptias,defined by,

Ct = Ct/y,f

as in a standard neo-classical growth model. Then, the budget constraint is reformulated by those
detrended variables as,

b ~ b by )1t
ct+§t+ZQn,tbn,t+q>(§t>:1+ 1 2net Onotibnis (6)

t s ¢ Gr s Gm&”

by dividing both sides of the original budget constraint (1)andy; .
As in the budget constraint, the monetary policy rule is also reformulated by using the de-

e () ool

by dividing the both sides of the monetary policy rule by trend inflatign,

trended variables as,

Finally, the Euler equations are detrended. The nominal SDF based on detrended variables,
M, .+, is defined by,

Y _ *
Mt,t+1 = 7Tt+1Mt,t+1

o—Q

ﬁ (Ct+1)g Vt+1
Mfmia \ G ) B, (i)

. o—

. B Ct41 V41 —a

= 1 911
Tt41 Ct

Ey [(vp1g41)t 7] T
wherec, = C,/y; andv, = V,/yf. Then, the Euler equations are reformulated by using the new
nominal SDF M ;. ,

and
Qn—l,t+1Mt,t+1

E
&'

] = Qn,ty Vn > 1.
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Finally, then-period bond prices for risk-neutral agem‘}sm are reformulated as,

1
- ]Et
Ry

n—1

—Qn_17t+1 = ant,\v/n > 1
t+1

Appendix II: RobustnessCheck

This appendixconductsthe following four robustnesghecksto verify the validity of the model.
First, it examineghe casewith differentvaluesfor the CRRA coefficientto seethe sensitivity of
equilibrium term premiumswith respectto the value of risk aversion. Second,t examineshe
effectof habitformationfor household’sonsumptionln this casethe household’ssaluefunction
changego, )

V= {0 = hev )77 + BB, Vi) 5T
whereh is set to 0.25 based on the previous literature. It is an important robustness check because
the habit formation is considered one of driving forces for risk premiums in the asset pricing
literature. Third, it examines the case with fixed trend inflation. This change may affect the
average shape of yield curve because the analysis in the main text shows that the volatility of long
term interest rates is quite different between the case of time varying trend inflation and fixed trend
inflation. Fourth and finally, it examines what if the monetary policy responds to incomg gap
addition to inflation gapr;. That is, the monetary policy rule in this case changes to,

L (1L & Y, Py
"\m) v

In all cases, | check the robustness only for the US equilibrium yield curve by changing a part of

1_¢r
Ry = Rfil

specifications and examining the marginal change from the baseline result.

Figure 7 shows the result of the robustness checks. All charts in this figure show that the main
result is robust to those changes: The model can replicate the positive and sizable term premiums
under the estimated inflation and income co-movement. Some comments are in order. First, while
the size of term premiums is highly sensitive to the CRRA coefficient as expected, the qualitative
result of positive and sizable term premiums is preserved for a relatively wide range of CRRA co-
efficients. Second, while the very small effects of habit formation on term premiums are in contrast
with the previous finance literature including Wachter (2006), the mechanism behind the small ef-
fects of habit formation is similar to Rudebusch and Swanson (2008). As they argue, the effects
of habit formation are small if the household can smooth its consumption in response to negative
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shocks to income. In the face of the negative shock, the household can smooth consumption by
adjusting the labor supply in their model and the amount of savings in the present model, both
of which leading to very small effects of habit formation. Third, the time varying trend inflation
barely affects the size of term premiums because it is very slow-moving with very small volatility,
thus generating any risks for consumers over the business cycle. Fourth, when the central bank
responds to income gap, the size of term premiums is barely changed but become slightly higher
than the baseline. This is because higher interest rates (lower bond prices) suppress consumption
growth, thus reinforcing the negative correlation between bond prices and consumption growth.
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Figure 1: Phillips Curve in the Stochastic Trend Modeg;(y;) andlog(;)
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Note: This figure shows the scatter plots for estimated inflation gaps and income gaps in the stochastic trend model.

Figure 2: Long-run Income Growth and Inflatidog(g;) andlog(m;)

us UK

Note: This figure shows the scatter plots for estimated inflation gaps and growth of long-run income in the stochastic
trend model.
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Table 1: Estimation Results

Posterior

Name Prior Stochastic trend Trend stationary

N UK usS UK

Py Beta 0.53 0.59 - -

(0.50,0.25) [0.36,0.71] [0.38,0.82] - -

P Beta 0.49 0.48 0.58 0.56
(0.50,0.25) [0.33,0.66] [0.37,0.59] [0.49,0.69] [0.46,0.65]

Pry Uniform 0.14 0.17 0.06 0.15
(-1,2) [0.02,0.26] [0.10,0.23] [0.03,0.09] [0.11,0.19]

Py Uniform 0.34 0.34 -0.16 -0.05
(-1,2) [0.04,0.63] [0.08,0.59] [-0.34,0.03] [-0.22,0.10]

Py Beta 0.79 0.77 - -

(0.80,0.05) [0.71,0.88] [0.69,0.85] — —

Pyy Beta - - 0.84 0.65
(0.50,0.25) - - [0.78,0.90] [0.57,0.73]

pe Beta 0.95 0.96 0.97 0.97
(0.95,0.03) [0.92,0.99] [0.92,0.99] [0.96,0.99] [0.95,0.99]

oy Inv.Gamma 0.26 1.71 0.49 1.86
(0.4,Inf) [0.16,0.36] [1.36,2.09] [0.41,0.56] [1.50,2.02]

.- Inv.Gamma 0.11 0.45 0.11 0.45
(0.3,Inf) [0.09,0.13] [0.37,0.53] [0.09,0.13] [0.38,0.51]

o4 INv.Gamma 0.27 0.29 - -

(0.3,Inf) [0.13,0.40] [0.08,0.51] - —

Oy Uniform 0.31 0.02 -0.13 -0.19
(-1,2) [0.00,0.61] [-0.17,0.23] [-0.24,-0.03] [-0.29,-0.09]

Org Uniform -0.51 -0.63 - -

(-1,2) [-0.79,-0.22] [-0.98,-0.30] - -

Note: This table shows the prior distributions and the estimated posterior mean and 90 percent confidence intervals.

Inflation series in each country are US: PCE deflator (chain price index) and UK: Long Term Price Indicator of

Consumer Goods and Services. Also, the real income data for US and UK are taken from the national statistics. The

sample periods are 1959Q2 - 2017Q4 for US and 1957Q2 - 2017Q4 for UK.
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Figure 3: Phillips Curve in the Trend Stationary Model(y;) andlog(;)

us

UK

Note: This figure shows the scatter plots for estimated inflation gaps and income gaps in the trend stationary model.

Table 2: Calibration Values

Parameters Values

Discount rates 0.9985

Inverse of IESg 2.0

Risk averseness, 40 for US and 20 for UK
Cost for bond holdingsp, 0.001

Steady-state savings, 4.8

Response to inflationy,, 2.0 for US and 1.0 for UK
Interest rate smoothing,. 0.8
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Table 3: Stylized Facts: Shape of yield curves in US and UK

Average Level Standard Deviation

O/N 5Y 10Y O/N 5Y 10Y
u.sS. 5.13 5.87 6.20 3.63 3.04 282
(1959Q2-2017Q1) (0.00) (0.74) (1.07) (1.00) (0.83) (0.77)
U.K. 6.18 7.32 7.65 400 3.82 3.62

(1957Q2-2017Q1) (0.00) (0.51) (0.84) (1.00) (0.96) (0.91)

Note: The table shows the average shape of yield curve and the volatility of interest rates for each maturity in US and
UK. The table is based on the data for government bonds in each maturity for 1959Q1-2017Q1 for US and 1957Q1-
2017Q1 for UK. The values in parentheses for the average levels are the spreads relative to the short-term interest rates
(i.e., term premiums for 5-year and 10-year bonds), and those for the volatility are the volatility of long-term interest

rates relative to the volatility of short-term interest rates.

Figure 4: Equilibrium Yield Curve in the Simulated Model

U.S. U.K.
1.5 ; : - . 15 : : :

Baseline (Stochastic trend)
—>¢— Trend statioinary
1t —©— Data

Note: The bold blue lines and the red lines with x-marks show the equilibrium yield curves in the baseline case
(stochastic trend model) and the trend stationary model, respectivelypwithi0 for US anda = 20 for UK. The

thin black lines with circles show the average term spreads in data for 1959Q1-2017Q1 for US and 1957Q1-2017Q1
for UK.
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Table 4: Equilibrium Yield Curve in US and UK

U.S. U.K.
5-year 10-year 5-year 10-year

|. Data
Nominal term premium 0.75 1.07 0.49 0.84

[l. Model
Nominal term premium 0.75 0.99 0.56 0.74
Real term premium 0.48 0.66 0.16 0.26

[1l. Model (Low-for-Long)
Nominal term premium 0.46 0.64 0.31 0.41
Real term premium 0.08 0.19 -0.12 -0.10

Note: This table shows the equilibrium nominal and real term premiums along with the average term spread for 5-year
and 10-year government bonds. The last two rows show the nominal and real term premium for the low-for-long
economy in the counterfactual simulation.

Figure 5: Equilibrium Yield Curve with Different Monetary Policy Rules

Note: This figure shows the equilibrium yield curves with different degrees of monetary policy responses to inflation.
The green dot-dashed line, the bold red line, and the dashed blue line show the case of a low, medium, and high degree
of response to inflations, = 1.0,2.0 and 3.0).
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Table 5: Volatility of Nominal Interest Rate Relative to Inflation Volatility

Data Model
or =10 ¢ =20 ¢r=23.0
usS 143 0.69 1.26 2.08
UK 0.80 0.81 1.37 2.06

Note: The table shows the volatility of short-term nominal interest rate relative to inflation volatility in US and UK.

The table is based on the data for 1959Q1-2017Q1 for US and 1957Q1-2017Q1 for UK.

Figure 6: Relative Volatility for Each Maturity

U.sS. U.K.

Model ~

ol = = = Model (w/o trend inflation)
0. 021 —e—npata
— © — Data (detrend by HP filter)
0 : : 0 . . . .
0 2 4 6 8 10 0 2 4 6 8 10

Note: This figure shows volatility of long-term interest rates relative to volatility of short-term interest rates in data
and the model. The thick bold lines show the case of time varying trend inflation (baseline) while the dashed lines
show the case of fixed trend inflation. Also, the thin bold lines with circles show the relative volatility in data while
the dashed lines with circles show the relative volatility for interest g¢®ndedy the HP filter.
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Table 6: Macroeconomic Moments for Consumption Growth

U.S. U.K.
Model Data Model Data

Quarterly growth std(Ac;) 1.03 0.67 1.03 1.06
corr(Acy, Ay,) 0.46 0.53 0.59 0.29
corr(Acy, m;) -0.66 -0.36 -0.68 -0.36
corr(Aci—1,A¢;) 011 0.32 0.23 -0.06
Yearly growth std(Acy) 0.59 0.47 0.62 0.57
corr(Acy, Ay,) 0.54 0.77 0.64 0.65
corr(Acy, ;) -0.57 -0.53 -0.61 -0.49
2-year growth  std(A¢) 0.43 0.39 0.46 0.46
corr(Acy, Ayy) 0.54 0.82 0.70 0.73
corr(Acy, my) -0.55 -0.58 -0.53 -0.56

Note: This table shows macroeconomic moments for quarterly, yearly, and 2-year consumption growth.
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Figure 7: Equilibrium Yield Curve in a Different Setting

Different CRRA coefficient Habit formation

3 1.5
o5l oc=ig _ -] = h = 0 (Baseline)
. o= -
- = =0 =150 --" T o p0%
ol |- - —©6— Data O
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Trend inflation
Response to output gap
1.5 - - - - 1.5 - - - -
with trend inflation) ¢>y=0.0 (Baseline)
= = =w/o trend inflation - = =} =0.5
—— y
Data D —6— Data -

Note: The figure shows the result of four robustness checks: Different values of the CRRA coefficient, the household
with habit formation, the case without trend inflation, and the monetary policy rule responding to output gap. For all
cases, the figure shows only the US case along with the baseline.
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